hese WKYPHAN 
|) SHCMEPHMENTANGHON H TEOPETHYECHON 
|} OHBHKH 


SOVIET PHYSICS 
ae JETP 


VOLUME 37 (10) 


NUMBER 1 


A Translation 


| of the 
- Journal of Experimental and Theoretical Physics 


of the 


Academy of Sciences of the USSR _ 


Volume 37 


JANUARY, 1960 


Published by the 


AMERICAN INSTITUTE OF PHYSICS 
INCORPORATED 


A translation of the Journal of Experimental and Theoretical Physics of the USSR. 


A publication of the 


AMERICAN INSTITUTE 
OF PHYSICS 


Governing Board 


RAvpH A. SAWYER, Chairman 


WALTER S. BAIRD 
JESSE W. BEAMS- 
RAYMOND T, BIRGE 
R.H. Bott 

HARVEY Brooks 

J. W. BucuTa 

J. H. DILLON 
VERNET E. EATON 
HERBERT A. ErF 
IRVINE C. GARDNER 
S$. A. GouDsMIT 
WINSTON E. Kock 
R. BRUCE LINDSAY 
WALTER C, MICHELS’ 
G. E. PAKE 

R. RONALD PALMER 
JosePH B. PLATT 
H.D. SMytTH 

JOHN STRONG 
GEorGE E. UHLENBECK 


Officers and Staff 


ELMER HUTCHISSON 
Director 
HENRY A. BARTON 
Associate Director 
WALLACE WATERFALL 
Secretary and Treasurer 
EDWARD P. ‘TOBER 
Manager, Production and 
Distribution 
‘THEODORE VORBURGER 
Advertising Manager 
RuTH F. BryAns 
Publication Manager 
KATHRYN SETZE 
Assistant Treasurer 
ALICE MASTROPIETRO 
Circulation Manager 
EUGENE H. KONE 
Director of Public Relations 
WIcLIAM C. KELLY 
Director of Educational \Projects 
EMILY WOLF 
Office Manager 


SOVIET PHYSICS 


JEEP Ge : 


American Institute of Physics Advisory Board on Russian Translations | 


Rosert T. BEYER, Chairman y 
J. Georcre ADASHKO, FREEMAN Dyson, DwicHt GRAY, ey 
Morton HAMERMESH; HAROLD 'F.. WEAVER | 


Editor of SovirT Puvsies JETP 
Je Grorcr ApasHko, 25 West 81st Sr., New York 24, New York” 


Soviet Puysics—JETP is a monthly journal published by 
the American Institute of Physics and contains a complete 
translation of the JOURNAL OF EXPERIMENTAL AND THEO- 
RETICAL Puysics of ‘the U.S.S-R. Academy of, Sciences. 

This translating and publishing project was undertaken 
by. the institute in the conviction that dissemtination of the. 
results of researches everywhere in the world is invaluable ~ 
to the advancement. of' science. The NATIONAL SCIENCE 
FouNDATION of the United States has encouraged the project / 
initially and is supporting it in large part by a grant. \ 

The American Institute of Physics and its translators 
propose to translate, faithfully all the material appearing in 
the original articles. The views expressed in the translations 
are therefore those of the original authors, and’ not those 
of the translators hor of the American Institute of Physics. 


Volume 1 of Sovier PHysics—JETP corresponds to Rus- died reas 


sian Volume 28 (1955). Two volumes are’ published annu- 

ally, each of six issues. Each volume contains the translation 

of one volume of the JOURNAL OF EXPERIMENTAL AND ly 

THEORETICAL Puysics. ) iP ' : 
Beginning with Vol. 9 (36), the transliteration of the nm 

names of Russian authors follows British Standard 2979,, 

which is being adopted in 1959 by a large number of scien- 

tific journals in the United States. The Library of Congress 

transliteration is followed in the earlier volumes. i 


Subscription Prices 


Per Year (12 issues) 


General: é 
United States and Canada Bde $75.00 
BASCOMEKE sbithvetccbugpnabcaee hie je 2 900 
Libraries of non- -profit pate SRDS 
‘Institutions: 8 wy 
United States and Canada panied c-Si ales $35.00. 
$y ME TSE TELE la cab lata wisest lect e860. 5/tn 
Back; Numbers L000 Sa Neen ral Ng 8.00 


Subscriptions should be addressed to the Amidon Institute 


_of Physics, 335 East 45th sree, New York 17, New York. 


SOVIET PHYSICS, JETP js htc monthly by the American, 


Institute of Physics, Inc. Second Class postage paid at Ann Arbor, 
Michigan. 


Copyright-by American Institute of Physics 1960 


U 


SOVIET PHYSICS 
SP 


A translation of the Journal of Experimental and Theoretical Physics of the USSR. 


SOVIET PHYSICS JETP 


VOL."37 (10), NO. 1, pp. 1-233 


JANUARY, 1960 


ANGULAR DISTRIBUTION OF SHOWER PARTICLES IN STARS PRODUCED BY HIGH- 


ENERGY PARTICLES 


L, A. SAN’ KO, Zh, S. TAKIBAEV, Ts. I. SHAKHOVA, and L. Ya. BALATS 


Nuclear Physics Institute, Academy of Sciences, Kazakh S.S.R. 


Submitted to JETP editor November 14, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 3-10 (July, 1959) 


An analysis is carried out of the angular distribution of a unique star consisting of 20 + 
15 + 59p, and probably produced by a proton of energy > 1000 Bev. The angular distribu- 
tion of shower particles is characterized by two maxima and is explained by the aniso- 
tropic angular distribution and a power-law energy spectrum of the produced particles 

in the c.m.s. The presence of a large number of strongly ionized particles indicates that 
the Heitler-Terreaux theory does not give a correct description of m meson production. 
The angular distribution of 11 other showers with the same characteristic anisotropy is 


also investigated. 
. INTRODUCTION 


ly the scanning of an emulsion stack exposed to 
cosmic radiation at the latitude of Moscow at an 
altitude of ~ 30 km, an event was recorded, a 
shower 35 + 59p, in which a proton interacted 
with an emulsion nucleus. A general picture of 
this is given in Fig. 1. Half of all shower par- 
ticles are found within a cone with the opening 
angle 9; = 1°39’, and the mean geometrical 
angle @., calculated according to the formula 
1s 


In tan 6, = a >} In tan 6; 


S West 


(where ng is the number of charged particles in 
the shower), equals 2°42’. 

Assuming a symmetrical emission of particles 
in c.m.s. and their mono-energetic distribution, 
we obtain for the energy Ye of the nucleon, in 
these. Sis Ye (172) = 34.7 and Ye (9g) = 21.2. 
The length of the tunnel 7, punched by the inci- 
dent nucleon in the target nucleus,! in units of 
the nucleonic diameter d, is l/d=8. Conse- 


quently, the interaction involved a heavy emulsion 
nucleus, as confirmed also by the presence of a 
large number of black and grey tracks Nh = 35. 

Taking into account the collision with a tunnel 
containing approximately 8 nucleons, the energy 
of the incident nucleon is equal” to E = 19 x 10° 
Bev. An estimate of the energy of the primary 
particle, taking into account the energy spectrum 
of the shower (secondary) particles and the en- 
ergy spectrum of the shower-producing (primary ) 
particles, was carried out similarly to that in ref- 
erence 3. If the spectrum of shower-producing 
particles is ~ E~*:', and the spectrum of shower 
particles is ~ Ej’, then 


In (23) = « + In B? — 2.7 0? /n,, 


ns 
x as y eee 9 al \) ‘ 9 
= Dy lane 6, B= 0.6, gti Se Ge ee 
t=1 


Hence, Ye = 8.6, and the energy is E = 1280 Bev. 
In the estimate of the energy it is necessary to 
take into account the fluctuations in the backward- 
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FIG. 1. Microgram of the shower 20+ 15 +59p and of the 
secondary interaction 4 + 8 (p or 7) produced by a charged par- 
ticle with energy E = 23.5 Bev. 


forward distribution of the particles in c.m.s., and 
also the fluctuations in the angular distribution. 
The errors in the energy, due to fluctuations in the 
distribution of particles inc.m.s., are as a rule 
larger than the errors due to fluctuations of the 
angular distribution. Accordingly, we take into 
account only the errors AE due to the first fac- 
tor. If the shower particles are anisotropically 
distributed in the c.m.s., N(0@*) ~ cos* 6*, then 
the fraction of particles f emitted in the angle 

of is equal to 


f= \ sinew (6) ao /\ sin 6°N (9°) d8° = (1 —cos? 67) / 2. 
0 0 

If we take into account the fluctuations in the 
forward-backward distribution, then ng /2 + 

Vg /2 of the particles are contained in the 

angle 0, and ng/2 —Vng/2 are contained in 
the angle 0%. The angles 6{ and 6} canbe 
found from the relation 


f= 'p.(1— cos? 07) Seg act V1 NP iihee 


The corresponding angles in the laboratory sys- 
tem, @min and max, give the possible devia- 
tions from 64/, and are given by the formula: 


tan Omen E 


mas 


The angles @min and @max, calculated for vari- 
ous forms of the angular distribution in the c.m.s. 
(isotropy, ~ cos? 6*, ~cos‘ @*), are given in 
Table I. 


sin 0; “ye(1 + cos 0). 


TABLE I 


Q max min 
01, ®max | %min Yc re 


Experiment | 1°39’ | 6°01’ | 0°54’ | 63.7 | 9.7 


Isotropic 

distri- 

bution APSO ACS Ose 20a ASa Galore 
~ cos? 0* {B97 SOOO Ob 27 IG Ge2 aledie ae 
~ cos! 0* 1°39" ACOA ANOPAGl ie 14s fled 4a 


Experimentally, allowance for the redistribu- 
tion of particles in the c.m.s. system reduces to 
a determination of the angles 9mjin and 9max: 
which contain ng/2+Vng/2 particles in the 
laboratory system. The values of the angles 
Omin and 9max for the shower 35+ 59p are 
also given in Table I. 

It can be seen from the comparison that the 
experimental data agree satisfactorily with theo- 
retical data for an anisotropic distribution; the 
higher the degree of anisotropy, the better the 
agreement. Such a conclusion confirms our as- 
sumption about the character of the anisotropy 
(~ cos22 0*) of the analyzed 35+ 59p shower. 

The energy determined, taking the fluctuations 
into account, is equal to 

E=(19.2* 74) «10° Bev. 

For such a large energy of the primary particle 
the star should contain, according to Heitler and 
Terreaux,‘ a small number of heavily ionizing 
particles (3 or 4), since the energy of the exci- 
tation of the nucleus would be small in this case. 
However, the analyzed shower contains Nh = 35. 
Hence it follows that the theory of Heitler and 
Terreaux cannot explain the experimental results. 


ANGULAR DISTRIBUTION OF SHOWER PAR- 
TICLES OF THE STAR 35 + 59p 


The differential angular distribution of shower 
particles of the star 35 + 59p is given in Fig. 2. 
It has two different maxima for the narrow and 
for the diffused cones. If we assume? that in the 
case of a collision between a nucleon and a nucleus 
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FIG. 2. Histogram of the angular distribution of shower par- 
ticles of the star in the laboratory system. Curve 1 — isotropic 
distribution in the c.m.s.; curve 2 — angular distribution ac- 
cording to Heisenberg; curve 3 — according to Landau. 


the angular distribution does not differ essentially 
from the angular distribution of mesons produced 
in a nucleon-nucleon coliision, then, as can be seen 
from Fig. 2, the theories of Heisenberg® and Lan- 
dau! do not explain the observed angular distribu- 
tion [the probability of a fit is P(y?) < 0.01). 

The possibility of explaining each maximum of 
the histogram by an isotropic angular distribution 
of the produced particles (Fig. 3, curve 2) ina 
certain coordinate system [P( x”) ~ 0.75] makes 
it possible to use the Takagi model for the produc- 
tion of secondary particles.® According to that 
model, the mesons are produced not at the mo- 
ment of collision but considerably later. After a 
collision in the c.m.s. the nucleons are strongly 
excited and move away from the center of colli- 
sions, each conserving its initial energy but hav- 
ing a smaller momentum and, consequently, a 
larger mass. If we neglect the angular momentum, 
the angular distribution of produced mesons will 
be isotropic in a system of coordinates where the 
excited nucleon is at rest. The emission of me- 
sons by each nucleon follows the statistical theory 
of Fermi.? Thus, in the c.m.s., two sources of 
mesons are present, and the angular distribution 
of the produced meson is anisotropic. 

It can be assumed that the observed two maxi- 
ma of the differential angular distribution of Fig. 3 
are the results of emission of mesons by two in- 
dependent centers moving in different directions 
in c.m.s. These centers are fully equivalent: 30 
particles are contained in a narrow angle, while 
29 are contained in the diffused one. If the coor- 
dinate systems fixed on the emitting centers move 
in the laboratory system with velocities v, and 
v2, and the velocity of c.m.s. is Ve, then the 
centers move in the c.m.s. with velocities v, and 
V2, which can be found from the transformation 
formula 


nee Ui — U, = 


Uy, = — 
1 4—w0,/c ’ 


FIG. 3. Differential angular distribution of shower particles 
in the laboratory system. Curves 1 and 2 — Gaussian and iso- 
tropic distributions in the c.m.s., calculated for each maximum 
separately; curves 3 and 4 — for anisotropy cos?6* in the c.m.s. 
taking into account the energy spectrum of the produced parti- 
cles, and assuming them to be monoenergetic, respectively. 


where 
Ue = Vel) Ye 


Here y, and y, are the energies of the emitting 
centers in the laboratory system. These are de- 

termined from the angular distribution of the nar- 
row and wide cones separately. From these for- 

mulae we find, in the c.m.s. y; = 2.85 and yp 

= 2.95; we can assume that y, = 72 = Y. 

We plotted the angular distribution in the c.m.s. 
for different values of y (1.5 and 2.5) and com- 
pared them with the experimental histogram con- 
structed under the assumption f, = Bins Both 
curves are different from the histogram; conse- 
quently, the model shown above does not describe 
the observed meson distribution in the c.m.s. even 
for Bg =x. If we calculate Y, yg, and the in- 
elasticity factor k, as was done in reference 10, 
then the obtained values y= 3.02 and ¥Q =V 7172 
= 21.52 differ very little from our values of yj, 
Y2, and Ye, and the inelasticity factor k= 
1.5ngEqy/2yo © 3 for E, = 0.5 Bev is substan- 
tially larger than unity, which has no physical 
meaning. 

For a full analysis of the star under considera- 
tion, from the point of view of the Takagi model, 
we calculated the excited masses of the colliding 
particles. Applying the energy and momentum 
conservation laws to a nucleon-nucleon collision, 
we obtained M,/M, = M*/M;*1 for the ratio of 
the excited masses in the laboratory system and 
in the c.m.s. For a collision of a nucleon and a 
nucleus, the ratio is greatly different from unity: 
Mn /Mtunne] = 9-09. After such a detailed analy- 
sis, we came to the conclusion that the Takagi 
model does not explain all features of the observed 
showers. 

Next, to ascertain the shape of the true angular 
distribution of the mesons, each maximum of the 
histogram was approximated by a Gaussian curve 
with a distribution dispersion of shower particles 
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o, = 0.89 for the narrow cone and oy, = 0.44 for 
the diffused cone (see Fig. 3, curve 1). Then, 

the function describing the angular distribution 
in the laboratory system is of the form 


N (y) = 0.55 (1.03 exp {— (y + 0.52)? / 0.30} 
+ 0.90 exp {— (y — 1.08)? / 0.39}), 


where y = log Ye tan 0. 

To determine the character of the anisotropy 
it will be necessary to find a function of the an- 
gular distribution N(@*) in the c.m.s., using 
the formulae for transformation of the angles. In 
view of the complicated computations involved, 
the analytic form of this function was not found 
even for Bc = 6x; a graphical analysis shows that 
the form of the anisotropy of such a shower does 
not agree with the anisotropy predicted according 
to the Takagi model. 

An investigation of the angular distribution of 
the shower 35 + 59p was next carried out in the 
laboratory system under the assumption of an 
anisotropy of the type ~cos*" 6* in the c.m.s. 
The curve corresponding to the anisotropy cos? 6* 
in the c.m.s. has two symmetric maxima in the 
laboratory system and is strongly different from 
the observed angular distribution (see Fig. 3, 
curve 4). Account of the energy spectrum of the 
shower particles and of an anisotropy of the type 
cos22 9* yields a curve with two different maxima, 
which is closer to the true angular distribution 
(Fig. 3, curve 3). With increasing degree of aniso- 
tropy, and with an energy spectrum proportional 
to Eo’, the asymmetry in the position of the max- 
ima increases (the maxima move away and de- 
crease). Thus, taking into the account the power- 
law energy spectrum and the anisotropy of the an- 
gular distribution in the c.m.s. provides a possi- 
bility of explaining the angular distribution of 
shower particles in the laboratory system. 

For a complete description of the shower, we 
give the integral angular distribution of the 


shower particles, taking into account the errors 
of the measurements (Fig. 4). 
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FIG. 4. Integral angular distribution of shower particles of 
the star 35 + 59 p. 


DIFFERENTIAL ANGULAR DISTRIBUTION OF 
SHOWER PARTICLES IN SHOWERS WITH 
PRIMARY ENERGY E > 100 Bev 


If a sharp division of particles into narrow and 
diffuse cones is observed in the shower, then the 
histogram of the differential angular distribution 
always has two maxima. The positions of the 
maxima and of the minimum in the shower differ 
and depend on the energy of the primary particle 
and, apparently, also on other features of each 
shower. Showers with such distributions are ob- 
served among the stars produced by nucleons with 
energies > 100 Bev (Table II). Table II lists data 
on 12 showers (Ng and Np, are the numbers of 
grey and black tracks respectively): the summary 
histogram of their angular distribution is given in 
Fig. 5. This figure shows also the curve of the 


TABLE II 
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FIG. 5. Total histogram of the angular distribution of 
shower particles of 12 showers with E > 100 Bev. The dotted 
curve corresponds to an isotropic distribution in the c.m.s.; 
the solid curve — to a distribution cos?@* and to the energy 
spectrum of shower particles. 


differential distribution, calculated under the con- 
dition that the energy spectrum of the produced 
mesons is proportional to Rees and that the dis- 
tribution in the c.m.s. is anisotropic, proportional 
to cos? @*. This curve describes satisfactorily 
the experimental histogram. 


ANGULAR DISTRIBUTION OF BLACK AND GREY 
TRACKS OF THE STAR 35 + 59p 


As has been stated above, the interaction in- 
volved a heavy nucleus of the emulsion (Ag, Br). 
If we assume that the incident proton traversed 
the diameter of the nucleus, then according to the 
theory of Heitler and Terreaux*‘ the excitation en- 
ergy U ~ 150 Mev, and the observed number of 
heavily ionizing particles should be equal to 3 or 
4, 

However, in the star analyzed, the number of 
black tracks is Np = 20 and the experimentally 
estimated lower limit of the excitation energy is 
~ 350 Mev, which is considerably greater than 
the value predicted by the Heitler-Terreaux the- 
ory. According to the evaporation theory (U 
= 800 Mev, see reference 11), the emission of par- 


ticles from an excited nucleus should be isotropic. 


This has not been observed for the black tracks 
of the star 35 + 59p; the ratio of the number of 
particles going in the forward direction to the 
number of particles in the backward direction 
equals 1.5. We have tried to explain the deviation 
from isotropy by assuming that a velocity is im- 
parted to the target nucleus, owing to the transfer 
of a large momentum to it from the primary par- 
ticle. This velocity is found to be equal to v/c 

= 0.02 under the assumption that the evaporated 
particles are protons. For such a velocity of the 


nucleus, the excess of evaporated protons in the 
lower hemisphere equals 0.2/E'/? = 0.07. The 

experimentally observed excess is much larger 
than this value. 
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FIG. 6. Differential angular distribution of the grey (dotted) 
and black (dashed) tracks of the star 35 + 59 p. The straight 
line corresponds to an isotropic distribution. 


Thus, the velocity imparted to the target nucle- 
ons (even if we assume that multiply-charged par- 
ticles are among the evaporated ones ) does not 
explain the observed anisotropy of the black tracks. 
This is confirmed by the fact that the correlation 
coefficient!” of black and grey tracks equals K 
= 0.43 + 0.29. 

The differential angular distribution of the grey 
tracks is anisotropic. The ratio of the number of 
tracks going in the forward direction to those go- 
ing in the backward direction equals 2.75. The 
following mechanism is proposed for the produc- 
tion of grey tracks: the incident nucleon interacts 
with a tunnel filled with nuclear matter, inside of 
which the mechanism of multiple-particle produc- 
tion is effective. The particles which get outside 
the tunnel emit additional nucleons in passing 
through the nucleus. These recoil nucleons we 
establish as the grey tracks. 
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PHOTOPRODUCTION OF NEUTRAL 1 MESONS ON HYDROGEN BY Y QUANTA WITH 
ENERGY BETWEEN THE THRESHOLD AND 240 Mev 


R. G. VASIL’ KOV, B. B. GOVORKOV, and V. I. GOL’ DANSKI{ 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 23, 1959 


Jo ixptl, Theoret. Phys. (U.S:8.R.) 37, 11-22 (July, 1959) 


The angular distribution of neutral t mesons produced on hydrogen by y quanta with en- 
ergy between the threshold and 240 Mev have been investigated. The energy dependence 
of photoproduction was studied employing the method of a multichannel analysis of the 
data of the monitor and of the counters recording single decay y quanta during an ex- 
panded synchrotron pulse. The angular distribution of the 7’ mesons in the c.m.s. has 
the form given by Eq. (2), which signifies that the photoproduction of neutral 7 mesons 


occurs not only in the P but also in the S state. 


The experimental data on the contribu- 


tion of the S state are in agreement with the results of the calculations based on Wat- 


son’s!8 


and Feld’s* theories and makes it possible to estimate the contribution of the 


direct 7’ meson photoproduction processes and the “intranucleon charge exchange” of 


m™* mesons in the S state. 
1. INTRODUCTION 


‘Tae photoproduction of 7’ mesons on protons 
has recently been subject to a series of investiga- 
tions!~® because of its importance for the theory 
of the meson-nucleon interaction. However, the 
majority of sufficiently accurate measurements*~° 
were carried out for an energy of primary y 
quanta higher than 260 Mev, far from the threshold 
of m°-meson photoproduction (145 Mev). In the 
cited experiments, it was found that the main con- 
tribution to the total cross section op of the re- 
action 


ied weep (1) 


is due to the process associated with the produc- 
tion of an intermediate isobaric (excited) nucle- 
onic state ¥%, *4° with total and isotopic spins 7, 
and positive parity. The isobaric state %, % cor- 
responds to the production of the meson in the form 
of a P wave and principally to M1 absorption of y 
quanta in the photoproduction. The angular distri- 
bution of 7° mesons should then be described by 
the two-term formula do/dQ = 2+ 3 sin? 6, as 

has been found in reference 4. 

In the energy range close to the meson photo- 
production threshold, relatively accurate meas- 
urements were carried out essentially in one ex- 
periment only, that of Koester and Mills.? In this 
experiment, the total cross sections dp OL, proc- 
ess (1) were measured, and it was found that, near 


the threshold (up to the energy of ~ 180 Mev), 
Jp varies as q°, where q is the c.m.s. momen- 
tum of the 7? meson. An analysis of the obtained 
data based on the theory of Chew and Low! con- 
firmed the important role of the (*, oa state 
in reaction (1) also in this energy range. Koester 
and Mills also obtained information regarding the 
asymmetry in the S state of the angular distribu- 
tion of + mesons with respect to the direction of 
90° due to the photoproduction of 7 mesons at 
energies close to the threshold. 

A rather strong production of mesons in the S$ 
state takes place in the photoproduction of charged 
m™ mesons, owing to a straight E1 interaction of y 
quanta with the meson cloud. Although an electro- 
magnetic interaction of y quanta with the Tp 
system should also take place (as was indicated 
by Fermi’), it is still markedly weaker than for 
Tn and mp systems, since, in the first case, the 
classical radius of the charge carrier, the proton, 
amounts to p/M ~ 0.15 of the corresponding value 
for mt mesons. The contribution of photoproduc- 
tion in the S state for 7’ mesons is therefore 
much weaker than for m* mesons. In the case of 
the 7° meson, the bulk of photoproduction in the 
S state is due not to the straight process of i 
production but to the production of 7 mesons 
with subsequent internal charge exchange. 

The effect of 7° production in the S state 
should be especially clearly observed in angular 
distributions near the production threshold. The 
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presence of a small S wave in the production of 
7 mesons should lead to an asymmetry of angu- 
lar distributions due to the interference between 
the S wave and the predominating P wave, so 
that the angular distribution for energies close 
to the threshold should be described by a three- 


term formula 
ds/dQ = A+ Bcos 98+ C cos? 9, (2) 


in which the coefficients A, B, and C are deter- 
mined by the contribution of the different variants 
(El, M1, and E2) of the absorption of y quanta. 
It is the purpose of the present work to establish 
the energy dependence of the coefficient A, B, and 
C near the photoproduction threshold of 7 

which will make possible to draw a series of con- 
clusions about the mechanism of photoproduction 
in this energy range. 


2. METHOD OF OBSERVATION OF 7? MESONS 


In principle, five methods of observation of the 
process (1) are possible: 

1) Detection of single y quanta from 7 
decay. 

2) Detection of single recoil protons. 

3) Detection of coincidences of one of the decay 
y quanta and the recoil proton. 

4) Detection of coincidences of the two decay y 
quanta. 

5) Detection of coincidences of the two decay y 
quanta and the recoil proton. 

The small cross section for process (1) for en- 
ergies close to the i photoproduction threshold, 
and also the small magnitude of the energy of re- 
coil protons, have determined the choice of the 
first of the methods listed above for this work. If 
the cross section for the photoproduction of 7° 
mesons in the c.m.s. for a given energy of the 
primary quantum is given by formula (2) (see Ap- 
pendix), then the counting rate of y quanta at an 
angle @., in the laboratory system (l.s.) per 
single proton and unit intensity of the incident 
flux of primary photons is given by the equation 


: meson 


Emax 


N (6) = \ N (6,, Ey) n(E.) dE, 


Emin 


= a(6,)A + 6 (6,) B+ c¢(6,)C, (3) 


where Ey is the energy of the decay y quantum 
in the l.s.; 


~ 


Emin = ( 


D € 
male 2y, (1 — B, cos 8,) 


et ees : 
Emax = (1 i 8) 27, (1— B, cos 8.) : 


mesons, 


n ( Ey) is the efficiency of detection of y quanta 
with energy Ey: 


2 A B( cos 6, -— B, ) 
N (8, Ey) = FW, (1 — 8, cos 0,) a 1 — Pecos OF 


1 
x |= 
5 


43 te p? =| 
21.8 -  2qya(l—B,cos. 02)eB 


x (Sree) ~ 3th ) 


Bo = hv/(hv + M) is the velocity of the c.m.s. in 
the l.s., and 
= (2Mhv + pw?) /2(2Mhv + MP)”, 
7=@—wy, B= 2/9 

are the energy, momentum, and velocity of the “i 
meson in the c.m.s. respectively. 

Thus, the measured counting rate of single pho- 
tons from 7m decay can be correlated with the an- 
gular coefficients of Eq. (8). 


in2 
sin ey 


p? it @ 
297, (1—8 cos 0.) Ey 2x8 (1 nee Pe cos 0.) 


FIG. 1. Schematic diagram of the array. L. H. — Liquid 
hydrogen, L. N. — liquid nitrogen, I. C. — ionization chamber, 
D. M. — differential monitor, C,, C,, C,, C, — scintillation 
counters. 


3. METHOD OF MEASUREMENT 


The experiments were carried out using the 
265-Mev synchrotron of the Physics Institute of the 
U.S.S.R. Academy of Sciences, using the array 
shown in Fig. 1. Single y quanta from the decay 
of 7° mesons were detected by two telescopes 
consisting of four scintillation counters (of the 
type described earlier’). The telescopes were set 
up Simultaneously at the angles 90° and 135° or 45° 
and 90° in the l.s. The length of the synchrotron 
pulses was stretched to 3000 usec by a gradual 
lowering of the amplitude of the accelerating high- 
frequency voltage, and, during that time, the value 
of the magnetic field around the position of the syn- 
chrotron target was considerably varied, corre- 
spondingly changing the maximum energy of the 
bremsstrahlung spectrum. During each such 
stretched synchrotron pulse, detector pulses due 
to the decay y quanta were fed, as described by 
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us in reference 10, to five channels of a time ana- 
lyzer, set and checked according to the intensity 

of the magnetic field through the use of this method. 
We determined in each measurement the yield of 


the decay y quanta for five maximum bremsstrahl- 


ung energies simultaneously at both angles. 

Apart from the counts of the telescopes that de- 
tected the decay y quanta, the counts of the differ- 
ential monitor (a single scintillation counter placed 
in the field of the scattered y quanta) were fed to 
a multichannel analyzer. The measurements were 
carried out for seven maximum bremsstrahlung 
energy values in various channels, 130, 150, 170, 
190, 210, 230, and 250 Mev. 

The quantity measured in the experiments was 
the ratio of the observed numbers of decay y 
quanta and the number of counts of the differential 
monitor for three angles of 45°, 90°, and 135° at 
the energies given above. To obtain from these 
data the energy dependence of the decay y quanta 
yield at any of the angles, the dependence of the 
counting rate of the differential monitors per unit 
photon flux on the maximum bremsstrahlung en- 
ergy was taken into account. The dependence of 
the monitor counting rate on the maximum brems- 
strahlung energy and on the pulse intensity was 
determined with a good (~1%) statistical accu- 
racy in special experiments discussed in refer- 
ence 10, which is specially devoted to the present 

experimental method. The corrections for this 
dependence are the same for measurements at 
any angle, and in practice do not influence the 
measured angular distribution of the decay y 
quanta. 

To obtain the angular distributions of decay 
y quanta from the experimentai ratios of their 
counting rates at various angles, a correction 
was introduced for these angles for the differ- 
ence of the product of the effective target volume 
by the acceptance solid angle of the telescope. 
This difference was assessed by comparing the 
counting rate of decay y quanta during the irra- 
diation of a polysterene “point” source and of a 
continuous foamed polystyrene target having the 
dimensions of the hydrogen target. To obtain 
absolute values of the volume, a correction was 
applied for the difference of the mean flux of the 
y quanta on the surface of the target and on the 
“point” source. The correction for the not 100%- 
efficient detection of the anticoincidences by the 
y telescope amounted to a fraction of one percent. 
Also of the same order magnitude were the cor- 
rections due to the delayed detection by the differ - 
ential monitor of the slow neutrons. Both these 


corrections were neglected in view of their small 
magnitude. 

The liquid hydrogen used in the experiments 
was contained in a hydrogen target of foamed poly- 
styrene PS-4 (cooled by nitrogen) of cylindrical 
shape, 12 cm in diameter and 30 cm long. The y 
quanta beam from the cyclotron, 6 cm in diameter, 
was incident upon the base of the cylinder. The 
background counting rate (from an empty target) 
amounted, on the average, to 30% (at 45°), 8% 

(at 90°), and 4% (at 135°) of the counting rate 
in the main experiments. 

The absolute flux of y quanta incident on the 
target was determined from the activation of spe- 
cially calibrated graphite detectors in the 
Cl (yn) C!! reaction. 


4, RESULTS OF THE EXPERIMENTS 


The curves of the energy dependence of the rela- 
tive yield of decay y quanta at the angles of 45°, 
90°, and 135°, with all the above-mentioned correc- 
tions made, are shown in Fig. 2. 


N/Q, arbitrary units 145° 
500 Be 
t 
400 
FIG. 2. Energy depend- 
ence of gamma yield of 7°- 300 ff 4 135° 
meson decay for 45°, 90°, : 
and 135° in the Ls. 
200 
& 
400 y 
t 
[eee fhe a 
100 140 180 HY Had) 
Ay, Mev 


The cross sections for emission of decay y 
quanta in the l.s. were obtained from these curves 
by means of the photon difference method, and were 
then compared with the values of N (Oy) calcu- 
lated according to Eq. (4), for the determination of 
the coefficients A, B, and C in Eq. (2). As has 
been shown by a special analysis, even a rather 
strong variation of the form of the energy depend- 
ence of the detection efficiency of the telescope, 

n (Ey) influences N (6) very little at various 
angles for a given energy of the primary y quanta. 
In the calculations, we used an efficiency curve for 
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a telescope similar to the one used in the present 
experiment, as given in reference 1. 
/E == E \ 
‘ | amas Ln | 
exp y— (a ff 


40 


(Ey) = 2 1 


where, in our experiment, Epp = 35 Mev. 

The absolute value of @ (q@=0.13) was ob- 
tained by comparing the yield of y quanta from 
the elastic yp scattering for hv = 130 Mev, ob- 
served at 90°, with a calculated value based on the 
formula of Powell,!! which was confirmed by a 
series of experiments. At present, additional ex- 
periments are being carried out to determine the 
absolute efficiency of detection of y quanta of 
various energies by our telescope. The prelimi- 
nary results of these experiments are in agreement 
with the calculations. The values of the coefficients 
a (8), b (Oy), and c(@y) in Kq. (3), calculated 
for the form of (Ey) given above for various 
photon energies, are shown in Fig. 3. 


a,b,c, arbitrary units 


2 0(45°) 
a3 
a(909 
FIG. 3. Dependence of 
ge a( 135) the coefficients a(@), 
rage) 2459 b(65), and c(y) in Eq. (3) 
ark (135°) 


on the photon energy. 
Se 


[a2 700 220 Za hy, Mev 
b/90)° 
~O1 [ iiss 


The obtained values of the coefficients A, B, and 
C, of the angular distribution, and also the values of 
the total cross section Op of process (1), are given 
in Table I. 

The dependence of the coefficients on the energy 
of the quanta is shown in Fig. 4. Values of the co- 
efficients obtained in other experiments® ‘ are also 
given for comparison. 

The energy dependence of the total cross section 
of the photoproduction of 7’ mesons on protons, as 


324A, BC: 10°" cm? /sterad 


tot 
1 SSNS —————! lt 
{00 > WPA sneO0. 82501 200 mm S50 a anode Meee 


fv, Mev 


FIG. 4. Coefficients of the angular distribution of 7° mes- 
ons (A, B, and C). 0 — our data, @e — data of reference 4, 
x — data of reference 3. 


obtained from the data of our experiments and from 
those given in the literature,*~* is shown in Fig. 5. 
It can be seen that the total cross sections obtained 
in this experiment are in a good agreement with 
earlier published data. With respect to the data 

on angular distribution, there is no point in com- 
paring them with the results of previous articles, 
since the only previously available data on the an- 


. 6p, 10-7? cm? as 
: 


100 150 200 250 IOG 350 400 450 
hy, Mev 


FIG. 5. Energy dependence of total cross sections for the 
photoproduction of 7° mesons on protons: O — our data, 
® — data of reference 4, A — data of reference 2. 


TABLE I. The measured coefficients A, B, and C (in units of 
10 °° cm*/sterad) and Op (in units of 10-29 em?) 


hy, Mev e op 
! 
160 0.28+0.03 0.4340 .03 OR092- Ome 0.341+0.06 
180 0.95+0.02 0.39+0.06 Oey 2e0)04 0.98+0.04 
200 2.10+0.05 0.56£0.07 1.3 +0.2 2.08£0.08 
220 Aor eel Oe Ss 0e dl DROUEEW Ee: LAS ae(). A 
240 SAaeEOR2 OS) O27 GLOREORO Sree One 
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gular distribution of 7° mesons in this energy 
range were obtained with a much lower accuracy. 

The data of the present experiment for higher 
energies, as well as those of McDonald, Peterson, 
and Corson,‘ are represented in Fig. 6. 


20 


10 


FIG. 6. The form of the angular distribution of 7° mesons 
for the reaction y + p> 7° + p for y-quanta energy from 160 
to 450 Mev. 


5. DISCUSSION OF RESULTS 


By way of comparison of the obtained data on 
the energy dependence and the absolute values of 
coefficients A, B, and C with the corresponding 
data for m* mesons,!?~'> and to take into account 
the data available in the literature on the photopro- 
duction of 7° mesons at higher energies,’ ° a cer- 
tain phenomenological analysis was carried out by 
the method of Watson.'® The basis of such an anal- 
ysis is the expression of the cross section of the 
meson-photon production through the matrix ele- 
ments of electric and magnetic multipole transi- 
tions obtained from general angular momentum 
and parity conservation considerations. In addition, 
in such an analysis one uses the assumption of the 
presence of an “amplified” contribution of the iso- 


baric state (¥%, 4") in the photoproduction of me- 
sons. 

In the compilation of the photoproduction of 7* 
and m mesons near the threshold, we compared 
the values of the coefficients of angular distribu- 
tions for various energies of primary y quanta, 
corresponding to identical momenta q of produced 
mesons in the c.m.s. We thus introduced a correc- 
tion for the difference of the masses of the m* and 
n° mesons (based on the fact that the photoproduc- 
tion cross section is much less dependent on q 
than on the energy of the primary y quanta. The 
results of such a phenomenological analysis are 
given in Table II. 

The parameters in Table II have the following 
meanings’*: Ag is the contribution of the S wave 
to the cross section of photoproduction of 7* 
mesons, Ay, is the contribution of the “ampli- 
fied” P wave that does not interfere with the S 
wave, AK, is the contribution of the “amplified” 
P wave interfering with the S wave, AA, is the 
contribution of the “non-amplified” P wave not 
interfering with the S wave, and Ap+ is the con- 
tribution of the P state to the isotropic part (A*) 
of the angular distribution of the photoproduction 
of m* mesons. The values of these parameters 
were then used for the calculation of the ratio of 
the coefficients B/A of the angular distribution 
of 7° mesons. 

According to reference 16, the coefficient B 
can be expressed by the formula 


B = — 4/3 (As Ax,)'? {[C0S (433 — %) — COS (%33 — 01)] 
Saris V2 To) [COS (a%g3 — %3) + */2 COS (%33 — %)] 
—(r + V 217) (3/8Ax,) [Ax, + 44a,]}- (5) 


The quantities AK, and AA, are small, and we 
can therefore neglect the last term in Eq. (5). In 
that energy range where a, and a3 are also 
small, Eq. (5) reduces to 


TABLE II. Results of a phenomenological analysis of the photo- 
production of mn’ and m* mesons (parameters A given in units 
of 10729 cm?/sterad) 


hy, Mev As Ak, Ap+ Ax, Aq, with Xs3 
\ 
160 4.6 +2.4 0.09+0.10 On2e23: OF3+2).5 0,340.8 
180 By afs) ERO)sto) 0.22+0.06 4.5+0.6 0.8+0.8 0.7+0.4 
200 LL GA GP 0.39+0.07 DG eedla tl MA Gesi) 33 AP Om 
220 So Oeste 0.8 +0.2 5.0+1.0 Sy O=stla APSO 7 
240 Sot At (ns PN AD 4,941.1 2.0+0.6 
260 flaal e214 Bf 308) 9,941.3 ageetlae 1.9+0.8 
300 ovaaesl 4.0 +0.8 AC eetee, 10.82153 —0.220.8 
320 Hao eles ein SO vl AD, (sed Nik tiaedl ec: (O07 
360 i A, geal Ail eel Oats) 8.641.141 Siatseet | 7 a 3+0 7 
400 Le TEA Dee Ono 3,841.0 54a dd —2,2+0'.6 
450 ats SEAL AO art: (ce 4.4+029 3.8+1.0 —2 +0.6 
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B = — ‘4/3 (Ag Ax,)' [(%3 — &1) Sin &3 
+8). (r + V 215) COs aa]. (6) 


The first term in the square brackets in Eq. (6), 
which contains the scattering phases, can be in- 
terpreted as being connected with the production 
of 7° mesons in the S state due to “charge ex- 
change” scattering of 7 mesons in the nucleon 
field, and the second term is connected with the 
direct production of 7* mesons in the S state, 
due to the photoelectric effect caused by the pres- 
ence of an electrical dipole moment in the final 
state. 

On the basis of Eq. (6) we can first determine 
the sum (r+V2 ry) for that energy of primary 
y quanta for which B (or the ratio B/A) van- 
ishes (i.e., the contributions of the “direct” and 
the “charge-exchange” photoproduction of nr 
mesons in the S state are equal to each other). 
It is evident that the following equation is satis- 
fied for that energy: 


tan agg = —3/2(r + V2 ro) / (a3 — a4). (7) 


As can be seen from the data on the ratio B/A ob- 
tained in this work as well as in the experiment of 
McDonald, Peterson, and Corson,’ (see Fig. 7), 

B vanishes for aprimary y-quanta energy of 
260*?) Mev, which corresponds to (r + V2 1) = 
0.140*)-083 if we assume Orear’s values" of the 
phases of a3; andof a, and Bruekner’s values!® 
of a@33. It should be noted that, using the values of 
B/A obtained in the work of Goldschmidt-Cler- 
mont, Osborn, and Scott,® for y quanta of energy 
close to threshold we obtain, for B/A=0, an 


energy of about 300 Mev; hence, (r+ V2 ry) = 0.45. 


From the dispersion relations’? one can con- 
clude that r»=0 and r=yu/M =0.144 near the 
meson photoproduction threshold. In addition, the 
values r and ry should, as has been shown by 
Baldin,”° be constant in a wide energy range. Thus, 
the value of (r+ V2 ry) B=9 = 0.14 obtained above 
is in good agreement with the prediction of the 


a/A 
OE 
04 
0.2 = 
ee eee ohh . 
a rE] 
1 


field theory. It should be noted that the parameter 
r is directly related to the threshold ratio of the 
cross sections of photoproduction of m and ‘i 


mesons on nucleons, (o_/0, )thr= (1+r). Evidently, 


according to our data (o_ /0,)thr = Teo Oo nye while 


the old data’ yield (o_/o,)thr © 2.1. The given 
value of (o_/o,)thr is in agreement with the 
value obtained in the experiments of the Adamo- 
vich group.2_ Assuming that (r +V2 19) =y/M = 
const, we calculated the curve of the dependence of 
the ratio B/A on the energy of y quanta up to 
450 Mev, shown in Fig. 7. It is evident that all 

the collected experimental data are well described 
by this curve. 

In Fig. 7 are.also shown two curves of B/A 
calculated by Feld?" on the basis of the semi- 
phenomenological “atomic” nucleon model. Feld 
calculated the photoproduction of nm’ mesons in 
the S state by perturbation theory, but applied a 
small correction to take into account the final 
mass of the nucleon and the possibility of a “charge 
exchange” scattering of 7 mesons in the nucleon 
field. In the final expressions for the cross sec- 
tion only the contributions of transition amplitudes 
leading to the excited isobaric state and to the pho- 
toproduction of 7’ mesons in S state were taken 
into account. The angular distribution of 7° mesons 
in the c.m.s. is then obtained in the following form 


1 do 

ee Bees, Al 

ley) dQ ( ) a : Bo 
6” sin? 6 


Seo = Sees ee coe 26, 
2 (1 — 8. cos:0) | oo a (8) 


where oy © 25q microbarn/sterad. The value in 
Eq. (8) is proportional to the sum (£&} COS Q33 + 
&; sin @33), where €, and &; are respectively 
the real and imaginary parts of the electrical di- 
pole amplitude of 7-meson photoproduction. The 
factor in the square brackets of the second term 
in Eq. (8) is due to the role of the higher multi- 
poles in the photoproduction of t mesons (re- 
tarded effects ). 


FIG. 7. Ratio of the coefficients B/A. Experi- 
mental data: O — our data, @ — data according to 
teference 4, X — data of reference 3; dash-dot 
line — calculated according to the method of 
Watson,* solid and dotted lines — according to 
the theory of Feld,” taking into account and 
neglecting the “retardation” effects respectively. 
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After averaging over the angles of the factor 
due to “retarding,” Feld obtained the relations of 
the coefficients of the usual three-term develop- 
ment in the form 


4-3 i- Be 

A Ay yaa)" (9) 
Gre Gon Bo ie 

aie EST es “_ 


As can be seen from Fig. 7, our experimental data 
are in excellent agreement with the theoretical 
curves [solid curve corresponds to B/A, dotted 
line to By/Ay obtained from Eq. (9)], which tes- 
tifies in favor of the applicability of perturbation 
theory to calculations of the photoproduction of 
mesons in the S state near the threshold. The 
ratio of the real part (direct photoproduction) to 
the imaginary part (charge-exchange production ) 
of the photoproduction amplitude of 7° mesons in 
the S state in the energy range under considera- 
tion is close to unity Ep/é; =~ —0.8/q. 

In Fig. 8 we present experimental results, and 
calculated curves for the ratio C/A according 
to Feld’s theory. For a pure M1 transition, C/A 
= —0.6. However, as has been’mentioned in ref- 
erence 22, the presence of a small electric-quad- 
rupole contribution (E2) leads to a considerable 
variation of this ratio. The effects of “retarda- 
tion” affect this ratio very little up to 300 Mev. 
As can be seen from Fig. 8, the experimental ac- 
curacy of all results obtained is still insufficient 
to reach a conclusion about the contribution of E2 
absorption to meson-photon production. At pres- 
ent, a comparison of the obtained data with the 
predictions of dispersion relations!® is being car- 
ried out. The results of this analysis will be 
published in the future. 
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great help in the experimental part of the work, 
and to A. M. Baldin for valuable advice in the 
discussion of the obtained results. The authors 
are very grateful to the technical staff of the 
265-Mev synchrotron of the Physics Institute of 
Academy of Sciences, U.S.S.R. 


APPENDIX 


KINEMATIC DISCUSSION OF THE REGISTRA- 
TION OF PROCESS (1) FROM THE OBSER- 
VATION OF A SINGLE DECAY PHOTON 


We shall write the angular distribution of the 
m° mesons in the photoproduction c.m.s. in the form 
F (6,7, Ez)dEz. The number of mesons emitted as 
a result of reaction (1) at the angle 9, with energy 
E7 into solid angle dQq is equal to 


ie (Ce E,)d Ex sin 0, at, dn. (11) 


If the decay nm —2y is isotropic in the rest sys- 


tem of the 7° mesons, the number of decay y 

quanta emitted into the solid angle dQ at the 

angle Oy to the direction of the mesons in the 

laboratory system is given by 

F (On, Ex)dEn Sin 9, dy, don = —=——-— sin 9, d9ndg. (12) 
aie ecosiu= 

The angles are identified in Fig. 9. 

Taking into account that y quanta emitted 
within the solid angle dQ, can be produced by 
m mesons going on the surface of a cone with 
opening angle O~); depending on the energy of 
the a’ mesons, we should integrate the expres- 
sion (12) over the angle g and the meson energy 
E,. Since the energy of the 7 mesons in the 
c.m.s. of photoproduction for a given energy of 
the primary y quantum (hv) should be ex- 
pressed by a 6 function, therefore we obtain 
by integrating (12) 


420 460 
hu, Mev 
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on 


W (Ey 6) => | FO.) 2 


0 VE we 


The formulae for the transformation from the 
7 meson rest system to the c.m.s. of photopro- 
duction readily relate the angle 9) with the en- 


ergy of the 7’ mesons and the decay y quantum: 


(13) 


CUS (Be Ze) y eae (14) 


FIG. 9 


On the other hand, it is easy to obtain from Fig. 9 
the following relation between the angles 


cos 9, = cos 9,,cos 9, + sin 9, sin 9, cos 9. (15) 


Going now over to the laboratory system of coordi- 
nates, we obtain Eq. (4). 


1G, Cocconi and A. Silverman, Phys. Rev. 88, 
PASOM LISA). 

21. Koester and F. Mills, Phys. Rev. 105, 1900 
(1957). 

3 Goldschmidt-Clermont, Osborn, and Scott, 
Phys. Rev. 97, 188 (1955). 

4 McDonald, Peterson, and Corson, Phys. Rev. 
107, 577 (1957). 

°D. Oakley and R. Walker, Phys. Rev. 97, 1283 
(i955). 


6 Walker, Oakley, and Tollestrup, Phys. Rev. 97, 
1279 (1955). 

7G. Chew and F. Low, Phys. Rev. 101, 1570 
(1956). 

8, Fermi, Elementary Particles, Yale Univer- 
sity Press, New Haven, 1951. 

9 Govorkov, Gol’danskii, Karpukhin, Kutsenko, 
and Pavlovskaya, Dokl. Akad. Nauk SSSR 111, 988 
(1956), Soviet Phys. “Doklady” 1, 735 (1957). 

10 Vasil’kov, Govorkov, and Kutsenko, IIpu6oppi u 
TexXHuKa 9KCrepuMeHTa (Instruments and Measure- 
ment Engg.), in press. | 

11 J, Powell, Phys. Rev. 75, 32 (1949). 

12 Beneventano, Stoppini, Tau, and Bernardini, 
CERN Symposium on High-Energy Accelerators 
and Pion Physics, Geneva, 1956, page 259. 

13 Walker, Teasdale, Peterson, and Vette, Phys. 
Rev. 99, 210 (1955). 

14 Tollestrup, Keck, and Worlock, Phys. Rev. 99, 
220 (1955). 

15 Jenkins, Luck, Palfrey, and Wilson, Phys. Rev. 
95, 179 (1945). 

‘6 Watson, Keck, Tollestrup, and Walker, Phys. 
Rev. 101, 1159 (1956). 

173, Orear, Phys. Rev. 96, 176 (1954); 100, 288 
(1955). 

18k. Brueckner, Phys. Rev. 87, 1026 (1952). 

19 Chew, Goldberger, Low, and Nambu, Phys. 
Rev. 106, 1344 (1957). 

20.4. M. Baldin, Nuovo cimento 8, 569 (1958). 

21 4 damovich, Kuz’micheva, Larionova, and 
Kharlamov, J. Exptl. Theoret. Phys. (U.S.S.R.) 

35, 27 (1958), Soviet Phys. JETP 8, 21 (1959). 

2B, Feld, Annals of Phys. 4, 189 (1958). 


Translated by H. Kasha 
2 


SOVIET: PHYSICS JETP 


VOLUME 37(10), NUMBER 1 


JANUARY; 19.60 


RADIATIVE RECOMBINATION IN GERMANIUM CRYSTALS BOMBARDED BY FAST 


ELECTRONS 


V.S. VAVILOV, A. A. GIPPIUS, M. M. GORSHKOV, and B. D. KOPYLOVSKII 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 29, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 23-26 (July, 1959) 


Data are presented on the infrared spectrum accompanying the recombination of electrons and 
holes in germanium single crystals. It is shown that with increasing concentration of Frenkel 
defects caused by fast-electron bombardment the relative intensity of the emission band with a 


peak at 2.35 uw also increases. 


[NvEstieation of the emission spectrum ac- 
companying electron-hole recombination in semi- 
conductor single crystals with diamond structure. 
- germanium and silicon - has provided new in- 
formation concerning their band structure, ! energy 
levels of impurities and dislocations?*? and phonon 
spectrum (lattice vibrations) .* It may be expected 
that when carrier recombination occurs through 
capture by defects produced by fast-particle, es- 
pecially electron, bombardment,’ it will be ac- 
companied by infrared emission, whose spectrum 
will provide a means of determining defect energy 
levels. We know of no published data on recom- 
bination emission from germanium containing de- 
fects produced in this manner. In the present work, 
which was performed for the purpose of obtaining 
such data, the crystal samples were Weierstrass 
spheres® with 4 mm radius; these were used in 
order to increase the emission yield, which is 
usually severely limited by total internal reflec- 
tion. All samples were made of germanium with 
n-type conductivity p= 10 ohm-cm and carrier 
lifetime Ty) = 220 usec. 

The results to be presented were obtained from 
three samples which differed as follows: In sample 
No. 1 emission was excited by hole injection from 
an alloyed indium junction, and in samples Nos. 2 
and 3 from a pressure contact with indium. Sam- 
ple No. 3 was irradiated with fast (0.7 Mev) elec- 
trons directed against its flat back surface, 
against the center of which the contact was then 
pressed. The active acceptor level concentration 
of defects produced by the bombardment was cal- 
culated to be about 5 x 10'3 cm™ near the surface, 
with decrease to zero at a depth of about 0.3 mm. 
It can be assumed in first approximation that the 
concentration of bombardment-produced recom- 
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bination centers equals the concentration of active 
acceptor levels. 

In experiments performed at T = 78°K the back 
surface of the sample was in direct contact with 
liquid nitrogen. Spectra were recorded by means 
of a quartz-prism spectrograph and dry-ice- 
cooled PbS photoconductive cell, from which sig- 
nals were fed to a narrow-band amplifier, syn- 
chronous detector and EPP-09 recorder. 

The spectra of all samples contain a band 
(Fig. 1) with 1.85 uw (0.67 ev) maximum at room 
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temperature and 1.67 u (0.74 ev) at 78°K, which 
was attributed! to the intrinsic emission of ger- 
manium crystals produced by inter-band transi- 
tions of electrons with the cooperation of lattice 
vibrations. The shift of the long-wave edge of this 
band is in good agreement with the width change of 
the forbidden germanium band. From our data the 
temperature coefficient B is 3.2 x 10°* ev /deg, 
which is close to the result obtained by Haynes and 
Burstein.'” 
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FIG. 2. Extrinsic and intrinsic spectra of germanium sample 
with alloyed indium junction at 78° K. The maximum of the in- 
trinsic band lies far outside of the figure. Three successively 
recorded curves are given, and are compared with the spectrum 
observed by Newman (dashed line).3 


All samples also yielded a weaker band from 
2 to 2.5 p, which is shown for sample No. 1 by the 
continuous curves in Fig. 2. Newman? and Benoit® 
have observed a band in this region, which New- 
man attributed to radiative recombination at dis- 
locations because deformed germanium crystals 
were used in his experiments. The shape and posi- 
tion of the band that we observed at 78°K differ es- 
sentially from the spectra given by Newman, 
which are represented by the dashed curve in 
Fig. 2. We obtained curve a with spectrograph 
slits (AA = 0.175 p) whose narrowness was limited 
by photoresistor noise. This broad band is ob- 
served in the region where germanium is trans- 
parent and there is reason to believe that it con- 
sists of a few narrower bands corresponding to 
impurity or dislocation levels; however, its struc- 
ture could not be resolved. 

The extrinsic spectrum of sample No. 2 at 
T = 78°K is shown in Fig. 3. The peak is located 
near 2.35 p (0.53 ev), and the asymmetry of the 
curve suggests the existence of additional unre- 
solved peaks. 
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FIG. 3. Extrinsic emission 
spectrum of n-type germanium 
sample with neither alloyed 
indium nor electron bombard- 
ment; T = 78° K,. 
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FIG. 4. Spectrum of n-type germanium at T = 78°K after 
irradiation by 0.7-Mev electrons at room temperature. The 
sensitivity curve of the PbS photoconductive cell is shown 
above. 


Fig.4 shows the spectrum of sample No. 3, which 
was not subjected to alloying with the indium and 
was irradiated by 0.7-Mev electrons, which 
strongly attenuated the intrinsic band. For an in- 
jection current of 100 wa the signal-noise ratio at 
the amplifier output for the intrinsic peak was 50 
for sample No. 2 and unity for sample No. 3. The 
intensity of the extrinsic emission was of the same 
order for both samples. 


If electron bombardment had not produced ad- 
ditional levels at which radiative recombination 
takes place, but only reduced the carrier lifetime 
(a well-known effect), the intensity of extrinsic 
radiation, proportional in first approximation to 
the carrier excess and therefore (for constant in- 
jection) to the lifetime (Ap = GT), should be re- 
duced just as strongly. This is not observed, and 
it is therefore reasonable to assume that radiative 
recombination takes place at bombardment-pro- 
duced levels, which evidently belong to Frenkel de- 
fects. The energy of these emitted photons is close 
to the extrinsic spectrum of unbombarded germa- 
nium (sample No. 2). 

The nature of the centers that cause the ex- 
trinsic band of an unbombarded sample has not 
been established, but it may be assumed that the 
original material possesses a large number of 
structural defects or dislocations. The observed 
emission band may be associated with a level lo- 
cated 0.53 ev from one band of energy levels and 
therefore 0.22 ev from the other band. A conclusive 
answer will require experiments with germanium 
crystals containing a very small initial number of 
defects and dislocations. 


RADIATIVE RECOMBINATION 


According to existing ideas concerning the na- 
ture of recombination radiation, in the case of a 
large departure from equilibrium concentrations 
of electrons and holes (strong excitation) their 
direct recombination, which results in intrinsic 
radiation, is a bimolecular process; with a carrier 
lifetime which is independent of excitation the in- 
trinsic band intensity should be proportional to the 
square of the carrier concentration. In our exper- 
iments on samples with an alloyed contact the 
emission intensity B near the intrinsic peak and 
the injection current J were related as B ~ J™, 
where the exponent m is close to 1.7. 

The experimental dependence of emission in- 
tensity on injection current can be used to give 
only very approximate results, as it is well known 
that the recombination rate in germanium usually 
changes with the injected carrier density. However, 
according to the statistics of Schockley and Read? 
the lifetime may be constant at large injection 
levels. Our experiments, with an injection current 
density above 10 amp/cm?’, may have reached a 
region where the lifetime is only slightly depend- 
ent on the injection level. 

It must be pointed out that the intensity of the 
principal emission peak is a direct measure of 
carrier lifetime and that intensity measurements 
can therefore be used to obtain data on the rates 
of surface and volume recombination. 

For the extrinsic band the recombination pro- 
cess obeys first-order kinetics and we may expect 
a linear dependence between the intensity B and 
excess concentration, with unchanged lifetime. In 
our experiments, for the extrinsic band with small 
injection currents the linear dependence of B on 
J gradually became sublinear. This can be ac- 
counted for by a shorter lifetime as well as by the 
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fact that with increased injection recombination 
occurs in a larger region, while the concentration 
of recombination centers decreases with distance 
from the p-n junction. 

The authors wish to thank the following: B. M. 
Vul for his interest, M. V. Fock and M. N. 
Alentsev for criticism and valuable suggestions, 
and L. N. Silonov for assistance with the adjust- 
ment of the electronic recording circuit. 
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Results are given for the investigation of a plasma formed by an electron beam in a trap charac- 
terized by a magnetic field which increases toward the periphery. 


Or: the many magnetic traps used to contain hot 
plasmas special interest attaches to systems in 
which the magnetic field increases toward the pe- 
riphery. It follows from theoretical considera- 
tions, / that in systems of this kind it should be 
possible to satisfy the requirements for producing 
stable equilibrium in the plasma, i.e. the plasma 
is trapped in a space surrounded by a magnetic 
SDARLLED 7 

In attempting to build a thermonuclear reactor 
of the trap type one invariably encounters the dif- 
ficult problem of how the trap is to be filled with 
high-temperature plasma. In principle, a high- 
temperature plasma can be produced in the trap 
by heating a cold plasma in the trap itself or by 
injecting fast particles into the trap. In traps with 
a magnetic field which increases toward the pe- 
riphery, formed by a system of solenoids connected 
in opposition, it would appear that fast particles 
can be injected by a method which was proposed 
recently,’ in which plasmas are accelerated by 
electrodynamic methods. Consider the motion of 
a plasma through a region surrounded by a mag- 
netic barrier (Fig. 1). For a given shape and ori- 
entation with respect to the magnetic field H, 
which bounds the trap, the plasma will move into 
the system if the following condition is satisfied: 


W > Hix/8x. (1) 


Here W is the kinetic energy of the directed mo- 
tion of the plasma and 7T is the volume which it 
occupies after moving into the system. If the plas- 
ma expands by virtue of thermal motions or if 
part of the energy of the ordered motion is con- 
verted into heat as a result of collisions after the 
plasma enters the region of lower magnetic field 
H,, the plasma particles become trapped. 
Particles can escape from a trap of this kind 
by diffusion across the magnetic field lines or by 
entering regions of the magnetic barrier in which 
the magnetic force lines run into the walls of the 
container. In the geometry being considered here 
the force lines run into the sidewalls of the system 
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FIG. 1. Penetration of a plasma through a magnetic barrier. 


in circles and the slits through which the particles 
escape are ring shaped. For short-term pro- 
cesses the width of these slits is given by the ex- 
pression’ 


Oy = 4p., (2) 


where fe is the radius of curvature of a plasma 
electron in the magnetic field. More precisely, Eq. 
(2) gives the width of the slit immediately after 
the production of the plasma inside the trap ina 
space free from magnetic field. The escape of 
plasma through the slit obtains by virtue of the 
thermal velocity of the ions. 

If there are collisions the width of the slit in- 
creases in time in accordance with the relation 
for ambipolar diffusion. Hence it would be expected 
that in the stationary state the width of the slit 
would increase without limit. This conclusion, 
however, is not valid. Diffusion broadening stops 
at that value of 6, for which a plasma particle has 
a greater chance of escaping through the slit after 
several reflections from the magnetic wall than 
experiencing a collision with another particle. At 
low pressures this value of 6; can be smaller 
than 4p¢ and the width of the slit can be the same 
in pulsed or continuous operation. At higher pres- 
sures the diffusion broadening becomes appreci- 
able and the limiting slit width can be estimated 
by equating the path length of the particle in the 
trap 

hy = 4V/S = 4V/a6, (3) 


and the path length between collisions 


ho = Lng 


(4) 
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(in these formulas V is the volume of the trap, S 
and a are the area and length of the slit, n is the 
number of particles per cubic centimeter, and o 
is the collision cross section). 

The foregoing applies to the case in which the 
plasma is produced ina space free from magnetic 
field. If, however, the plasma is produced in a 
region which is filled with field, for example by 
means of a beam of fast electrons emitted from 
the surface of a heated cathode, we must add to 64 
the width due to the dimensions of the injector. 
Under conditions of low pressure and strong mag- 
netic field the thermionic electrons ionize the gas, 
forming a plasma mainly along the lines of the 
magnetic field. Under these conditions the frac- 
tional effective width of the slit due to the dimen- 
sions of the cathode and the configuration of the 
magnetic field is determined by the simple relation 


on = olga AGAR. (5) 


Here Hy and Hy are the magnetic fields in the 
cathode region and slit region respectively, r is 
the radius of the cathode and R is the radius of 
the circular slit (a = 27R). In the general case the 
effective width of the slit can be estimated from 
the relation 


b= 8+ 8. (6) 


In addition to the circular slits, in the trap be- 
ing considered here there are two curved slits at 
the ends of the system close to the axis of sym- 
metry. The radii of these slits are also deter- 
mined by 6; and 6. It is easy to see that a large 
area for the circular slits makes their role de- 
cisive in the escape of particles. 

In the present paper we describe experiments 
carried out to study the behavior of a plasma 
formed by an electron beam injected along the 
axis of the trap. The experimental parameters 
were not optimum but were determined by the 
available experimental apparatus. The vacuum 
chamber was a cylinder of stainless steel 100 cm 
long and 21 cm in diameter with ports at the 
flanges. Mounted in the ports were electron 
sources which made it possible to obtain an elec- 
tron beam current of 0.5 amps with an injection 
voltage up to 1 kv. The vacuum chamber was lo- 
cated inside the system of coils which produced 
the magnetic field. Each coil consisted of 30 turns 
of copper tubing cooled by circulating water. The 
peak current through each coil was 350 amp. The 
coils could be connected in different ways so that 
it was possible to obtain the magnetic field con- 
figuration desired for a given experiment. An iron 
jacket was used to reduce the reluctance of the mag- 


netic circuit. The system was evacuated through 
a Side port by means of an oil diffusion pump. In 
those cases in which the experiment was carried 
out with hydrogen the gas was admitted to the sys- 
tem through a palladium valve. 

The current to the wall was measured by probes 
which could be moved along the outside chamber. 
In certain cases the devices for moving the probes 
were provided with thermocouples with which the 
temperature could be measured. The direction of 
motion of the charged particles was studied by 
means of an oriented probe which was located in 
the median plane of the chamber. This probe was 
made from a hollow metal tube which contained a 
current detector. There was a small aperture in 
the outer tube so that it was possible to detect 
particles which entered within a known solid angle. 

The radiation spectrum of the hydrogen plasma 
in the trap exhibited distinct molecular bands. 

The existence of these bands indicates that the 
electron temperature in the plasma was not greater 
than several electron volts. 

The first experiments were undertaken to de- 
termine the nature of longitudinal current distribu- 
tion to the wall (parallel to the z axis) as a function 
of the gas pressure in the chamber. When these 
experiments were completed the coils were con- 
nected in opposition. In Fig. 2 is shown the abso- 
lute magnitude of the magnetic field strength 
along the axis of the system. The current in each 
coil was 300 amp; this current is typical for the 
series of experiments considered here. 
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FIG. 2. Magnetic field distribution along the axis of a 
system; H, is the magnetic field at the axis of the chamber. 


It was shown by means of direct experiments 
that the charged particles escaped to the wall only 
through the circular slits in the magnetic field. 

In Fig. 3 is shown the variation of electron current 
to a probe kept at the potential of the wall while 
moved along the chamber; during these measure- 
ments the hydrogen pressure py was maintained 
at 5 x10 ° mm Hg. The clearly defined maxima 

in the current are opposite each circular magnetic 
slit; the intensity of these maxima falls off rapidly 
with slit number, i.e., with increasing distance 
from the source (the second source was not used 
in this experiment). A similar pattern is obtained 
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if one studies the temperature distribution along 
the wall by means of a thermocouple which can be 
displaced along the z axis. 

When the pressure changes the distribution of 
current between the slits also changes. Thus, 
when the chamber pressure is between 2 and 
5 x 107° mm Hg and only one source is used al- 
most all the charged particles escape through the 
circular slit closest to the source. However, when 
the pressure is increased the current at the first 
circular slit is reduced while the flow of particles 
through the successive slits is increased. In Fig. 
4 is shown the variation of current through dif- 
ferent slits as a function of the hydrogen pressure 
in the chamber. A characteristic feature of these 
curves is the marked dependence of current on 
pressure for slits located far from the injector. 
On the other hand the slit located closest to the 
electron beam exhibits a weak reduction as the 
chamber pressure is increased. Thus, with in- 
creasing pressure there is a clear-cut tendency 
toward the equalization of currents through the 
slits; this is a direct evidence of the increasing 
importance of collisions in the plasma. 
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5 6/0" p,mm Hg 
FIG. 4. The current through magnetic slits as a function of 
hydrogen pressure in the chamber. The number for each curve 
corres ponds to the slit number. The scale at the right refers 


to Curves 1 and 2; the scale at the left corresponds to Curves 
3 and 4. 


Experiments carried out with the oriented probe 
indicated a small anisotropy in the current. How- 
ever the asymmetry in the angular distribution 
was much smaller than what would be expected in 
the presence of a directed flow of electrons. 

In the remaining experiments all the coils 
located on one side of the median plane were con- 
nected to produce a magnetic field in one direction 
while the coils on the other side were connected 


to produce a field in the opposite direction. This 
connection configuration made it possible to ob- 
tain a field up to approximately 1500 oersteds in 
the single lateral slit of the trap. With this field 
configuration the halfwidth of the slit was meas- 
ured as a function of magnetic field at a fixed gas 


* a 
pressure. The measurements were carried out by 


means of a movable probe in front of the walls; 
this probe was a tungsten wire 0.5 mm in diameter 
and 30 mm long. The probe could be moved along 
the chamber as shown in Fig. 5. To obtain the 
distribution curve for the current through the slit, 
the current vs. probe position curve was differen- 
tiated graphically. 
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FIG. 5. Arrangement of the 
probe in the system. \ ( 
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In Fig. 6 are shown experimental curves for 
the dependence of effective slit width on magnetic 
field for several values of the energy in the pri- 
mary electron beam U,;. The hydrogen pressure 
in the chamber py was kept constant in these 
measurements (approximately 2 x 10°? mm Hg). 
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FIG. 6. The effective width of the magnetic slit asa 
function of field strength in the slit. 


As is apparent from the figure, at strong mag- 
netic fields (H > 800 oersteds) the effective width 
of the slit is independent of magnetic field and the 
energy of the primary electrons and is approxi- 
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mately 0.4mm. We may note, however, that the 
value of 6 remains constant even when the hydro- 
gen pressure is increased to 5 x 107 mm Hg. At 
weak magnetic fields there is a rapid broadening 
of the slit which becomes especially pronounced 
at high primary electron energies. 

We now propose an explanation for the observed 
behavior of 6 = {(H). An estimate of 6; onthe 
basis of Eqs. (3) and (4) indicates that this quan- 
tity is not greater than 0.1 mm in the pressure 
region of interest. Since there is essentially no 
change in the width of the slit as the pressure is 
increased by a factor of 10, apparently diffusion 
broadening need not be taken into account. The in- 
dependence of 6 on magnetic field at strong mag- 
netic fields is direct evidence that the contribution 


of the 4pe term to 6 is not important. For reason- 


able values of the plasma electron energies (ap- 
proximately 1 ev) 4Pe is less than 0.1 mm with 
H = 1000 oersteds and is correspondingly reduced 
at larger values of H. Thus it may be assumed 
that the measured values of the halfwidth in the 
curve for the electron current to the probe cor- 
respond to the electron-optical imaging of the 
surface of the cathode at the walls of the chamber. 
With H, ~ Hy, r = 8.5 mm and R =100 mm, ac- 
cording to Eq. (5) 62 is 0.35 mm, in agreement 
with the experimental values of 6. 

To explain the rise in the 6 =f(H) curves at 
small values of H we must take account of the fact 
that the conditions for adiabatic invariance no 
longer hold when the Larmor radius of the pri- 
mary electrons becomes comparable with the ra- 
dius of curvature of the magnetic lines of force. 
Under these conditions the primary electrons 
“escape” from the lines of force and enter the 
“zero-field” region. Later, after a number of col- 
lisions with the magnetic walls these electrons 


again enter the strong-field region close to the 
slit, but have now acquired considerable trans- 
verse velocities. If the fraction of these electrons 
in the total current to the probe is significant 
(weak fields and high energies of the primary 
electrons tend to favor this condition) the effec- 
tive width of the slit is again determined by the 
quantity 4p’, where p’e is the Larmor radius of 
electrons with high transverse energy. Qualita- 
tively the experimental data are in good agree- 
ment with this picture. 

In conclusion we may note that as the pressure 
in the chamber is increased to approximately 
3 x 10° mm Hg the effective width of the slit in 
the strong field region increases. It is assumed 
that this effect is due to diffusion broadening. 

The authors wish to take this opportunity to 
thank L. A. Artsimovich, R. Z. Sagdeev, and O. B. 
Firsov for interesting discussions and V.N. 
Sumarokov for help in carrying out the experi- 
ments. 
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It is established that the critical point for phase separation in He®-He’ mixtures occurs at 
T = 0.88°K and x = 64% He? molar concentration. At the point T = 0.67°K and x = 82%, the A 
line intersects the phase separation curve. Above this temperature both phases are superfluid, 


while below, the He® - rich phase is nonsuperfluid. 


INTRODUCTION 


Seances on the visual observation of sepa- 
rated He® - He’ mixtures! have shown that the bound- 
ary between the phases is clearly visible to the eye. 
The critical temperature at which a liquid of given 
concentration separates into phases may readily be 
deduced from the moment of appearance of the 
boundary. The critical point for phase separation in 
a He® - He‘ solution having a concentration He®/ 
(He? + He’) = 51.1% has already been determined by 
this method. The value of T°” found for this con- 
centration agreed to within the limits of error with 
the measurements of Walters and Fairbank.’ 

On the basis of a preliminary investigation into 
the character of the flow of the separated liquid, the 
suggestion was advanced in reference 1 that both 
phases were superfluid. It was essential that this 
hypothesis be confirmed by more direct observa- 
tions. As we have previously noted,! the measure- 
ments of the A line in solutions having high He? 
concentrations carried out by Daunt and Heer? in- 
dicate, rather, that the upper phase is in the normal 
state. These measurements, however, do not appear 
to be reliable. The data of Esel’son, Bereznyak and 
Kaganov/ as well as the data of Ptukha® and a number 
of other authors, were obtained with solutions having 
concentrations not exceeding 40%; thus the form of 
the A line for concentrations above 40% has been 
in need of clarification. 

In the present work we have set ourselves the 
task of investigating the temperature dependence of 
the > transition curve simultaneously with the so- 
lution phase separation diagram. Direct determi- 
nation of the temperature dependence of the ) line 
and the phase separation curve for solutions in the 
high-concentration region make it possible to reach 
a conclusion regarding the state of the liquid in the 
upper phase. In this work all measurements were 
performed using the visual method of observation. 
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FIG. 1. Apparatus for meas- 
urements on the phase diagram 
of liquid He® - He* solutions. 


EXPERIMENTAL APPARATUS AND TECHNIQUE 


The measurements were conducted with an ap- 
paratus whose interior is illustrated schematically 
in Fig. 1. A small transparent Dewar 1 filled with 
liquid He’, 8 mm in diameter and 100 mm long, was 
placed within a double Dewar containing liquid He’. 
A low temperature was produced within the small 
Dewar by pumping on the He® vapor with a mercury 
diffusion pump. The pumping was carried out 
through a 15-mm copper tube 2, joined farther up to 
one of steel. A copper screen 3 was fixed into the 
tube 2, in thermal contact with the liquid He, in 
order to reduce the heat transfer from above. The 
output side of the diffusion pump was connected to 
a coil 4, immersed in the helium bath, in which the 
He? vapor was re-condensed. Liquid He’, cooled 
in the coil to bath temperature, ~ 1°K, was trans- 
ferred into the inner Dewar as required through a 
bellows valve 5. 
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Within the He® Dewar there was submerged a 
glass capsule 6, 3.5 mm in diameter and 20-mm 
long, into which the He®-He* mixture was con- 
densed through a copper seal and a steel capillary 
7. In order to increase the accuracy of determin- 
ation of the moment at which phase separation 
occurred, the capsule was terminated at its lower 
end with a capillary extension 5 to 6 mm long and 
0.5 mm in diameter. 

A resistance thermometer 8 of 30-y phosphor 
bronze and a heater 9 of constantan wire were 
sealed into the capsule containing the mixture. The 
temperature of the mixture was measured with the 
thermometer 8, which had previously been cali- 
brated against the He? vapor pressure with the 
capsule unsealed. The vapor pressure was meas- 
ured with a MacLeod gage. For determination of 
the temperature we employed the scale of Sydoriak 
and Roberts.°® 

The measurements were carried out in the fol- 
lowing manner. The previously prepared mixture 
was condensed into the capsule at a temperature 
known to be above the A point. The level of the 
liquid mixture was always kept below the copper- 
glass seal. Simultaneously with the initiation of 
pumping on the He® vapor, a-small current was 
passed through the heater 9, causing the mixture 
to boil. Illumination was provided by a daylight 
lamp. When the meniscus of the solution was ob- 
served through a cathetometer, bubbles of gas 
were clearly visible, rising through the liquid to the 
surface. The boiling of the solution stopped im- 
mediately as the temperature reached the ) point. 
The meniscus, at the A point, became quiet and 
immobile. We recorded the temperature at which 
the boiling of the solution suddenly ceased at the 
dX transition point. In order to repeat the A point 
observation during a single experiment, it was 
necessary each time to stir the solution carefully, 
since radiation of heat within the superfluid phase 
led to a nonuniform volume distribution of con- 
centrations. Stirring was accomplished by boiling 
the mixture above the A point. 

A determination of the solution phase separation 
temperature was made together with the A point 
determination during one and the same experiment. 
To accomplish this, the power supply to the heater 
was shut off, and, as the temperature was reduced 
smoothly, the moment of appearance of the inter- 
phase boundary was recorded. The interphase 
boundary appeared within the capsule from below 
or above, accordingly as the concentration of the 
mixture was greater or less than 64% (the concen- 
tration corresponding to the peak of the phase sepa- 
ration diagram). Only for concentrations close to 
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64% did the boundary appear, practically instantane- 
ously, in the central part of the capsule. The criti- 
cal phase-separation temperature for each concen- 
tration was determined from a series of repeated 
observations of the appearance and disappearance 
of the boundary, as the system was cooled and heated 
slightly. For cooling and heating under quasi-sta- 
tionary conditions, the appearance and disappearance 
of the boundary occurred at the same temperature. 
The results of individual measurements, both during 
the course of a single experiment and from experi- 
ment to experiment, agree well with one another. 
We should note that for all concentrations the re- 
producibility of the critical points for phase sepa- 
ration of the solutions was appreciably better than 
that of the d points. 

We recorded the phase separation diagram for 
the solutions in the absence of a thermal current. 
Control experiments showed, however, that the 
dissipation of a small amount of power in the heater 
caused only an insignificant shift in the critical 
phase separation temperature. 

We were able to obtain the ) point and phase 
separation temperature for a mixture of one con- 
centration during the course of a single experiment. 
Each individual experiment was carried out with a 
new mixture, prepared from the preceding one by 
the addition of He*. The mixture was condensed into 
the capsule through a miniature charcoal trap, con- 
taining 1 g of charcoal cooled to liquid nitrogentem- 
perature. 


RESULTS OF THE MEASUREMENTS 


The results of the measurements of the ) line 
and the phase separation diagram for He? - Het 
solutions are presented in Fig. 2. The two sets of 
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FIG. 2. Phase diagram for liquid He® - He* mixtures. 1, 2 — 
present work eppels 1 and 2); 3 — data of Esel’son, ee 
znyak, and Kaganov; 4 4 — data of Roberts and Sydoriak; ’ 
dashed curve — from the data of Walters and Fairbank.° 
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points represented by the closed and open circles 
correspond to measurements made using two dif- 
ferent systems having different diameters for the 
capillary 7 and different dimensions for the cap- 
sule 6 (Fig. 1). In view of the fact that the concen- 
tration of a solution might be altered due to en- 
richment of the vapor in the lighter isotope, we 
attempted to keep to a minimum the volume oc- 
cupied by the gaseous phase. In the second appa- 
ratus (open circles), the volume of the capsule 
was increased slightly, while the volume of the 
gaseous phase was reduced by more than four 
times, as compared with the first system. Calcu- 
lation showed, however, that the mass of the vapor 
did not exceed 2% of the total condensed mass under 
the least favorable conditions, and that, as a con- 
sequence, there must have been virtually no varia- 
tion in the liquid concentration due to enrichment 
of the vapor in He*. It is clearly evident from the 
figure that the two sets of results do, in fact, agree 
with each other. 

The phase separation diagram for the solutions, 
as can easily be seen, conforms in its general fea- 
tures to the results of the measurements of Walters 
and Fairbank,” represented in Fig. 2 by the dashed 
curve. According to our data, however, the maxi- 
mum and the right-hand branch lie considerably 
higher. At the conclusion of the present work we 
were informed of the measurements of Roberts 
and Sydoriak.’ Their data on the measurement of 
the phase separation diagram for solutions with 
concentrations from 30 to 80%, represented in Fig. 2 
by the crosses, lie quite well on our curve. 

In Fig. 2, the results of the measurements of the 
dX line are represented by the closed and open cir- 
cles on the upper curve. For comparison, the data 
of Esel’son, Bereznyak, and Kaganov‘* obtained by a 
different method for solutions with concentrations 
less than 40%, are indicated by triangles. It is evi- 
dent that our results agree well with their data. 

As regards the values of Roberts and Sydoriak 
(crosses), their } temperatures in the concentra- 
tion region above 40% lie appreciably lower than the 
dX points obtained by us. The discrepancy is evi- 
dently to be explained by experimental errors in the 
work of these authors.’ We note that the values for 
the A temperatures obtained by us are well repre- 
sented for all concentrations by the empirical for- 
mula proposed by Kerr.® 


Py = Tx, xis, 


where T) is the solution } temperature, T) 4 is 
the } temperature for pure He’, and x, is the con- 
centration of He‘ in the solution. 

Values for the ) points and critical phase sepa- 
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Apparatus No. 1 Apparatus No. 2 
x, % (Ter, K| Ta °K | 2% |Ter,°K) 7,,°K 
84.99 | 0.61 == 9 a22q nO ae — 
79.84 | 0.71 | 0.73 | 88.90) 0.55 — 
73.47 | 0.81 | 0.92 |83.41)| 0.65 —— 
66.06 | 0.88 | 1.10 | 77.14] 0.75 — pe. 
58.78 | 0.87 | 1.19 169.23} 0.86 | 1.03 
5.08: | 0.82) edie3S) Ode OSi OneSy |e deets: 
A VN OEP Wess) IpbyAatsts) |) Osea |] Wize: 
30.28 | 0.61 | 1.74 | 44.76] 0.78 | 1.48 
20.37 | 0.46 | 1.89 | 33.35] 0.66 | 1.68 
O — 2.17 | 24.85 | 0.54 — 
A ORs — 


ration temperatures for mixtures of various concen- 
trations obtained with the two different systems are 
given in the table. The phase separation tempera- 
tures are determined to an accuracy of + 0.02°K. 

From Fig. 2 it can quite clearly be seen that the 
X line intersects the solution phase separation curve 
a substantial distance to the right of its maximum, 
which corresponds to a temperature Thay = 0.88 
+ 0.01°K and a molar concentration x = 64 + 1%. The 
point of intersection of the » line with the phase 
separation curve has, according to our measure- 
ments, the coordinates T§™ = 0.67 + 0.02°K and 
emetetlre: 5, 

In addition to direct measurements of the ) line 
and the phase separation curve, we performed ex- 
periments which further confirmed the superfluidity 
of the upper phase near TE%,. The first experiment 
was as follows: a beaker, open at the top, 8 mm long 
and 1 mm inside diameter, was suspended within the 
capsule 6 (Fig. 1). The isotope mixture was con- 
densed into the capsule at T = 0.5°K in such a way 
that only the upper phase was introduced into the 
beaker, while the liquid level was stopped 1 mm 
above its top. We then elevated the temperature by 
such an amount that the boundary outside the beaker 
rose upward, but did not reach the top of the beaker. 
As the temperature was raised, a boundary appeared 
at the bottom of the beaker and rose upward. If the 
upper phase had not been superfluid, the transfer 
within the beaker by diffusion of a quantity of He‘ 
sufficient for the appearance of the lower phase 
would have required tens of hours, while in our case 
the entire process was completed within ten minutes. 

In a second experiment analogous to the first, the 
beaker, which had a blackened spot, was again com- 
pletely submerged in the liquid and filled with the 
upper phase alone; when it was illuminated with a 
directed light beam, a boundary appeared immedi- 
ately at the bottom, bearing witness to the filling of 
the beaker with He* by superflow from the upper 
phase outside the beaker. 

A third experiment, testifying graphically to the 
occurrence of a ) transition in the upper phase, 


PHASE DIAGRAM FOR LIQUID He*-He! SOLUTIONS 


_ consisted of the following: a quantity of a He’ - He! 
mixture of initial concentration 63.1% was condensed 
into the capsule 6 at a temperature < 0.5°K, such 
that the heater was situated in the vicinity of the 
phase separation boundary in the mixture, lying 
principally in the upper phase. The volume ratio 

of the lower and upper phases in this case was 

~ 1:2, and the meniscus of the mixture was some- 
what lower than the thermometer. The tempera- 
ture of the liquid was determined approximately 
with the thermometer, in the vapor region, as well 
as from the vapor pressure of the He? surrounding 
the capsule. (The difference between the true tem- 
perature of the liquid and the thermometer tem- 
perature did not exceed 0.01-0.02°K, as was es- 
tablished by observation above the mixture phase 
separation point.) Upon passage of a current I =1 
ma through the heater, R =10Q, at a temperature 

T < 0.5°K, the upper phase boiled vigorously while 
the lower remained immobile, as could be clearly 
observed through the cathetometer telescope. As 
the temperature was raised farther, there came a 
moment at which the boiling of the upper phase with 
the heater turned on ceased instantaneously, becom- 
ing just as quiet and stationary as the lower phase. 
The ) transition temperature for the upper phase 
found in these observations agreed to within the 
limits of accuracy of the experiment with the value 
we had found previously, TS" = 0.67 + 0.02°K. 

The experiments just described thus leave no 
doubt that the He®-rich phase undergoes a ) tran- 
sition. Above the ) transition temperature the 
upper phase is superfluid, just as the lower is. 
Below the transition temperature the He® - rich 
phase becomes normal. 

With the object of verifying the data on phase 
separation in He® - He* solutions, we performed 
control experiments with a mixture of initial con- 
centration x9 = 63.1%. In these experiments the 
dependence of the volumes of the upper and lower 
phases of the solution upon temperature was meas- 
ured. Using the well-known “lever rule,” as writ- 
ten for a presumed linear dependence of the solu- 
tion density upon concentration: 


AD) 
(X2— Xo) Vo = (Xo — 4) Vi, 


where x; and x, are the He® concentrations in the 
upper and lower phases, whose volumes are, re- 
spectively, V; and Vy», it is possible from the 
temperature dependences of V, and V, and the 
initial concentration xg to compute one branch of 
the curve when the other branch is given, i.e., 

xX; (T) for a curve x,(T). (The assumption of a 
linear dependence of density upon concentration is 
made on the basis of the measurements of Ptukha,° 
extrapolated to lower temperatures.) This check 
showed that to within the accuracy of the measure- 
ments of the volumes V, and V, (~ 2%), the “lever 
rule” yields the same curve as the direct measure- 
ments. 

In conclusion, the authors express their gratitude 
to Academician P. L. Kapitza for his unfailing in- 
terest and attention to the problem, and to N. I. 
Yakovleva, who aided in the measurements and in 
the assembly of the apparatus. 
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The ratio of the yield of fission fragments emitted at angles of 135 and 90° was measured 
in the fission of gold nuclei induced by carbon and oxygen ions and also in the fission of 
u28 by carbon ions. Measurements were made of the ranges of the fission fragments from 
the same two reactions. Experimental values of the coefficient of anisotropy of the fission 
fragments are compared with theoretical values obtained on the basis of statistical theory. 


1. INTRODUCTION 


‘The angular distribution of fission fragments is 
determined by the relation between the predominant 
orientation of the spin of the compound nucleus and 
the direction of fission. For a given total angular 
momentum the angular distribution depends on the 
magnitude of the component of the total angular 
momentum along the direction of fission.'” 

In experiments carried out in recent years an 
anisotropy of the angular distribution of fission 
fragments was observed in the case of fission of 
nuclei induced by neutrons,°*4 protons,° ! q@ -par- 
ticles,® C!* nuclei,? and y quanta.!? It was found 
that in the case of fission induced by nucleons the 
fission fragments are emitted primarily along the 
beam of particles giving rise to fission, whereas 
in the case of photofission they are emitted at 
right angles to the beam of y quanta. This dif- 
ference is due to the different orientation of the 
spin of the compound nucleus. The degree of 
anisotropy depends primarily on the magnitude 
of the angular momentum introduced by the bom- 
barding particle. 

In the present experiments, which are a con- 
tinuation of the work in reference,” we have meas- 
ured the anisotropy of the distribution of fission 
fragments in the case of fission induced by C!? 
and O!* ions. In this case the compound nuclei 
produced have larger values of angular momen- 
tum than when light particles are used, and this 
may lead to considerable anisotropy in the angular 
distribution of fission fragments. 

The experimental results are presented below. 


2. EXPERIMENTAL TECHNIQUE 


The measurements were carried out using the 
internal beam of the 150-cm cyclotron of the 
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U.S.S.R. Academy of Sciences. The energy of the 
accelerated particles at the largest radius amounted 
to 78 and 100 Mev for the C!* and O!* ions, re- 
spectively. The fission fragments were recorded 
by the activation method by means of a simple 
arrangement which is shown schematically in 

Fig. 1. The fission fragments were collected on 
aluminum foils situated at angles of 90 and 135° 
with respect to the direction of the beam. The 
relative yield of fission fragments at a given angle 


FIG. 1. Schematic diagram of the 
experiment. K—collector, M—target, 
D— diaphragm, C, —collector I, 

C, — collector II. 


was determined by means of the intensity of B- 
radiation arising as a result of the decay of the 
fission fragments. The £8 particles were recorded 
by means of an MST-17 end-window counter. Since 
thick (~10,y) films of gold and natural uranium 
were used for targets, the aluminum collectors 
received fission fragments from a layer of fission- 
able material equal to the range of the fission 
fragments in the given substance. On taking this 
into account, the degree of angular anisotropy may 
be expressed in terms of the experimentally ob- 
served activation of the collectors by means of 

the following relation: 


N (135°) / N (90°) = (Ajgse a, Roos / Agye So Ry35°) cos 45°, 


where Aj350/Aggo is the ratio of the B activities 
of the collectors situated at corresponding angles, 
Rgge and Rygs° are the ranges of the fission frag- 
ments at angles of 90 and 135°, oO, and o» are 
the average fission cross sections in the layer of 
the fissionable substance from which the fission 
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So et oe he 
Reaction stetoriad Ais? DEY: F (144°) ON ° 3 A 
Wee A yo? W (90°) F (402%) Rises oe a 
Au (CR, 66 1.03+0,06 | 0,92+0.08 | 1.00+0.09 | 10.4+0.7 |10.9+0.9 
(cet) 78 1,480.04 | 1.20+0.06 | 1°3440°07 
144% 1.62 
Au (0%, 85 1.05+0.05 | 0.99+0.06 | 1.0840.07 | 9.6+0.8 |10.9+0.9 
is h 400 1.23+0.05 | 1.09+0.06 | 1.2340.07 
EC) 78 4.48+0,.05 | 1,05+0.06 | 1.14140,.06 | 11,140.7 |411.2+0.8 
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*Data due to Reynolds (private communication). 


fragments are collected by foils situated respec- 
tively at angles of 90 and 135°. 

In order to calculate the coefficient of aniso- 
tropy it is necessary to know the ranges of the 
fission fragments and the dependence of the fission 
cross section on the energy. The ranges of the 
fission fragments were determined in separate 
experiments, when the thickness of the collectors 
I was less than the range of the fission fragments 
(2, 5, 8, and 10u). The ratio of the 8 activities 
of the first and the second collector is related to 
the range of the fission fragments in the following 
manner: 


R=d(1+A,0'/ Ajo"), 


where d is the thickness of collector I, o’, o” 
are the average fission cross sections in the layer 
of the fissionable material, the fission fragments 
from which are collected on foils II and I respec- 
tively. 

The energy dependence of the fission cross sec- 
tion was measured in terms of the activation of the 
collector at various ion energies. 

Chemical separation of individual fission frag- 
ments was not carried out. However, the fact that 
the ratio of the activities of the collectors at angles 
of 135 and 90° practically did not vary with time 
points to the small dependence of the angular aniso- 
tropy on the mass ratio of the fission fragments. 


3. EXPERIMENTAL RESULTS AND DISCUSSION 


As a result of the experiments which were car- 
ried out we have obtained data on the degree of 
angular anisotropy of fission fragments produced 
in the fission of gold by carbon and oxygen ions 
and in the fission of U?* by carbon ions. The ex- 
periments with gold were carried out at two dif- 
ferent ion energies. 

The experimental results are presented in the 
table. In this table in column 5 we have given the 
values of the coefficient of anisotropy in the center 
of mass system at corresponding angles. The er- 
rors shown are determined principally by geomet- 


ric factors (dimensions of the ion beam, the ac- 
curacy of the placement of the collector with re- 
spect to the 6 counter, etc.) and by the statistical 
accuracy of measurement. 

The coefficients of anisotropy obtained by us 
were compared with theoretical values obtained 
on the basis of the statistical theory. From 
Fig. 2 it is seen that at a compound nucleus tem- 
perature of 1.0 to 2.0 Mev the rotational constant 


ni (eee 


2d fe Jere J) be 


(J); is the moment of inertia of the compound nu- 
cleus with respect to the symmetry axis, J, is 
the moment of inertia of the compound nucleus 
with respect to an axis perpendicular to the sym- 
metry axis) does not exceed 4 kev. This enables 
us to conclude that the moment of inertia of the 
compound nucleus at the saddle point is close to 
the moment of inertia of a solid. ; 

On assuming that fission is fundamentally 
symmetric we can estimate the kinetic energy 
of the fission fragments on the basis of the ex- 
perimentally observed values of their ranges. In 
this case the kinetic energy of the fission frag- 
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< ~B=4kev, T = 2Mev 
| “B= 2kev, T = 1.5Mev 
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FIG. 2. Dependence of the ratio of the yield of fission frag- 
ments at angles of 141 and 120° (center of mass system) on the 
maximum angular momentum of the compound nucleus [hhax. 
The curves have been calculated by means of the formulas of 
reference 2. Experimental values: O — for the reaction 
Au(C??, f), x — for Au(O"*, f), O — for U*** (C’’, f). 
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ments is equal to ~ 110 Mev for the reactions 
Au (C!, f), Au(O!%, £) and ~140 Mev for the 
reactions U?% (or Hap 

In conclusion we consider it our pleasant duty 
to express our gratitude to Professor G. N. Flerov 
for directing the present work, and also to V. M. 
Strutinskil and to G. A. Pik-Pichak for discussion 
of results. 
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It is shown that the fission effect which occurs when thorium is irradiated with slow neu- 
trons is in fact due to the fission of Th?*? by thermal neutrons. The fission cross section 
is (0.06 + 0.02)mbn. The results obtained are compared with available experimental 
data on the fission of even-even nuclei by thermal neutrons. 


‘The study of the fission of heavy nuclei from 
energy states lying below the fission barrier has 
made a considerable contribution both to the under- 
standing of the fission process itself and also to 
the improvement in our understanding of the struc- 
ture of atomic nuclei. At the present time inves- 
tigations with a sufficiently great degree of detail 
have been carried out only with respect to fission 
from the ground state or spontaneous fission. A 
large number of experimental and theoretical 
papers have been published on the subject, and the 
most important regularities of spontaneous fission 
have consequently been established. 

In addition to spontaneous fission (fission from 
states lying 5 or 6 Mev below the barrier) it is 
also of considerable interest to study fission at ex- 
citation energies near the barrier (approximately 
1 Mev or less below the activation energy); such 

energy states are usually produced by the capture 
of slow neutrons by the so called “nonfissionable” 
nuclei. In such nuclei the energy of the added neu- 
tron is lower than the activation energy, i.e., the 
energy of excitation for which the lifetime with 
respect to fission is equal to the lifetime with re- 
spect to y emission. An experimental determina- 
tion of the probability of nuclear fission at such 
excitation energies will apparently allow us to ob- 
tain interesting information with respect to the 
shape of the fission barrier. 

Some experimental results!’ in this direction 
have been obtained only comparatively recently. 
This is due to the specific difficulties of the experi- 
ment associated with the small values of the cross 
section. Principally, the results refer to thermal 
neutron fission; in the majority of cases only up- 
per limits on the cross sections have been obtained. 
The value 2 x 10 *8cm? was obtained for the upper 
limit on the thermal neutron fission cross section 
Bienes. 

The first indication that in all likelihood the 
observed phenomenon is fission of thorium by ther- 
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mal neutrons is contained in reference 4. The ob- 
ject of the present work was to obtain more 
definite data on the fission of Th?*? by thermal 
neutrons. Since the fission cross section of Th??? 
was expected to be very small (in any case 

< 2x 107%8em?), we have paid particular atten- 
tion in our experiments to the elimination of pos- 
sible background fission effects. This background 
may be due, for example, to the presence in 
thorium of fissionable impurities, to fissionby fast 
neutrons and by y-quanta with energies above the 
fission threshold (if such are emitted by the neu- 
tron source), or possibly to the hard y radiation 
arising in the capture of thermal neutrons. Even 
preliminary experiments showed that the thermal 
column of a reactor could not be used as a source 
of thermal neutrons, because of the considerable 
intensity of fast neutrons and of hard y radiation. 
In this respect, a photo neutron source is free from 
the above deficiencies. In our experiments we have 
used a photo neutron source (Sb!24 + Be). The 
main part of the neutrons from such a source has 
an energy of ~ 24 kev; approximately 7% of the 
intensity is due to neutrons of energy near 400 kev. 

Evidently the only fissionable impurity (under 
the action of thermal neutrons) in thorium may be 
natural uranium, or more exactly the isotope U3, 
Uranium concentrations of ~ 107 are already 
dangerous. The thorium was purified by sorption 
of the uranium in an ion-exchange column (the 
method is described in detail in reference 4). The 
concentration of uranium in the thorium we used 
amounted to less than 107'. 

A diagram of the experiment is shown in Fig. 1. 
The neutron source consisted of a beryllium cylin- 
der of 90-mm diameter and 80-mm length; along 
the axis of the cylinder there was an opening into 
which the y -emitter (Sb!24) was inserted in the 
form of a sphere of 19-mm diameter. The activity 
of the y emitter amounted to 6 Curies. The 
intensity of the photo-neutron source was 10° sec}. 
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FIG. 1. Schematic 
experimental arrange- 
ment. 1) source, 

2) paraffin, 3) shield 
(lead), 4) chamber, 
5) amplifier. 
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The source was lifted by remote control from its 
container and placed into a paraffin cavity. The 
chamber was surrounded by a paraffin layer of 6- 
em thickness. The paraffin blocks were sur- 
rounded on the outside by a lead screen 25 — 15 cm 
thick. 

We used a multilayered ionization chamber 
(18-cm diameter, 15-cm height) to record the 
fission. Thorium in the form of the oxide ThO, 
was deposited on aluminum plates of total area 
~ 2300 cm?. The total amount of actively utilized 
material was 2.5 g. The chamber was filled with 
industrially pure argon at a pressure of 1 atmos. 
Pulses from the chamber were applied to an am- 
plifier and from there to a recording device with 
an amplitude discriminator. The amplitude of 
pulses from the fission fragments at the output of 
the amplifier amounted to several tens of volts. 

To estimate the flux of thermal neutrons, we 
made use of a similar chamber containing 2.4 mg 
of natural uranium. 

Upon irradiation of the thorium by thermal 
neutrons, a definite fission effect was observed 
(see table). To estimate the thermal-neutron fis- 


Fission effect 


Chamber with |Chamber with 
Experimental conditions Absorber thorium uranium 
(counts /hr) (counts /hr) 
Source and chamber in = WO ac 5 99 +3 
paraffin (chamber with Cd 60 +5 5 a 0.8: 
copper walls) B 
(600 mg/cm?) () ae 3 D) ae (VY 
Cd+B 
(600 mg/cm?) 60 +8 - 
Source and chamber in = IBY ac 5) 98 +3 
paraffin surrounded by B 
boron—100 mg/cm” =|(600 mg/cm’) Diy 32D 5 ae OL 
(aluminum chamber) 
Source and chamber in 
paraffin, additional 
piece of Be inside 
paraffin cavity. = WAL ae & UO se 
Without paraffin. B 
(600 mg/cm?) bya s 
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sion we initially utilized a cadmium absorber (0.4- 
mm thick). The counting rate when the chamber 
was surrounded by cadmium amounted to approxi- 
mately one halfthe counting rate without the absorber. 
Fission in the presence of the cadmium absorber 
could be ascribed both to neutrons of energy above 
the absorption limit in cadmium, and possibly also 
to the hard capture y radiation from cadmium. 
Subsequent experiments showed the fission ob- 
served in the case of a cadmium absorber due 
principally to the y radiation produced in the cad- 
mium. The.chamber was surrounded by a thick 

(~ 0.6 g/cm?) boron absorber, and by more cad- 
mium above that. The boron layer effectively ab- 
sorbed neutrons of a wider energy spectrum than 
cadmium. The counting rate was reduced by a 
factor of ~ 20 when the chamber containing the 
thorium was surrounded by boron. However, fis- 
sion in the case of two absorbers (cadmium out- 
side and boron inside ) corresponded approximately 
to that in the case of cadmium alone. Therefore, 
the cadmium absorber (owing to the production 

of hard y-radiation accompanying neutron cap- 
ture) cannot be utilized to separate out the effect 
due to thermal neutrons. In subsequent work, a 
boron absorber was used for this purpose. 

The essential.role played by photofission in the 
experiments involving cadmium required the per- 
formance of a number of control experiments to 
estimate the photofission due to the capture y 
radiation produced in the materials of the cham- 
ber and the shielding. For this purpose we com- 
pared thorium fission in two chambers containing 
the same amount of thorium: a heavy one (copper 
walls, thick aluminum plates), and a light one 
(thin aluminum walls, thin plates). The yield of 
hard capture y radiation with Ey > 5.4 Mev in 
the case of the light chamber ought to be approxi- 
mately 20 times lower than for the heavy one. A 
comparison showed that fission due to the capture 
y radiation arising in the materials of the cham- 
ber was insignificant. Further, it was shown that 
Y rays arising in the lead shield due to neutron 
capture also played an insignificant role. The ob- 
served fission effect did not change when the paraf- 
fin was surrounded on the outside by a layer of 
boron (100 mg/cm?B,C). The results of these ex- 
periments are also presented in the table. 

We have also estimated the possibility of the 
fission of thorium by fast neutrons, arising in 
beryllium through capture y radiation (the cross 
section for the fission of Th?2? by fast neutrons is 
x 107% em?) . However, the contribution due to 
fast neutron fission is apparently very small. 
When an additional piece of beryllium of approxi- 
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mately the same size as was used in the photo- 
neutron source was introduced into the paraffin 
cavity, no increase in the number of fissions was 
observed. 

Thus, the foregoing control experiments show 
that fission due to various side effects makes a 
very insignificant contribution to the observed ef- 
fect. The negligibly small content of uranium in 
thorium (< 107‘) excludes the possible explana- 
tion of the effect by means of uranium fission 
(U2). Therefore, the only acceptable explana- 
tion is apparently the fission of Th?*? by thermal 
neutrons. To estimate the fission of thorium by 
thermal neutrons, we made use of a thin ( 100 
mg/cm?*B,C) boron absorber in the form of a 
layer of boron carbide held together by zapon lac- 
quer. The counting rate of a standard (uranium) 
chamber with such an absorber was reduced by a 
factor of 20. As can be seen from the table, the 
effect due to the thermal neutron fission of thorium 
amounted to 96 fissions/hour. 

Thus, it may be considered established that tho- 
rium (Th?) undergoes fission by thermal neu- 
trons. The fission cross section in this case 
amounts to (0.06 + 0.02) mbn. 

The results obtained by us (see Fig. 2) on the 
fission of Th??? may be compared with the avail- 
able experimental data on the fission of even-even 
nuclei by thermal neutrons. Figure 2 shows the 
ratio of the fission cross section to the cross sec- 
tion for the formation of the compound nucleus 
of/de which is proportional to the probability of 

fission as a function of the difference By — Ea, 
where Bn is the neutron binding energy and Eg 

is the activation energy; oc for thermal neutrons 
is close to the value for the radiation capture cross 
section. The calculated threshold values are taken 
from the work of Vandenbosch and Seaborg.® The 
available experimental data are far from complete 
(in fact, only upper limits on fission cross sec- 
tions are available) ; nevertheless it is apparently 
possible to speak of the existence of a definite 
dependence of the probability of fission on excita- 
tion energy, namely that the probability of fission 
decreases exponentially with an increase in 

Bn — Eg. This agrees with the expression pro- 
vided by theory for the quantum mechanical bar- 
rier penetration factor G~ exp { = AE/e}.8 For 
purposes of comparison we have drawn an exponen- 
tial curve through the point we obtained for fission 
of Th2*?, taking the value of the coefficient € in 
the exponent from theory (« = 100 kev). 

Interesting results were recently obtained by 
Lamphere,’ who measured the excitation curve for 


the fission of U8 (solid curve in Fig. 2) upon 
irradiation with neutrons of energy below thresh- 
old down to 400 kev. Although these results, 
strictly speaking, are not completely comparable 
with the data on the fission of even-even nuclei by 
thermal neutrons (we here are dealing with the 
fission of one nucleus at different excitation ener- 
gies), generally speaking they do not contradict the 
regularity noted above. The excitation curve has 
exponential segments with the slope corresponding 
to € © 100’kev. However, the over-all picture is 
complicated by the presence of horizontal segments 
which appear near levels corresponding to inelas- 
tic scattering. 
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FIG. 2. Thermal neutron fission of even-even nuclei. 
O — result of present work; e — threshold determined ex- 
perimentally, O — threshold calculated; arrow indicates that 
the value is known to be too high (9,<), crossed arrow in- 
dicates upper limit (9,<). 


The probability of fission is apparently deter- 
mined not so much by the excitation energy as by 
the difference between the excitation energy and 
the activation energy, irrespective of whether only 
the excitation energy varies, as in the case of a 
single nucleus, or whether Eg also varies for 
different nuclei. Thus, it would be interesting to 
accumulate further experimental data on the fis- 
sion of even-even nuclei by thermal neutrons. 
There is also no doubt that the difficulties of car- 
rying out an experiment on the fission by thermal 
neutrons are considerably less than in the case of 
fission by neutrons of other energies. In particu- 
lar, it is of interest to determine the cross sec- 
tions for thermal neutron fission of the uranium 
isotopes u*84 and U?*® for which fission thresholds 
have been obtained experimentally. 
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The spin polarization of deuterons from the reaction p + p—-d+a* was measured for 
proton energies of 670 Mev at three angles, 121°, 140°30’, and 162°, in the center-of-mass 


system. The nonresonance p transition SS aad 
transition to the total cross section is about 1%. 


3S,p) was found. The contribution of this 


The measured angular dependence of the 


spin polarization does not contradict the assumption that the transition amplitudes from 
the initial two-proton states °F, and °F, are equal to zero. 


1. INTRODUCTION 


‘Tue investigation of the polarization states of 
deuterons in the reactions 


Pa pad in (1) 


is an integral part of the group of experiments con- 
nected with the elementary process of the formation 
of mesons in nucleon-nucleon collisions. In Tripp’s 
experiment! the deuteron polarization was measured 
for proton energies of 340 Mev. His results made 
it possible to complete the determination of the 
phenomenological parameters that characterize 
reaction (1) in the Rosenfeld? and also the Gell- 
Mann and Watson? schemes. It was shown that the 
“resonance” transition ‘D, —%S,p, is dominant in 
this energy region, in comparison with the “nonreso- 
nance” transition ‘S) — 3S;p). Besides this the 
Tripp experiment was able to give the ratio be- 
tween the phase shifts for elastic p-p scattering 

in the Se DF and os 8) states and the complex 
phases of the transition amplitudes in reaction (1). 
The calculation of this ratio, as is well known, re- 
duces the ambiguity in choosing from a group of 
phase shifts for 310-Mev p-p scattering.’ 

The results of reaction (1) studied in a polar- 
ized proton beam at energies of 536, 616, and 654 
Mev? established that, beginning at proton energies 
of 450 Mev, the emission of particles in reaction 
(1) is observed, not only in s and p states, but 
also in d states. The results of these experi- 
ments and also of experiments with unpolarized 
beams®?' are consistent with the assumption that 
the d-transition amplitudes for 3FL 3S,d. and 
°F, — 3Sid3 are equal to zero. 
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The purpose of the present experiment, besides 
obtaining supplementary information on reaction 
(1), was to examine the foregoing assumption and 
also to improve the estimates of partial cross sec- 
tions for the examined process at proton energies 
of 670 Mev. 


2. EXPERIMENTAL SETUP 


In measuring the deuteron polarization state in 
reaction (1) we used the approximation method de- 
veloped by Tripp! allowing us to determine the spin 
polarization of the deuteron. 

It is well known that in the general case the po- 
larization state of the deuteron beam is given by 
the average values of the following spin tensors® 


Ty = —(V3/2)(Sz+iSy), Try = V 9/2 Sz5 
Tin (V 3 /2)Se eis) 

Ta = — (V3 /2)[(Sx+iSy) 2+ Sz(Si+ iS,)], 

T 29 = V 1/2 (382 — 2). (2) 


For a fully unpolarized deuteron beam, the av- 
erage values of all the spin tensors, with the ex- 
ception of <To >, go to zero. If the deuterons are 
scattered by some nucleus, then a deuteron polar- 
ization is produced. The angular distribution of 
the polarized deuterons from the second target is 
given by the relation 


T 00 =: 1s 


T=1,[{1 +a-+ ecos® — Bcos 20], (3) 
where @® is the azimuthal angle, determined by 
the relation ny-Ny =nyn, cos %, n is the normal 
to the scattering plane, and I) is the differential 
scattering cross section for unpolarized deuterons 
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on the second target. As in the proton case, the 
deuteron spin after the first scattering lies along 
the vector ny, so that 


CS V3 
y= = 


<Sx> > Ke = 0, <Sy>. 


From (3) it is evident that an experiment on the 
double scattering of deuterons is characterized by 
three functions in the polar angle @ (not counting 
Ip): 

1) the change in the differential scattering cross 
section, given by @ = <To)>1<T29>93 

2) the azimuthal asymmetry term ~cos @ with 
the coefficient e = 2[— <Tg, >1 <Tai >2 
PV ipeepie< Tails 

3) the other azimuthal asymmetry term, 
~cos 206, with the coefficient 


B=2 <T99)1 {T 92)o- 


The investigation of the dual scattering of deu- 
terons by carbon nuclei was carried out for ener- 
gies from 94 to 157 Mev.” Here only one of the 
three possible effects showed up, the azimuthal 
asymmetry ~cos ®. The quadrupole deuteron 
polarization components <Ty> and <Ty.> 
turned out to be equal to zero within the limits of 
experimental error. This result materially limits 
the possibilities of observing the deuteron quadru- 
pole polarization, which also appear in other proc- 
esses, in particular in reaction (1). The coefficient 
e is determined by both the vector and the tensor 
character of the deuteron polarization, but the 
calculations of Stapp!? show that <To> from 
carbon is about zero at the same time as <Ty> 
and <T >, or more exactly, <T > 
<ALDE) 9 Ne 

Thus, if we take <T2,>=0, the double scat- 
tering of deuterons from carbon is described by 
the relation 


T= Io[1 + 21 <T 4, 6 <Ty:)2. cos DJ. (4) 


If s, p, and d states of the emitted particles 
are taken into account in reaction (1), the deuteron 
vector polarization from an unpolarized beam of 
protons is described by the form!! 


aires * * | * 
1/4V 3/9 sin @ cos 6 2? (vp + ve cos? 6 ) 


Yo + 2 cos?" 


t kT dnt == 


rela) 


where 6* and ¢ are the angles of emission of the 
deuterons in the center-of-mass system. The de- 
nominator of this expression is equal to the cross 
section for (1) for an unpolarized proton beam. The 
coefficients vp) and vy, are expressed in the follow- 
ing way by amplitudes of the transitions considered: 
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vo = V5 |Cp,| [Co Sin (Coys ps) 


vis |ca,| sin (Ca, ca,)) 


+ ca, 42 V =| cag| sin (cays Ca) — 


fea [{22V 2 I ca, | sin (cays Ca.) — + V | ca, | sin (Cay, Ca) 


2 
V 35 i i {ale | sin (Cs, Ca,) = 
— <V 35| ca,| Sin (Ca, Cas)¢ ]Os | Ya ' Cds b, Cd, 
++Y)5 |ca,|sin (cs, ca) —+ Ve cg, | sin (¢s, €z,) 
a V2 eg, |Sin(Css ca,)} ' 
Ly ae aye | Ca,| \- 3 V ee | sin (Ca, Ca,) 


—\V #®\ca,{sin (Cay Ca.) + V5 | ca, |8in (Ca,, ca,)}. (6) 

From (5) it is evident that, in contradistinction 
to Tripp’s experiments, carried out only for one 
angle (04 = 115 c.m.s.), the measurements for 
670-Mev protons must be done at several angles 
so that the values of the coefficients vy and Vv, 
can be separately determined. 

Since we had no data on deuteron scattering 
from carbon at all the necessary energies, the 
conditions of the experiment had to be chosen such 
that the energies of the deuterons from reaction 
(1) did not go significantly beyond the limits of the 
investigated energy interval. This requirement 
was fulfilled for deuteron emission angles greater 
than 90° in the center-of-mass system. 


3. CONDITIONS OF THE EXPERIMENT 


The experiment was carried out on a beam of 
protons with an average energy of 670 Mev anda 
total intensity of about 5 x 10!° protons/sec. 

The experimental scheme is shown in Fig. 1. The 
proton beam emerging from the accelerator was 
deflected magnetically, focused by quadrupole 
lenses, and directed onto the first target, in which 
the reaction p+p—-d+7* took place. The deu- 
terons and the other secondary particles formed 

by the interaction of the protons in the primary 
target were segregated with two collimators and 
directed toward the center of the deflecting elec- 
tromagnet, in which the charged particles under- 
went magnetic analysis. For the choice of the 
angle and direction of the deflecting in the magnetic 
field, we used the results of other experiments done 
under analogous conditions.!* The deuterons and 
the other secondary particles were focused by 
shims set for momenta p = 900 Mev/c and finally 
were picked out by the collimator in the shielding 
wall. The secondary target was placed in the labo- 
ratory space directly behind the wall. The whole 
alignment was checked before each run. The ac- 
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FIG. 1. Experimental setup: 1 — deflectors, 2 — unpo- 
larized proton beam, 3 — 80 mm magnetic lenses, 4 — liq- 
uid hydrogen target, 5 — lead shielding, 6 — monitor, 

7 — trajectory of particles with momenta 900 Mev/c, 
8 — deflecting electromagnet, 9 — focusing shims, 
10 — concrete shielding, 11 — carbon target, 12 — deu- 


teron telescope, 13 — removable counter, 14 — shielding 
wall. 


curacy of the alignment was +1 mm. 

The intensity of the proton beam was controlled 
by an ionization chamber whose current was pro- 
vided by the 6 electrons produced from the walls 
and electrodes by the action of the proton beam. 


4. COUNTING APPARATUS 


The telescope which recorded the deuterons 
elastically scattered by carbon nuclei consisted 
of five scintillation counters arranged as in the 
block diagram, Fig. 2. Counters 1, 2, and 4 reg- 
istered on coincidences, counter 5 on anticoinci- 
dences. Pulses from the spectrometric counter 3, 
which had to act on the amplitude discriminator, 
passed through a high-speed filter circuit.!? The 
pulse from the coincidence circuit acted as a “de- 
ciding” signal. If there was no “deciding” signal, 
the pulses from the spectrometric counter sup- 
pressed themselves. The “deciding” signal, de- 
stroying the “suppression” signal from the first. 
anticoincidence circuit to the second, let the pulse 
from the spectrometric counter get to the ampli- 
tude discrimanator. After discrimination, pulses 
were formed by a Kipp oscillator and then impinged 
on a scaler circuit through a phase inverter and 
cathode follower. Simultaneously with this, pulses 


from the coincidence circuit went to another scaler. 


5. RESULTS AND EVALUATION 


The asymmetry values for the scattering of 
polarized deuterons, formed on carbon nuclei in 
the reaction p+p—d+7"*, were measured at 
angles of 5°30’, 10°22’, and 12°47’. The emis- 
sion of deuterons at these angles in the laboratory 
system corresponds to deuteron emission angles 
of 162°, 140°30’, and 121° in the center-of-mass 
system. 

Figure 3 shows the results of the measurements 
of the quantity i<T,,>d7* for the three calculated 
angles. To determine i< Tj; > q+ from the ob- 
served asymmetry e, we used the relation between 
the scattering asymmetry of deuterons from the 
second target and the average values of the spin 
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FIG. 2. Block diagram of the counter and dis- 
criminator arrangement: CC — coincidence circuit, 
1AC — first anticoincidence circuit, 2AC — second 
anticoincidence circuit, PA—preamplifier, A—am- 
plifier, LA — linear amplifier, D — discriminator, 
DC — delay circuit, 5 — anticoincidence counter, 


O t A 
me 3 — spectrometric counter. 
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tensors in the following approximate form: that the amplitudes of all the rest of the transitions 
; are significantly less in absolute value. In this 
€ = 21 Tadanvs 1 Era )ace D case all the terms except the first in the expres- 
Since the quantity i<Ty,>qc at the angle Gute sion for vy can be dropped, and then 
= 20° is equal to 0.50 for energies from 125 to 156 a 2 VB \ cp! ee Venue eer (10) 
Mev,’ i<T,,> =e. Analyzing the experimental = 
data we effected the transition to the function Since the value of | Cp, | under the same assump- 


tion is equal to 0.56, if we use the data of Meshche- 


US ili Saat ryakov and Neganov’ on the total cross sections we 
vo + y2 cos? 0, get 
—- j le §* i Lb : = a = ; 8 * 
PT Ca) ant 1/4 V3/2 sin @, cos 0, e°? ®) Cp, SiN (Cp, » Cp,) = — 9.102. 
where (04; y) are the c.m. deuteron emission From the angular distribution data used in the 
angles. Under the conditions of all three runs, estimate of the coefficients y) and y2, we find 


yg = 0°. We used average values? for the values of 


»,) = 0.0465. 
Yy) and yp. The values of N (0q) aregiven in Fig. 4. €p, C08 (Cou Cr) 


This approximation of the last quantity may have to 


W(0q) be corrected slightly if we estimate the probability 
“420 FIG. 4. Measured of an s-state of the particles in the reaction p + 
* ‘ 
“ONS values of N(Q,). Solid  5—qd+a* (*P,—-%S,s, transition), using the re- 
-0.10 4 he GOST sults of the phenomenological analysis of Gell- 
function of the form: 3 r 
-0,05 _ 0.095 — 0.002 cos? Mann and Watson’ and extrapolating these data to 


0 g*, 670 Mev. This estimate of the s -state contribu- 
tion to the total cross section of the reaction gives 
a result of about 8%, and this is evidently not an 
underestimate. Neganov’s data! on the magnitude 
of the s-state matrix element corresponding to 
this contribution (equal to 4% of the total cross 
section) agree with our result. Consequently, we 
Yo = —(9.5+2.6)-10°?, ve =—(0.2+3.6)- 107, (9) get 


Gp, COS (Cp, Copia a OA. 


90 120 1500; 180° 


The coefficients v) and v, were determined 
by the method of orthogonal polynomials for a sys- 
tem of weighted points'* and were equal to 


where the correlated error 6y)6v. = —6.7 x 107+. 
The choice of a solution with two coefficients of Cp, SiN (Cp,, Cp,) = — 0.102 + 0.027, 
expansion was made on the basis both of the ,? 
criterion and of the insignificant! difference in 
the estimates of S? and S%,. 

Since vy, * 0, it follows from (6) that either 


cp, | = 0.126 +0.032, 7 (6p, €p,) = — 54° (11) 


Figure 5 shows the plane of the complex variable 


Cp and the value found for the amplitude Cha. For 
lca, | =0 or comparison, the amplitude chy and also the ampli- 


8 ee | Ca, | sin (Cay, Cay) aa Ves Cd, | sin (Ca, Ca,) 
+ )V 5 | cz |sin (cus Ce, = 0. 


For direct conclusions about the d-transition 
amplitudes, these two possible relations alone are 


not enough. However, the observed value of vy FIG. 5. Transition am- 
is consistent with the assumption that the transi- plitudes cp, and cp, in 
tion probabilities *F,—%s,d) and 3F3— 3sdy the COMPLI: A pep uanS: 

are equal to zero and that these transitions can be oo cldclan ORC USCS 


j E () . 
be completely neglected. This assumption corre- ae an tet 


sponds to the first assumption above, lea, | =, 
Knowledge of the coefficient vy lets us set up 
a quantitative relation with the amplitudes Spy 
and Cp, if we suppose that the basic transition in 
the reaction p+p—d+m* is 'D,—3s,p. and 
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tudes Cp, and Cp, for a proton energy of 340 Mev 
are shown:! 


€5, COS (Cp,,.Co,) = 0.061 + 0,008; 
Cp, SiN (Cp, , Cp.) = — 0.0383 + 0.0296, 


pat = 0.102.) (ep ; Cp.) = — 82°. (12) 
Using these data, we determine the contribution 
of the nonresonance transition ah — esi) to the 


total cross section for the reaction p+ p—d+m* 
at 670 Mev, or 


[Gat == 02072, 


B(*Sq —> 2S 1 Po) / 342 5 (+S 9 > Si po) /3(*D,—> 3S) D2) 


2,;f) 2 0.6 -~9 
=] Cp, /?/ 9 | Cp, P= (1.0 * O45) ae 


6. NOTE ON THE APPROXIMATION METHOD 
OF MEASURING THE DEUTERON VECTOR 
POLARIZATION 


As mentioned above, the basis of the approxi- 
mation method of measuring the deuteron spin 
polarization is the vanishing of the spin tensor 
<T21(20°) >qgc for double scattering of about 
150 Mev deuterons from carbon nuclei. However, 
experimentally this is not yet proved, so that it 
is necessary to indicate those possible deviations 
of this quantity from zero, which would not mate- 
rially distort the results obtained here. 

Let us compare for this purpose the average 
values of the spin tensors <Ty,> and <T > 
in the reaction p +p —d+a7*. Using explicit 
expressions,!! we get 


i<Ti)> 


drt / | <To1> Ve 


—. jorre 
= LV sin cosO% ‘| 3-sin®cos 9% = 2vo / po. 


Further 
Bone 2V5 Cp! Cp, | Sim (Cp, Cpe); 
Seta 5) | Cpe [? ye | Cp, | | Cp, | COS (Cp, Cp») BOS 5 | Cp, Ps 


[<Ti1> lant /|<T 21> jant = 3 | Cp, {Sin (Cp, Cp.) / 2 V5 |Cp. |- 
Since for 670 Mev |cp,| sin (Cp), Cp.) ~ 0-1, and 
| cp, | = 0.56, we have 


| Gl lant / | <T 21> |d=* = 0.12. 


Thus, owing to the very large value of <T21>@qn* 
the values of <T,,>qc(20°) must be contained 
within the limits 


Teac < 9.12 Ty ac. 


If this condition is not fulfilled, it is necessary to 
introduce a correction into the analysis of the re- 
sults obtained. 

For Tripp’s experiment at 340 Mev 


(Cp, 1 StL (Cp Cp.) 0.0388, 1 da. = OL 102) 


<Ty> ldnt ? | <T 51> es ==), 20) 
At this energy the limits are somewhat widened: 
<Tayac < 0.25 <T ac. 


The assumption of the smallness of the quantity 
<To1>qc at gab = 20° requires an experimental 
examination, and this will provide a problem for 
future experiments. 


7. CONCLUSIONS 


1. The measured values of the spin polarization 
of deuterons in the reaction p+p—d+1* to- 
gether with the data on the angular distribution 
from this reaction on an unpolarized proton beam 
allow us to determine the amplitude for the tran- 
sition 1S) — SCH One The contribution of this tran- 
sition to the total cross section is equal to 


0,6 e , 
(1.0 a) - 10 stot (9 + pod+ zx). 


2. The transition amplitude 4S, — *S,p) in- 
creases somewhat (~ 1.7) as the energy goes 
from 340 to 670 Mev, and its complex phase rela- 
tive to the transition 'D, — °S,;p, changes roughly 
by 20°. 

3. The measured angular dependence of the 
magnitude of the deuteron polarization does not 
contradict the assumption that the amplitudes of 
the transitions 3F, — °S,;d. and °F; — %S,d3 are 
equal to zero. 

The authors want to express their thanks to V. I. 
Komarov for his part in the measurements, and 
also to L. I. Lapidus, M. G. Meshcheryakov and 
R. M. Ryndin for discussions. 
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The spectra of tritons emitted at various angles in the (d, t) reactions on Li®, Li’, and Be® 
have been studied for 20-Mev deuterons. The probability of formation of excited states in 
the final nucleus decreases sharply with increasing excitation energy. Angular distributions 
have been obtained for triton groups corresponding to the formation of Li? in the ground 
state, Li® in the ground and in the first two excited states, and Be® in the ground and in 

the first excited state. The angular distributions are in good agreement with those com- 
puted from the Butler formula for (d, t) reactions, but the radius increases with the level 


energy. 
INTRODUCTION 


Deutzron reactions are widely used in nuclear 
spectrometry in connection with the possibility es- 
tablished by Butler! of determining characteristics 
of nuclear levels from the angular distributions of 
the reaction products. By now a large amount of 
data have been accumulated concerning the (d, p) 
and (d,n) stripping reactions. 

The inverse pickup reactions — (p,d), (n,d), 
(d, t), ete., have been studied much less exten- 
sively, although they allow one to obtain the same 
kind of spectrometric data as do the stripping re- 
actions. The few available experimental results*”? 
confirm the agreement of the angular distributions 
in pickup reactions with Butler’s theory. However, 


with respect to the probability of excitation of vari- 


ous levels of the final nucleus, the pickup reactions 


must differ significantly from the stripping reac- 
tions. In a stripping reaction, the nucleon from 
the deuteron is captured with the greatest proba- 
bility into a single particle level of the nucleus, 


whereas the probability of excitation of other levels 


associated with a readjustment of the nucleus itself 
is small. In pickup reactions from a target nucleus 


in the ground state, one of its nucleons is removed. 
If in this case the probability of readjustment of 
the remaining nucleus is also small, then one 
should expect that in pickup reactions the greatest 
probability corresponds to the excitation of hole 
levels whose structure is compatible with the 
ground state of the target nucleus. 

Consequently, a study of pickup reactions might 
give rise to the possibility of picking out a specific 
class of nuclear levels which is different from that 
observed in stripping reactions, and it is from this 
point of view that such a study is apparently of 
greatest interest. 
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The experimental study of pickup reactions pre- 
sents certain difficulties, since these reactions in 
the majority of cases have a negative value of Q, 
and the particles produced in these reactions have 
to be recorded in the presence of a strong back- 
ground of high-energy primary particles. There- 
fore until now pickup reactions have not been stud- 
ied sufficiently well. The available data refer only 
to one or two lowest states of the final nucleus.?* 
The probability of excitation over a wide energy 
range has not been investigated. 

The method of studying nuclear reactions ac- 
companied by the formation of tritium which has 
been developed in our laboratory‘ enables us to 
investigate one type of pickup reactions — the 
(d, t) reaction — under conditions in which we 
are entirely free from the background of other 
particles. The study of the spectra and of the 
angular distributions of tritons at a deuteron en- 
ergy of approximately 20 Mev enables us to inves- 
tigate the probability of excitation of levels of final 
nuclei over a wide energy range from 0 to 15 or 20 
Mev. In this paper we present the first results of 
such an investigation concerning the (d, t) reac- 
tion on Li®, Li’, and Be’. 

Deuterons were accelerated to an energy of 
20 Mev by means of a cyclotron. The tritons pro- 
duced in a thin target were caught by stacks of 
aluminum foil situated at a distance of 15 cm from 
the target at different angles in the range 7 — 150°. 
After irradiation tritium was extracted from the 
foils by means of heating and was introduced into 
a Geiger counter. A measurement of the tritium 
activity contained in each individual foil enabled 
us to determine the distribution of tritons with 
respect to range at different angles. 

For the calculation of angular distributions we 
used Butler’s formula modified by Newns? for the 
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case of the (d, t) reactions. The triton form fac- 
tor was taken from French’s article:® 


G2 (k) = 113/(1 + 2.42)? for k<0,7. 


In evaluating this factor, French utilized the triton 
wave function proposed by Irving.’ 


THE Li’ (d, t) Lif REACTION 


The target of 2.5 or 3 mg/cm? thickness was 
prepared from natural metallic lithium by sputter- 
ing onto a zapon film (~ 0.01 mg/cm?). The trans- 
fer of the target from the sputtering apparatus into 
the apparatus where the irradiation occurred took 
place without interrupting the vacuum. In order 
to obtain the absolute value of the cross section 
we used a target of LiF sputtered onto an alumi- 
num foil. 

Figure 1 shows the triton spectrum obtained at 
an angle of 7°. Spectra obtained at other angles 
have approximately the same form. Three triton 
groups may be clearly seen corresponding to the 
formation of Li® in the ground and the first two 
excited states (2.19 and 3.58 Mev), and also a 
continuous triton spectrum. The levels with en- 
ergies of 4.5 and 5.3 Mev are much less clearly 
pronounced. Since the shape of the continuous 
spectrum in this range of triton energies is not 
known, it is not possible to estimate in any reliable 
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FIG. 1. The triton spectrum in the Li’ (d, t) Li® reaction at 
an angle of 7°. Arrows indicate the known levels® of Li®. The 
hatched arrow corresponds to a broad level. 
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FIG. 2. The angular distribution of tritons in the Li’ (d, t) 
Li® reaction with the formation of Li® in its ground state (E* = 
0; 2=1, r, =5.0). Dots, circles, and triangles indicate results 
of different irradiations. The solid curve has been calculated 
on the basis of Butler’s theory. 
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fashion the magnitude of the cross section for the 
formation of Li® in these states. No levels of Li® 
with a higher excitation energy were observed at 
any angle. The upper limit on the cross section 
for their formation is equal to 1.5 mbn/sterad at 
small angles. 

The observed continuous triton spectrum is 
formed, apparently, as a result of the decay of 
residual excited nuclei in the reactions 


Li? (d, n) Be* >Li®+-¢ or Li? (d, d’) Li” > Het + ¢. 


Figures 2 and 3 give angular distributions for 
three triton groups which agree well with those 
calculated on the basis of Butler’s theory (solid 
curves). In all three cases the value of the angu- 


lar momentum transferred is 1=1, which agrees 
oO, mbn/sterad Oo, mbn/sterad 
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FIG. 3. Angular distributions of tritons in the Li? Mt) die 
reaction with the formation of Li®: a) in the first, b) in the sec- 
ond excited states. Dots, circles, and triangles indicate re- 
sults of different irradiations. The solid curves have been cal- 
culated on the basis of Butler’s theory. 
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a 
Resid- 
ue nu- Level energy, Mev Omax inc.m.s., |r x 1078) | seas ee 
cle 
us | mbn/sterad cm | Baer er Oyle 
“5 H 
Li’ 0 A.B (DE) La) 4 0.24 0,052 
Lis 0 | 29.0 (9.5°) 5.0 4 0.14 0.412 
| 0.053 
| 2.19 15.5 (10°) 6.0 4 0.064 | 0.0642 
| 0/0385? 
| 3.58 6,9 (16°) 7.0 i 0.083 0.0552 
D0 0.0174 
other levels in interval | 
5,9—15 Mev | RAE) 
Be’ 0) Sa”) 4.0 4 0.086 0.0242 
ES) KS) cor (8) 55))) a0) 4 0.082 
4,2 ~1 (15°) 
4.9 ~0.7 (15°) 
ne) ~0.5 (15°) 
\ 6.0 ~0,3 (9,5°) | 
| other levels in interval 
bible <0, | 
| Ahi ~0.2 (18°) i 


‘From the reaction He‘ (d, p) He® at Eq = 14 Mev." 
*From the reaction Li’ (d, t) Li® at Eq = 14.3 Mev.? 


*From the reaction (p, d) at Ep = 18 


Mev.” 


“From the reaction Li’ (d, He®) He®.? 


with the well-known® level scheme for Li®. The 
values of the radius rg adopted in calculating the 
curves, and also the values of the reduced widths 
obtained from the magnitude of the maximum cross 
section are given in the table. 


THE Li®(d, t) Li® REACTION 


The target was prepared in the form of a foil 
of 4 mg/cm? thickness from enriched metallic 
lithium (Li® content — 90%) by rolling in oil. 
Before being set up for irradiation the target was 
washed in CCl,. The absolute value of the cross 
section was obtained on the basis of measurements 


with a target of natural LiF. 

Figure 4 gives the triton spectrum obtained at 
an angle of 6.5°. One can clearly see the broad 
triton group which corresponds to the formation 
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FIG. 4. The triton spectrum in the Li®(d, t) Li® reaction at 
G.5.. 


of the Li® nucleus in its ground state. The width 
of this level is equal to 1.3 + 0.2 Mev. In the 
measured spectra one may also easily see two 
groups of tritons originating in the (d, t) reaction 
in the 10% admixture of Li’ and corresponding to 
the formation of Li® in the ground and the first 
excited states. If the peak corresponding to the 
level of the Li® nucleus of energy ~ 2 Mev [the 
possibility of whose existence was indicated by 
our experiments‘ with the Li! (p, t) Tie reaction] 
does exist, then at all angles it is masked by the 
triton group corresponding to the ground state of 
Lai’ 

The observed continuous triton spectrum may 
be formed in different ways, for example, as a 
result of the reaction 


Li’ (d, p) Li?*—> Het + t. 


The angular distribution of the tritons from the 
AT (ob ta) Li® reaction with the formation of Li® in 
the ground state is shown in Fig.5. The solid curve 
is calculated on the basis of Butler’s theory with 
Z=1 and rp= 5.5. 
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FIG. 6. The triton spectrum in the Be’ (d, t) Be® reaction at 
at 11.5°. Arrows show the known levels® of Be’. 


THE Be’ (d, t)Be® REACTION 


A beryllium foil of 4-mg/cm? thickness pre- 
pared by means of electrolysis from molten BeF, 
salt? served as the target. In order to remove 
fluorine impurities the foil was heated in vacuo 
at a temperature of approximately 1000°C. 

Figure 6 shows the triton spectrum obtained at 
an angle of 11.5°. The spectra obtained at other 
angles are of the same nature. Arrows show the 
positions of the Be® levels known from other work.® 
In addition to the ground state of Be’. the 2.9-Mev 
level is also strongly excited. According to our 
measurements, the width of this level amounts to 
1.35 + 0.15 Mev. Possibily there is also an indi- 
cation of levels of energies 4.2, 4.9, 5.4, and 6.0 
Mev. The peaks which correspond to these values 
of excitation energy of Be® were observed at sev- 
eral angles; however they are of very low intensity. 
The high lying levels of Be®, just as in the case 
of the Li'(d, t) Li® reaction, are practically not 
observed. The only exception is the level which 
has an energy of approximately 17 Mev which is 
apparently excited by the removal of one of the 
strongly bound neutrons. This level is observed 
fairly clearly at several angles. It is of interest 
to note!” that in the Be® (p, d) Be® reaction at a 
proton energy of 95 Mev, the formation of Be® in 
this state occurs with a higher probability than 
in the ground and the first excited states. 

Figure 7 shows angular distributions of tritons 
in the Be? Clegth Be® reaction for transitions to 
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FIG. 7. Angular distributions of tritons in the Be’ (d, t) Be® 
reaction with the formation of Be®*: a) in the ground, b) in the 
first excited states. The solid curves were calculated on the 
basis of Butler’s theory. 


the ground and the first excited states of Be®. In 
both cases the transferred orbital angular momen- 
tum is 1=1, which is in agreement with the 
known values of the spin and parity of the corre- 
sponding states of Be’ and Be®. 

The observed continuous triton spectrum is 
formed apparently as a result of the reaction 
Be? (d, a) Li’* — He* +t. The total cross section 
for the formation of the tritons in the continuous 
spectrum amounts to 50 mbn. 

The principal results of this work are summa- 
rized in the table. The reduced widths 6? are 
given in dimensionless Wigner units (6? = 3uny?/ 
2h”). In the last column of the table we have given 
the reduced widths obtained in other papers for 
comparison. 

The experimental error in the measurements 
of the absolute values of the cross sections in the 
present work amounts to + 20%. 


DISCUSSION OF RESULTS 


The measured angular distributions of the 
monoenergetic triton groups agree satisfactorily 
with those calculated on the basis of Butler’s the- 
ory which allows us, as in the case of stripping 
reactions, to determine the spins and the parities 
of'the corresponding levels. This has already 
been demonstrated in previous work on (d, t) 
reactions.®»»»!2 Ajj the characteristics of the ieee 
Li®, Be® levels obtained by us agree with those 
known from other work. 

However, it should be noted that the most suit- 
able value of the radius rg (see table) increases 
monotonically as the level energy increases. The 
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FIG. 8. Neutron momentum distribution in the triton obtained 
from the angular distributions of the tritons in the Li’ (d, t) Li® 
reaction. The value of the nuclear radius was chosen equal to 
5.5 x 10-** cm. The curves represent the calculated momentum 
distributions with approximations being madetothe triton wave- 
function: solid line — by means of the Irving function (French’*); 
dotted line—by means of the Irving function (Newns*); dash- 
dotted line — by means of the Gauss function (Newns’). 


same tendency of an increase in rp was observed 
in the (d, t) and (d, He?) reactions on Li! at an 
energy of 14.4 Mev.® It is difficult to assume that 
the nuclear radius actually varies so strongly from 
level to level, particularly since this is not ob- 
served in the (d, p) and (p,d) reactions. It 
appears more natural to assume that the use of 

the simplest approximations for the triton wave 
function does not give the correct expression for 
the triton form factor. 

Figure 8 shows the momentum distribution in 
the triton obtained from the angular distributions 
of the. Li’ (d, t) Li® reaction on the assumption 
that the nuclear radius rg has the same value in 
all the lower states and is equal to 5.5 x 10 cm. 
In addition to the data from the present work, we 
have also made use of the angular distribution of 
the tritons from the Li’ (d, t) Li® reaction ob- 
tained at energies of Eg = 14.4 Mev,? and Eg = 
8 Mev.!® The relative values of the form factor 
obtained from the angular distributions of the dif- 
ferent groups were matched at the overlapping in- 
tervals. It can be seen from Fig. 8 that the triton 
form factor obtained in this fashion falls off at 
large values of neutron momentum considerably 
more rapidly than the form factor obtained from 
the Irving or the Gauss functions. 


The determination of the triton form factor 
from the angular distributions in the Be® (d, t) Be® 
reaction does not give a clear result, since it is 
difficult to choose some one definite value for the 
interaction radius rg because of its dependence 
on the energy in the pickup reactions in Be’. 

As may be seen from the table, the reduced 
widths obtained from the (d, t) reactions are 
larger than those obtained from the (p, d) reac- 
tions in the same nuclei. The reduced width for 
the Li®(d, t) Li> reaction also turns out to be 
considerably larger than the reduced width for the 
definitely single-particle reaction He’ (d, p) He?" 
Apparently this also shows the necessity of obtain- 
ing a more accurate triton wave function. 

The most significant feature of the measured 
triton spectra is the strong dependence of the in- 
tensity of the individual groups on the excitation 
energy of the corresponding levels of the residual 
nucleus. The probability of excitation is high only 
for the ground and for one or two lower excited 
states. The probability of excitation for higher 
lying states over the whole rather wide energy 
range that has been investigated turns out to be 
smaller by one or perhaps even by two orders of 
magnitude. The preliminary data obtained by us 
in the case of the F?? (d, t) F!8 reaction also con- 
firm this behavior. 

Such a strong dependence cannot be explained 
by an increase in the transferred angular momen- 
tum 7. Thus, for example, in the Be® (ast) Be® 
reaction several of the higher lying levels of Be® 
could be excited by transferring the same angular 
momentum /=1, as in the case of the lower lev- 
els, while the cross section for their excitation is 
less by a factor of more than 10. As is well-known, 
in stripping reactions the energy range for strongly 
excited levels is considerably wider. This con- 
firms the hypothesis stated at the beginning of this 
paper on the essential difference between pickup 
reactions and stripping reactions with respect to 
the probability of excitation of different states of 
the final nucleus, and this has great significance 
for the classification of nuclear levels and for the 
investigation of their structure. 

The authors express their gratitude to S, P. 
Kalinin for his interest in their work, to the mem- 
bers of the cyclotron group directed by Yu. M. 
Pustovoit for carrying out the irradiations, and 
to A. I. Baz’ and D. P. Grechukhin for a discus- 
sion of results. 


's_ T. Butler, Proc. Phys. Soc. A208, 559 
(L951). 


44 N, A. VLASOV and A. AZ OGLOBiIRN 


2k. G. Standing, Phys. Rev. 101, 152, 158 
(1956). 

3 Levine, Bender, and McGruer, Phys. Rev. 97, 
1249 (1955). 

4N. A. Vlasov and A. A. Ogloblin, Paper de- 
livered at the Moscow Conference on Nuclear Re- 
actions, 1957. 


5H. C. Newns, Proc. Phys. Soc. A65, 916 (1952). 


6A. P. French, Phys. Rev. 107, 1655 (1957). 

"J. Irving, Phil. Mag. 42, 338 (1951). 

an Ajzenberg and T. Lauritsen, Revs. Modern 
Phys. 27, 77 (1955). 


9M. C. Henderson, Phys. Rev. 56, 207 (1935). 

10W. Selove, Phys. Rev. 101, 231 (1956). 

11. Warburton and J. N. McGruer, Phys. Rev. 
105, 639 (1957). 

12, Werner, Nucl. Phys. 1, 9 (1956). 

137 R. Holt and T. N. Marsham, Proc. Phys. 
Soc. A66, 1032 (1953). 


Translated by G. Volkoff 
y 


POVIET PHYSICS JETP 


VOLUME 37(10), NUMBER i 


JANUARY, 1960 


ON THE ANALYTIC PROPERTIES OF VERTEX PARTS IN QUANTUM FIELD THEORY 


L. D. LANDAU 


Institute of Physical Problems, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor February 19, 1959; resubmitted April 7, 1959 


Js Exptl Theoret: Phys. (U:S.S.R.): 87, 62-70 (July, 1959) 


ae general method is developed, on the basis of the diagram technique, for finding the singular- 
ities of quantities involved in quantum field theory. 


In recent years many papers have been devoted to 
the so-called dispersion relations. As is well- 
known, these relations are expressions of analytic 
properties of quantities involved in quantum field 
theory. Therefore the main problem is that of the 
location of the singularities of the quantities in 
question. As has recently been discovered,’ ? the 
most effective method for studying the location and 
character of the singularities of vertex parts is the 
direct examination of diagrams. It is often sup- 
posed that a treatment by means of diagrams is not 
sufficiently convincing, since it would seem to be 
associated with the use of perturbation theory, un- 
like other methods that would seem to be more 
rigorous. Actually this belief is based on a misun- 
derstanding. Since a rigorous theory using a Hamil- 
tonian makes the interaction zero, the only com- 
pletely rigorous dispersion relation in this theory 
is 0 =0. In setting ourselves the probiem of study- 
ing the analytic properties of the quantities of 
quantum field theory, we, in fact, go beyond the 
framework of the existing theory. In this connection 
the assumption is automatically made that there 
exists a theory not making the interaction zero, 

and not using ~-operators and Hamiltonians, but 
retaining the diagram technique. Therefore the use 
of the diagram technique in the derivation of dis- 
persion relations is actually the only consistent 
method, since if we renounce the diagram technique, 


the very statement of the problem loses its meaning. 


The diagram method is by no means equivalent to 
perturbation theory, since in it one treats as Oa Guile 
cles all particles that are stable from the point of 
view of the strong interactions, independently of 
whether they are “simple” or “complex.” In fact, 
in such a treatment the first steps are made toward 
the construction of a new diagram technique that 
will be a generalization of the old one. This tech- 
nique must be the basis of the future theory. Of 
course, the applicability of the diagram technique 
in such a form in the future theory is itself a hy- 
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pothesis, and the testing of the results so obtained 
will also be a test of the hypothesis itself. 
Unfortunately, the expressions obtained from the 
consideration of the more complicated diagrams 
become very lengthy, and this makes their study 
difficult. It can be shown, however, that such a 
study can be carried through in general form, and 
that it is much simplified by a suitable graphical 
representation. 
An arbitrary diagram represents a certain 
integral 
e 4 fd 
bare ) 
where 


2 
7? 


(2) 
q; is a certain four-momentum, corresponding to a 
given line in the diagram; mj is the mass of the 
corresponding particle and B is a certain poly- 
nomial in the vectors q;. According to the well- 


known method of Feynman, we can write 


A, = m2— 
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(3) 
The expression a,A; + @ A, + ... in the denominato 
is a polynomial of the second degree in the variable 
of integration k, l, .... By a transformation of the 
variables of integration, we can always eliminate 
from this polynomial the terms linear in k,/, ... ; 
when this has been done we get 


oA OAD so. =O eI, Le): (4) 
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Here K is a homogeneous quadratic form in the nev 

variables of integration with coefficients depending 

only on the parameters aj, and ¢ is an inhomogene- 

ous quadratic form in the vectors pj; that character 

ize the external lines of the diagram in question. 
Let us confine ourselves to the case of real 
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values of both the squares and also the scalar prod- 
ucts of the vectors pj. It is easily verified that for 
positive values of the integral over k, J, ... isa 
real quantity (in the case of spinor functions, a self- 
adjoint spinor), since the substitutions k, — ik 

and 1, — id make the quadratic form K positive defi- 
nite (in virtue of the fact that all the aj are positive). 
Therefore, if g >0 for all values of the aj, the ver- 
tex part is real; conversely, if for some values of the 
a; the form ¢ is negative, the vertex part becomes 
complex. The nearest singularity of the vertex part 
is obviously located at the values of the pj for which 
gy vanishes for definite values of all the quantities 
a; and is positive for all other values of the aj; in 
other words, singularities correspond to the vanish- 
ing of the minimum value of y, regarded as a func- 
tion of the aj. If we are to discuss the singularities 
in the complex region, then we must consider an 
arbitrary extremum of the function g. We note that 
since gy is a homogeneous function of the first de- 
gree in the variables aj, in finding the conditions 
for the existence of an extremum equal to zero we 
can omit the condition Laj = 1. 

Let us denote the quantity ajA; + QA, +... by 
the letter f. Since K is a quadratic form in the 
variables k’, l’, ..., it is clear that y is the value 
of the function f under the subsidiary conditions 


oppor’ =o} /ol =. ..=0, 


or, since k differs from k’ by a constant vector, 
these conditions can be written in the form 


Of /Ok = Of pol= +2. = 0. (5) 


In finding the conditions for a minimum we must 
take into account the fact that the quantities aj are 
positive. From this it follows that for each quantity 
aj we must have either the condition d0y/da; =0 or 
the condition aj = 0. In the latter case it is obvious 
that for the nearest singularity 0y/daj > 0. Fur- 
thermore we have by definition 
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Since, according to Eq. (5), all the df/dk are equal 
to zero, it follows that the condition dg/da; = 0 is 
equivalent to the condition df/daj = 0, i.e., by the 
definition of f, 


Asa) (6) 


Thus the singularity of the vertex part can be ob- 
tained by solving simultaneously the conditions 
Ai = 0 (or aj = 0) under the subsidiary conditions 


y 0A, 
LM OR = 


Here it is essential that these equations must have 
solutions with positive Qj, 

Thus regarding each line of a Feynman diagram, 
it can be declared that it either satisfies the con- 
dition qi = mi, or else drops out of the treatment 
altogether (when aj = 0). In the latter case, the 
singularity in question can be ascribed not to the 
given diagram, but to the diagram in which the i-th 
line is absent, i.e., the vertices it connects are 
merged. Therefore in the analysis of the singular- 
ities of diagrams, it suffices to confine ourselves to 
the case in which all aj # 0. 

It is easy to see that condition (7) can be written 
in the form Lajqj = 0, where the summation is taken 
not over all the lines of the Feynman diagram, but 
over any set of lines forming a closed contour, with 
the directions of the vectors qj corresponding to a 
direction of passage around the contour. The posi- 
tive nature of the coefficients means that if one 
thinks of the vectors qj as directions of forces, the 
possibility of satisfying Eq. (7) implies the possibil- 
ity of choosing the magnitudes of these forces so that 
they are in equilibrium. 

By means of this method one can analyze the 
singularities that occur with comparative ease. Let 
us begin with an examination of diagrams for the 
Green’s function. In this case, all the vectors q de- 
termined from the equations that have been stated 
are obviously parallel to the vector p. 

Let us consider the diagram of Fig. 1. Writing 
the formula Zajqj = 0 for the contour formed by any 
pair of lines, and recalling that the quantities aj are 
positive, we come to the conclusion that all of the 
vectors q; have the same sense relative to the ver- 
tex of the diagram. Using the fact that the lengths of 
the vectors are equal to the corresponding masses, 
we get without difficulty the obvious result Pp = 
(=mj)* for the singularities. We note that in the case 
of Green’s functions, it is superfluous to consider 
any other type of diagram, for example, such as that 
shown in Fig. 2. In fact, the number of equations for 
the determination of the quantities aj is equal to the 
number of independent contours in the diagram, so 
that in the example shown it is two. At the same 
time, the total number of quantities a; in this ex- 
ample is five; it is clear from this that one of them 
can be set equal to zero, and the result is that the 
diagram reduces to one of the diagrams of the type 
already considered. We note that all of these argu- 
ments are also equally applicable to diagrams of the 
type shown in Fig. 3, where the role of the momen- 
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tum is played by the corresponding sum of momenta. 

Let us now go on to the vertex part with three ex- 
ternal lines. Since, by the conservation laws, these 
three lines represent three vectors lying in one 
plane, and the vectors k, 1 ... are determined from 
Eqs. (6) and (7), it is clear that these latter vectors 
lie in the same plane. Thus in this case the problem 
reduces to the consideration of a plane system of 
vectors. 

Let us consider first the simplest example, which 
has been analyzed indetail by Karplus, Sommerfield, 
and Wichmann® (Fig. 4). It is easy to see that the 
relation between the vectors is represented by the 
scheme shown in Fig. 5. The condition (7) obviously 
requires that the point 0 lie inside the triangle. The 
tacit assumption here is that all the vectors have 
the properties of Euclidean (not pseudo-Euclidean) 
vectors; this is easily shown for the nearest singu- 
larities. 


P2 
e a 
Py 23 
IN 
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To begin with, we show how to formulate analytic- 
ally the relations that are expressed graphically by 
diagrammatic schemes. First, let us consider the 
scheme of Fig. 5, which corresponds to the diagram 
of Fig. 4. If we introduce the unit vectors ng = ga/Ma; 
Nb = Gb/Mp; Ne = dc/Me; the condition (7) can be 
written in the form 


Bafla + Bons + Bote = 0, 


where £j = ajmj are obviously also positive quantities. 
Projecting these equations successively on the vec- 
tors Ng, Np, Ng and introducing the notations (ngnp) 
= Uc = COS Pah, etc., we get the three equations 


Balke =e By a3 Botha = 0) 


ie) ! — 
Batty + Bata + Be = 0. 


Beleo a 0, 


Ba = Bothe 
(9) 


Equating the determinant of this system to zero 
gives the equation 


f Dis ty 2 t Z 
1 A- Quathothe = ha + bbe > Mes 


(10) 


which determines the position of the singularity, un- 
der the simultaneous condition that all the f’s are 
positive, if we use the fact that va, Ub» He are con- 
nected with p, ps ; ps by the formulas 
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Returning to the question of the properties of the 
vectors for the nearest singularity, let us consider 
any angle, say @p,- According to Eq. (11), uy is a 
real quantity. It is larger than—-1 since otherwise 
we would have p? > (mp + mg) *; that is, we would 


have gone beyond the singularity defined by the dia- 


<i 


gram of Fig. 6, which is obtained from the diagram 
under consideration by the liquidation of one of the 
lines. At the same time we see from Eq. (9) that at — 
least two of the three cosines must be negative. But 
a negative cosine larger than — 1 always corre- 
sponds to a real angle. Therefore two of the three 
angles are certainly real, and since their sum is 27, 
the third is also real. Thus Fig. 5, which was men- 
tioned in reference 2, completely solves the prob- 
lem. 


FIG. 6 
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Let us now go on to more complicated diagrams. 
Let us consider, for example, the diagram shown in 
Fig. 7. The corresponding scheme is shown in Fig. 
8. The construction of such a scheme is very sim- 
ple, if we use the fact that to each point of the Feyn- 
man diagram there corresponds a polygon in the 
scheme, with its number of sides equal to the num- 
ber of lines that come together at the point, and to 
each polygon of the Feynman diagram there corre- 
sponds a point in the drawing of the scheme. The 
condition (7) requires the corresponding location of 
the vectors a, b, and d on one side, and b, c, ande 
on the other. It is not hard to write the analytical 
expression of this scheme. The triangle bde, as all 
the parts of the drawing, is real, since the diagram 
involves only stable particles, and therefore the 
mass of each of the particles in b, d, e is less than 
the sum of the other two. 

In cases in which one or more of the coefficients 
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aj = 0, the diagram is simplified. For example, if 
QM = 0, the diagram of Fig. 7 becomes the diagram 
of Fig. 9, analogous to Fig. 4. 

Going on tomore complicated Feynmandiagrams, 
one often finds that the case with all aj # 0 is im- 
possible. Let us examine, for example, the diagram 
shown in Fig. 10. In this case the number of vector 
equations for a; is two; that is, in view of the plane 
character of the vectors we have four equations, but 
the number of quantities aj is six, and therefore one 
of them can be set equal to zero. The same argu- 
ment applies to diagrams of the type shown in Fig. 11. 


FIG. 11 


It is easy to see how the results found here are 
changed when we concern ourselves with things be- 
yond the nearest singularity, i.e., withthe appear- 
ance of complex quantities and of singularities in 
quantities that are already complex. If a singular- 
ity is not the nearest one, then, generally speaking, 
we cannot assume that all of the angles are real, as 
we have done earlier for the nearest singularities. 

Let us first consider the scheme of Fig. 5, cor- 
responding to the diagram of Fig. 4. In the “Eucli- 
dean” case, with all the angles real, all the pj; lie 
between —1 and +1. In the general case, a study of 
Eq. (10) shows that the corresponding surface in the 
space of ug, Mb, Mc consists of four parts, that in- 
tersect each other in three points: ug =1, pp =—1, 
Uc =—1, and the points obtained by interchange of 
the indices a, b, c. One of these surfaces is a 
curved triangle bounded by the straight lines joining 
the three points. This triangle corresponds to the 
“Euclidean” case. The three other surfaces go to 
infinity, each beginning at the corresponding point of 
intersection. On each of these surfaces one of the 
u.’s is positive and larger than unity, and the two 
others are negative and in absolute value also larger 
than unity. As has already been pointed out, these 
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surfaces always correspond to singular points that 
are not the nearest. 

It is easy to see that in the diagrams under con- 
sideration, the non-Euclidean case is possible only 
in the diagram of Fig. 4. For example, in the 
scheme of Fig. 8, corresponding to the diagram of 
Fig. 7, the role of the vectors a, b, c is played by 
the vectors a, b, d on the one side, and by b, c, e 
on the other. As has already been shown, however, 
the angles in the triangle made up of the vectors b, 
d, e are necessarily real. Otherwise one of the 
particles b, d, e would be unstable. At the same 
time, as has just been shown, in the non-Euclidean 
case all the cosines must have absolute values 
larger than unity, and consequently all the angles 
must be complex. 

Let us now discuss Feynman diagrams with four 
external lines. In this case, we obviously have to 
consider schemes that lie not in a plane but in space, 
and naturally this complicates the problem. The 
most important such diagrams are those with physi- 
cal external lines, i. e., those in which the squares 
of the momenta in question are equal to the squares 
of the masses of the particles. The simplest singu- 
larities are associated with diagrams of the type of 
Fig. 12. Here the middle line can correspond either 
to one particle or to several particles. The singu- 
larities of such a diagram obviously correspond to 


(p+ pa)? = ma 
where Mg is the sum of the masses of these par- 
ticles. The one-particle case gives an isolated pole. 
The two-particle case is the boundary of the com- 


plex region. 
Po 
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Figure 13 corresponds entirely to Fig. 4 in its 
properties, and therefore requires no further analy- 
sis. 

To Fig. 14 there corresponds the scheme of Fig. 
15, where four of the six edges of the tetrahedron 
are determined by the lengths of the corresponding 
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external lines, and the other two are equal to py + py 
and p2 + p3, respectively. (We note that this sort of 
graphical construction for this diagram occurs inthe 
work of Karplus et al.*) Here, too, a detailed analy- 
sis shows that for the case of the nearest singu- 
larity, all of the angles are real, and the condition 
that the coefficients a are positive corresponds to 
the condition that the central point lie inside the 
tetrahedron. (The situation corresponding to the 
Singularities in the complex region is more compli- 
cated, and we shall not discuss it.) As in the analy- 
sis of the diagrams with three external lines, it is 
convenient to introduce four unit vectors in the di- 
rections of the vectors a, b, c, d and find an equa- 
tion connecting the cosines of the angles between 
them. It turns out that instead of Eq. (10) we get an 
equation of the fourth degree. We note the following 
curious fact. If we consider diagrams with four 
physical external lines, then as can be seen from the 
scheme of Fig. 5, for the diagram of Fig. 13 the fol- 
lowing condition must be satisfied: the sum of the 
angle between the sides a and b in the triangle abps 
and that between the sides a and c in the triangle 
acp,, both of which are fixed by the masses of cor- 
responding particles, must be larger than 7. The 
analogous condition for the diagram of Fig. 14 is 
obviously that the sum of four angles in the tri- 
angles corresponding to the four vertices must ex- 
ceed 27. From this it follows directly that a neces- 
sary, though of course not sufficient, condition for 
the existence of “nontrivial” nearest singularities is 
the presence of an obtuse angle in at least one of the 
triangles, and for this it is in turn necessary that 
for the virtual decay of at least one of the particles 
an inequality of the type 


. ct ee 
Ms > tg -- Me. 


must hold. This relation obviously cannot be satis- 
fied for either mesons or nucleons. Therefore, the 
nearest singularities for the scattering of these par- 
ticles by each other correspond to the diagram of 
Fig. 12. We emphasize, however, that this does not 
apply to singularities in the complex region. 

Let us now examine the nature of the singular- 
ities that are obtained. For this purpose we return 
to the basic formula (1), writing it in the form 


\ (o +- Ky" Bdtk' dtl’... doyday...5 (t+. . + %— 1). 


Expanding g in powers of a@{ = aj — @j, where the 
Qj correspond to the minimum value of g, we can 
write this integral in the form 


| o+ Q)-" Bate’ dal! .. do, da,...8 (+--+ + on), (12) 


where gy is the minimum value of 9, which is equal 


to zero at the singularity itself (for prescribed val- 
ues of the vectors for the external lines), and Q is 
a quadratic function both in the variables k’, l’, ... 
and in the variables aw‘. To find the character of the 
singularity, it suffices to confine ourselves to the 
values of B atk’ =U’ = ... = 0. If the degree of the 
numerator with respect to the variables of integra- 
tion is lower than the degree of the expression Q®, 
the integral (12) converges for large values of these 
variables; in other words, its value is determined by 
values of the variables corresponding to Q ~ @; 
i.e., the integration occurs over small values of the 
variables, for which the expression (12) has suffi- 
cient accuracy. It is obvious that in this case the ex- 
pression (12) can be written in the form 


const -pm/2—n, (13) 


where m is the number of integrations. If m = 2n, 
the integral (12) diverges at high values, and these 
arguments do not apply. In order to determine the 
character of the singularity in this case, it is sim- 
plest to differentiate the expression (12) with re- 
spect to gp as many times as necessary to make the 
degree of the denominator larger than that of the 
numerator. After this, we can use the resulting for- 
mula, which now has to be integrated the same num- 
ber of times. The constants that appear in the in- 
tegrations obviously give integral powers of @), 
which have no singularity at gy = 0. Accordingly we 
again get the result (13), except in cases in which 
m/2—n is zero or a positive integer. In this case 
instead of (13) one obviously gets 


const -p7/2—" In gp. 


We note that although we speak here of a minimum, 
these results are equally applicable to any extre- 
mum of @. : 

The quantity n is the number of internal lines in 
the Feynman diagram; the numberofvectors k over 
which one integrates is equal to the number v of in- 
dependent contours that make up the diagram in 
question. Accordingly, 


m=Avt+tn—l. 
It follows from this that the character of the singu- 
larity is given by the expression 

Crue 4 

or if 2v —(n + 1) /2 is zero or a positive integer, by 
the expression 

Oe ee @o. 
The quantity vp is obviously proportional to the 


distance of the point in question from the hypersur- 
face in the space of Di» (Dj Pyc)> ++ on which the singu- 
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lar points are located. In counting the number of 
contours we must include also the “diangles” that 
occur when several particles go along a single line. 
For example, in the diagram of Fig. 9, v = 2, and, 
since n = 4, the singularity has the character oi”. 

We note that instead of the number of independent 
contours, one can use the more convenient number 
of vertices. In fact, the number of independent con- 
tours, i.e., the number of independent integrations, 
is equal to the number of lines minus the number of 
subsidiary conditions. This last number is equal to 
one less than the number of vertices, since the 
6-function goes over into the final result. Thus we 
have 


y=n—vu-+! 


(where v is the number of vertices) ,* and the de- 
gree of the singularity can be written in the form 
(3/2) (n +1) — 2v. 

Let us formulate briefly the general rules for 
finding the singularities. One considers various 
diagrams with the given external lines. In the con- 
struction of such diagrams an arbitrary number of 
lines can meet at a vertex, subject of course to the 
conservation laws (for example, an odd number of 
m-meson lines cannot meet at a point). All particles 
stable under the strong interactions can occur as 
lines. After drawing a diagram one studies the 
scheme constructed according to the principle of 
replacing polygons in the diagram by vertices in 
the scheme, from each of which there emerges a 
corresponding number of straight line-segments. 
The lengths of all the internal lines in the scheme 
are equal to the corresponding masses. At the es- 
sential intersections in the scheme (those that 
arise from polygons in the diagram), the conditions 
2ajqj = 0 must hold, where the qj are the vectors 
emerging from a given intersection, and all of the 
aj are positive. Nearest singularities correspond 
to schemes in Euclidean space. 

In the application of these results to the scatter- 
ing amplitude, a number of circumstances must be 
kept in mind. We shall consider the scattering 
amplitude as a function of one variable x (this can 
be, for example, the total energy or the momentum 
transfer), regarding all other variables as given. 
As is well-known, the integrals considered here 
define functions whose values in the upper and 
lower half-planes are connected by the relation 
f(x*) = f*(x); in other words, above and below the 
axis we are dealing with essentially different func- 
tions, which are by no means analytic continuations 
of each other, and at real values of x we have, in 


*My attention was called to this fact by L. Okun’ and A. 
Rudik. 


general, a discontinuity. The scattering amplitude, 
which is obtained by using the Feynman rules for 
passage around poles, in general has the form 

a(x + i6) + b(x —id) (6 is infinitely small). The 
analytic properties considered earlier refer to the 
function a(x + id), continued into the upper half- 
plane of the variable x, and to the function b(x — id), 
continued into the lower half-plane. The behavior 
of the analytic continuation of the function a(x + id) 
into the lower half-plane, and that of the continuation 
of the function b(x —i6) into the upper half-plane, 
are by no means evident from the foregoing discus- 
sion. 

In the “foreign” half-plane the function a or b 
can have any singularities, located in any way, and 
they, in general, cannot be determined from any 
general considerations. For example, as is well- 
known, in addition to the singularity associated with 
the formation of a deuteron,the proton-neutron scat- 
tering amplitude has a singularity associated with 
the so-called virtual state of this system, which does 
not correspond to any real particle, and which indeed 
lies in the “foreign” half-plane of the total energy of 
the system. Another example is the well-known re- 
sonance in the scattering of -mesons by nucleons, 
which also corresponds to a singularity in the 
“foreign” half-plane, and obviously at a complex 
value of the total energy of the system. It is clear 
that such singularities in principle cannot be pre- 
dicted from general considerations, but can be ob- 
tained only from a theory that gives concrete ex- 
pressions for the scattering amplitude. 

The problem is greatly simplified in cases in 
which there is a region of values of x for which the 
amplitude in question is real. Then in the complex 
plane we have two segments of the real axis, and it 
is easy to see that the function a(x + i6) has only the 
right-hand segment, and the function b(x —i6) only 
the left-hand segment. If instead of the scattering 
amplitude we consider the quantity a + b*, for which 
we have only to change the sign of the imaginary 
part of the amplitude on the left-hand segment, we 
get a function that has no singularities in the upper 
half-plane, and which leads to the usual dispersion 
relations. 

In conclusion I would like to thank L. B. Okun’, 
A. P. Rudik, and Ya. A. Smorodinskii for many 
helpful comments. 
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Ultrasonic absorption in metals at low temperatures and in a strong magnetic field (Larmor 
frequency of conduction electrons much higher than the collision frequency) is studied theo- 
retically. A case is considered of an arbitrary law of energy dispersion of the electrons and 
of an arbitrary orientation of the field H relative to the axes of the crystal and the direction 
of sound propagation. It is found that the sound absorption coefficient I can experience two 
types of periodic variation with respect to 1/H: oscillations and increments (changes of a 
given sign which commence periodically). An expression is obtained for the periodic part 
of T for an arbitrary form of the collision operator. It is established that the experimental 
investigation of the increments permits the determination of the Gaussian curvature of the 
Fermi surface at all its elliptic points; a study of the oscillations permits the complete re- 
construction of the Fermi surface if it possesses a center of symmetry. 


An interesting effect has been established in the 
experiments of Bommel! and of Morse, Bohm, and 
Gavenda? — the oscillation of the ultrasonic absorp- 
tion coefficient I in a métal upon variation in the 
magnitude of the magnetic field H. It was noted in 
Pippard’s work? that the period of the oscillation 
is determined by the relation between the dimen- 
sions of the orbit of the electrons in the magnetic 
field and the sound wavelength. Starting from this 
_ representation, the authors of reference 2 esti- 

mated the mean limiting Fermi momentum for the 
substance studied (copper). 

The theory of ultrasonic absorption in metals 
in the absence of a magnetic field was set up in 
the researches of Akhiezer,* and Akhiezer, Kaga- 


monotonic character. Here many different possi- 
bilities are encountered, and this question de- 
serves special consideration. 

1. The coefficient I can undergo periodic 
changes of two types: oscillations and periodic 
increments. The latter can exist only in the case 
in which the time average value of the velocity 
of the electron V in the direction of the sound 
wave is, generally speaking, different from zero. 
The distribution function of the electrons moving 
in the field of the sound wave, F = Fy) +f, where 
Fy is the equilibrium distribution, f is a non- 
equilibrium addition of the form f) cos (wt—k-r). 
We shall see below that the absorption coefficient 
is determined by the quantity f%. Obviously, f? is 


nov, and Lyubarskil.° The aim of the present re- 
search was to discover what information can be 
obtained, relative to the shape of the Fermi sur- 
face in a metal, by studying the periodic part of 
the function I'(H) for different orientations of 
the field H relative to the sound propagation 
vector k, and also to give order-of-magnitude 
estimates of the absorption coefficient I.* 

It is also of interest to determine the asym- 
ptotic behavior of the coefficient [I in strong 
magnetic fields, when the dimensions of the orbit 
of the electrons are much smaller than the sound 
wavelength, and the dependence of I (H) has a 


*The ultrasonic absorption in a metal for certain cases of 
mutual orientation of the vectors k and H and for an isotropic 


quadratic energy dispersion law for the electrons has been 
studied by Steinberg.° 


a maximum for those electrons which, after the 
time T = 27/Q of a revolution in the magnetic 
field, fall in the planes of equal phase of the sound 
wave. In this case, the frequency of variation of 
the sound-wave field, which acts on the electron 
in its motion,* is shown to be equal to the fre- 
quency © of rotation of the electron in the mag- 
netic field H. For such electrons, the condition 


a=kv/Q=n (1) 


must be satisfied (n is an integer or zero). The 
frequency 2 =eH/m*c, (where e is the electron 
charge and m* the effective mass of the electron 


*Consideration of the motion of the electron in the static 
field of the sound wave, which lies at the basis of these 
qualitative considerations, is valid inasmuch as the velocity 
of sound w <v. 
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in the given trajectory) was introduced by I. M. 
Lifshitz, Azbel’ and Kaganov.' The quantities ¥ 
and m* are functions of the quantities that are 
conserved in the presence of a magnetic field, 
namely the energy € ) and the projection of the 
quasi-momentum p in the direction of the field 
(the z axis). 

In the absorption of sound, those electrons play 
a role for which the energy €) is close to the 
value of the chemical potential uy. However, the 
dependence on pz is very important. Because 
of it, for a given H, the condition (1.1) can be 
satisfied only for certain values of pz. These 
values include, first, the solutions of the equation 
k-v=0 (if the Fermi surface is closed, this 
equation obviously always possesses at least one 
solution). Equation (1.1) is satisfied for n =0 
by these pz for any value of the field, and if 
the field H (and also the frequency &) is suf- 
ficiently large, then (1.1) can have no other solu- 
tions. 

If we decrease the field, then (1.1) ought to have 
a solution also at n=+1 for H less than a cer- 
tain H,;. A new group of electrons appears, whose 
distribution function differs markedly from the 
equilibrium distribution. Therefore, as the field 
H goes through the value H,, the absorption co- 
efficient IT ought to increase. Further changes 
of this type in the coefficient IT should occur when 
the field assumes the values Hy = H,/|n|. Evi- 
dently, these considerations on the presence of 
periodic changes in the coefficient I apply, gen- 
erally speaking, only to the case of a closed tra- 
jectory in the quasi-momentum space,' when the 
motion of the electron in the magnetic field is 
periodic. In the present paper we consider only 
this case. 

The changes mentioned earlier can be of two 
types, depending on for which pz (1.1) is first 
satisfied. The first type is connected with | pz | 
equal to p2, the extremal values of |p,| on the 
Fermi surface. We shall see below that the cor- 
responding changes are sufficiently smooth — 
sharp jumps take place in the derivatives of the 
coefficient I with respect to the magnetic field. 
By measuring the field H,, it is possible to find 
the product v¥m* = K71/2, i.e., to determine the 
Gaussian curvature K of the Fermi surface at 
its elliptic point, to which the normal is directed 
along pz. If the Fermi surface is nonconvex, then 
there can be several such points, to each of which, 
generally speaking, there corresponds a value of 
H;. If the Fermi surface is open in the direction 
of H, then the increments of the first type ought 
to be absent. 

Increments of the second type, as we shall see 


below, represent sharp jumps. They are associ- 
ated with such values of pz for which the function 
@ (pz) has extrema, i.e., d@/dpz =0. If the 
Fermi surface is an ellipsoid, then it is easy to 
see that this derivative does not vanish (it is equal 
to a constant). Therefore, the presence of jumps 
testifies to a sharp departure in the shape of the 
Fermi surface from ellipsoidal. 

Clearly, these increments exist if the electron 
does not experience collisions within the period of 
rotation in the magnetic field. More precisely, 
for this result it is necessary that the inequality 


—_ 


Qt,/2n > 1, (1.2) 


be satisfied, where 1/ty is the collision frequency 
of the conduction electrons. We shall assume be- 
low that (1.2) holds. The frequency of the ultra- 
sound can also be such that wt) < 1, and in our 
research just this limiting case was considered. 

2. The oscillations of the coefficient I take 
place, generally speaking, for any relative orien- 
tation of the vectors k and H. But it is easiest 
to observe them when these vectors are perpen- 
dicular, since the periodic increments are then 
absent. In fact, in this case @=0, inasmuch as 
Vx = Vy =0 (the trajectories in the quasimomen- 
tum space are closed); we therefore consider the 
case in which k 1 H. 

The trajectory of the electron at different 
points intersects the plane k*r=const at differ- 
ent angles. In particular, there are at least two 
points on it, and possibly more, in which the tan- 
gent to it lies in the plane k-r =const. In it, the 
velocity component of the electron in the direction 
of the change of the field of the sound wave is equal 
to zero, and the electron spends more time close 
to the plane of equal phase, where such points lie, 
than to the other planes. Therefore, the quantity 
f% is determined fundamentally by the value of the 
field at these points, since the effect of the rapidly 
changing field on fz outside their immediate vicin- 
ity is shown to be very small. The latter confirma- 
tion is valid to a greater degree the larger the num- 
ber of waves contained between these points be- 
comes, since the effect on ie of the rapidly oscil- 
lating field between them becomes smaller. 

Let us consider two such points — 1 and 2. The 
quantity f% reaches a relative extremum for a 
definite difference in the phase of the field of the 
sound wave at the given points. For a change in 
the constant magnetic field H, this difference 
returns to the previous value, when the number 
of sound waves between the points 

te 
a= (Qn) \ kvdt = A/Qz (2.1) 


ti 
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changes by an integer (t. —t, is the time of motion 
of the electron from point 1 to point 2). In this 
case ff again passes through an extremum each 
time. 

Let us compute the integral (2.1). Let the vec- 
tor k be directed along the ~ axis. The equa- 
tions of motion of the electron in the magnetic 
field have the form 


dp:/dt = — (eH /c) vy, 
Then 


dp,/dt = (eH /c) vz. (2.2) 


A = (ck/eH) (p2) — p), (2733) 


where py? and Py are the values of the projec- 
tions of the quasimomentum on the 7 axis at points 
1 and 2. Consequently, if A > 1, fi oscillates as 
a function of 1/H with period A(H™!) = 27e/ck x 
|i? =p} |. The period depends on pz; therefore 
in the total experimentally-observed effect there 
will exist only oscillations corresponding to the 
distinct values of pz, namely values for which 
AH! (pz) has an extremum. If the plane Pz = 0 
intersects the Fermi surface or surfaces, these 
values will necessarily include value pz =0. This 
follows from the fact that the Fermi surfaces either 
possess radial symmetry or occur in pairs that 
possess radial symmetry with respect to each 
other. 

3. In the simplest case, when the Fermi sur- 
face has a center of symmetry, it is possible to 
point to an extraordinarily simple method which 
permits us to establish the surface from the period 
of oscillation of the coefficient I. This method 
can be shown to be suitable for experimenters, 
since it is connected in principle with the use of 
only a single specimen, the surface of which does 
not need careful treatment for the given purposes. 

The method for establishing the Fermi surface 
lies in the following. Leaving the orientation of 
the field H unchanged relative to the crystallo- 
graphic axes, we measure the periods of oscilla- 
tion of I (H) for various directions of the vector 
k in the plane perpendicular to H. We assume 
initially that the oscillations are connected only 
with pz =0. Then, if the vector k is directed 
along the £ axis we can determine the ordinates 
oe of the points at which the line /(H) of inter- 
section of the surface €)(p) = My with the plane 
Pz =const is parallel tothe € axis. We draw 
the straight lines py = Pi in the given plane, 
lines on which these points lie. Repeating such 
a procedure for different directions of the vector 
k | H, we obtain a family of lines in the plane 
pz = 0. Evidently, the envelope of this family is 
indeed the line 7(H). Changing the direction of 


H, we can determine the form of all possible 
central sections of the Fermi surface and thus 
establish it completely. We note that by deter- 
mining the curve /(H) for a given direction of 
H, we can simultaneously establish a control on 
the validity of the determination of the line 1(H) 
for other orientations of the field. The possibility 
of such a control permits us to ascertain what 
oscillations correspond to pz =0, what (if there 
are any) correspond to other values of pz, and 
also to determine whether the Fermi surface has 
a center of symmetry. The determination of the 
Gaussian curvature of this surface from the in- 
crements of the first type can serve as an addi- 
tional means of control. 

We note that if we succeed by experiment in 
obtaining a sufficiently strong inequality A > 1, 
then the use of films in place of bulk specimens 
can facilitate considerably the interpretation of 
the experimental data. 

4. We now turn to the quantitative solution of 
the problem. Following Akhiezer,* we shall con- 
sider that in the field of a sound wave with uj = 
Ujo exp [i(wt—k-+r)] (uj are the components of 
the displacement vector) the energy of the elec- 
tron €)(p) is increased by an amount 


(4.1) 


€ (ss hiptin > 


proportional to the strain tensor uj,. The distri- 
bution function of the conduction electrons F = 
Fy{(e-yu)/T]+f£ represents the sum of the equi- 
librium Fermi function (ju = chemical potential at 
the given point of the metal) and the nonequilibri- 
um addition f = —xdF)/d%e. It can be shown that 
lt =My +’, where py is the chemical potential 
in the undeformed metal, 

pb! = Rattan + us oh®/2 G (AZ/0) (4.2) 
is a contribution which is determined both by the 
change in the energy of the electrons (the first 
component) and also by the change in their equilib- 
rium density (second part) under the action of the 
deformation. Here Ng is the density of electrons 
in the undeformed metal, the bar indicates aver- 
aging over the Fermi surface (dZ is an element 
of this surface, and v is the velocity of the elec- 
trons on it): 


ee «(dS 'v)/ b (d¥/v). 


As shown in references 4 and 5, the temperature 
change in the field of the sound wave can be neg- 
lected in the kinetic equations. 

The kinetic equation for the electrons in a mag- 


c 
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netic field in the form assumed by I. M. Lifshitz, 
Azbel’, and Kaganov’ which is applicable to the 
present case, has the form 


imy -!- QOy/d= — ivky -; Wy = Aiea 66 /0y == (4.3) 


Here tT =Qt is a dimensionless variable propor- 
tional to the time of motion of the electron in the 
magnetic field: 


m* = (2n)10S/de, 


where § is the area of the intersection of the sur- 
face €)(p)=const with the plane pz = const, and 
W is the collision operator. x should be a periodic 
function of t with period 27. The right side of 
(4.3) is computed in reference 5: 


Nip a Wi ek ae [ Nots/2 b (dX, 2) | om } 
the tensor notation in the expression Aj,Uj, is 
omitted here and below. Further, 


8,=E,+[uxH]}/c,  E'’=E-+ Vu've, (4.4) 


the field E is determined from the Maxwell equa- 
tions 


eurl E = —(iw/c)H’, curl H’ = (4r/c)j, (4.5) 


div E = — (8ne/h®) 7 h (d3/v), (4.6) 


whereas the field G=t xH/e arises because of 
the motion of the conductor in the magnetic field. 

For good conductors, as noted in reference 5, 
(4.6) reduces to the equation 


(4.7) 


ox 


1 = 0, 


7 or 


i ia -- y) ax" | De jade" == on 


=rd/[exp [2x (— ia +"7)] — 1], 


exp| 


ioe) 


where @=K-v/Q, y=1/Qty; the sign ~ over a 
letter indicates averaging over the period 27. The 
solution of Eq. (4.3) is 


y(t) = RQ. 


We assume that wt) «<1. We further recall that, 
in accord with (1.2), 27y « 1. 
We now determine the components of the vector 


(4.12) 


éy. It follows from (4.7) that 
Be = Sop Dy aS, (4.13) 

where é 
Bor=RAuleRoz, a, = —Rog/Roz. (4.14) 


Substituting the expression for ip into (4.5), we 
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i.e., to the condition of the vanishing of the volume 
density of charge. Two other equations for the 
components of E are obtained by substituting the 
expression for the components of the current den- 
sity into (4.5): 


is =— (eh?) | 0,7 (2/0), 


where 6 denotes 7 or ¢. 
The coefficient of sound absorption is 


T = 3/2wEso, (4.8) 


where o=TS, §S is the rate of change of the en- 
tropy density, which is determined by the electronic 
collisions, Egg is the energy density of the sound 
wave, and w is the sound velocity. 

Making use of the expression for the entropy 
density of a Fermi gas 


atone \ LF In F -- (1 — F)In(1 — F)] 4°p, 
it is not difficult to show that 


o =A? \ ly Wy |d&yo. (4.9) 


In a number of interesting cases it is found pos- 
sible to introduce the relaxation time, i.e., to as- 
sume that the collision operator is 


W = 1/to(p). (4.10) 


Postponing the investigation of this question to 

Sec. 7, we now find a periodic solution (in T) of 
(4.3) with account of (4.10). It is advantageous to 
write it down with the help of an operator R which 
acts on periodic functions of Tt (with period 27) 
in the following fashion: 


ios + 1) de”) (c") de'/lexp [2n(— ia + F)] — 1 


(4.11) 
arrive at the following equations: 
Ea = Eq} >, barby, (4.15) 
where , 
Eg = (Sriew?/och?) \ vpRAudd/o, 
boy = — (8nie*w2/nc?h’) \ uaRv,dd/v. (4.16) 
Their solution is 
& = 2 (1—d)ea Boe + Gy), (4.17) 
where i 
dpe = Oger + beady, B99 = Eog-- bpeBye (4.18) 


We are interested in the case of large relaxa- 
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tion times (ty 2 107!! sec) and ultrasonic frequen- 
cies of the order of 10®— 10° sec!, Under these 
conditions, it is usually true that |dggr| > 1. For 
example, for the case in which H1k and |a|> 1, 
it is possible to obtain the estimate 


| dgpr| ~ 4xcw?/wcre., (4.19) 


the validity of which will be demonstrated in what 
follows. Here og is the conductivity of the metal 
in the absence of a magnetic field. Assuming 09 
GMO sec.’ W) ~ 10sec; “o ~ 10, we obtain 
|dgg’| ~ 10. Such estimates are easily obtained 

in other cases. If the inequality | dga| > 1 holds, 
then 


é:=— » dh (Gop -+ Gp). (4.20) 

This case is of fundamental interest to us. How- 
ever, for very high ultrasonic frequencies, there is 
an opposite limiting case |dgg’| K 1. Then 


Sp = Gog Te Go. 


Evidently, the field G associated with the mo- 
tion of the conductor in the magnetic field: differs 
from zero only if the directions of the vectors 
u and H do not coincide, and its presence can 
affect the form of the coefficient TF only if it is 
not directed along k. It is of interest to compare 
the order of magnitude of Ai and ev(1—d)™' G 
which enter into the right-hand side of the kinetic 


(4.21) 


equation. For example, in the case in which the 
estimate (4.19) is valid, their ratio is of the order 
of 4royw’/we? « 1, and the right-hand side of the 
kinetic equation can be represented with sufficient 
accuracy in the form 


OA eb Y. (4.22) 


Inasmuch as we are interested in the case of not 
too strong magnetic fields, in which the dimensions 
of the electronic orbit are greater than or of the 
order of the acoustic wavelength, we shall assume 
in what follows that the right side of the kinetic 
equation has the form (4.22). We emphasize, how- 
ever, that the field G can be shown to be impor- 
tant in the determination of the absorption coeffi- 
cient in the case of a sufficiently strong magnetic 
field when A < 1. 

On the other hand, components containing Eg 
on the right side of the kinetic equation are small 
in comparison with the term Au, roughly speak- 
ing, when | dgarl <1. In the most interesting 
case, |dgg’| «1, the terms are generally com- 
parable, and it is necessary to take them all into 
account in the determination of the absorption co- 
efficient. 


5. We begin with the determination of the coef- 
ficient I when the vectors k and H are mutu- 
ally perpendicular. If |q@|>>1 for most values 
of 7T, then the integral fAU can easily be com- 
puted by the method of stationary phase, and is 
equal to 


rAu = Q71eAl*) Aq V 2x/a, e—iArtr/4) 


+ Aa Vonage an] i, 
A (2) = (ch/eH) (pat) — pa (01 = \ ade’. 
G 

The prime here denotes differentiation with re- 
spect to T; the indices 1 and 2 indicate that the 
values of the function are taken at points of sta- 
tionary phase, where k-v(tT)=0. In this case, 
it is assumed that a4 >0, a4 <0. For.simplicity, 
we have assumed that such points are two in num- 
ber; however, the contribution can easily be gener- 
alized to a case in which there are more than two. 

In the calculation of the integral (5.1), we have 
taken into account only the first component on the 
right side of (4.4), because, if |dgg| > 1, y« 1, 
then the contribution from it is larger than from 
the second component. This is readily verified by 
computing the quantities entering into (4.20) and 
making use of the integration formula (5.1). In 
this fashion it is easy to obtain also the estimate 
(4.19). 

The integrand in (4.9) is 


(5.1) 


(5.2) 


to *| xP = (Qe) fo fj Aw P/on + | Mot [/| a2 


— 2(Ayu*) (Agu) sin A/]/ [x5], (5.3) 


where A=A,-—A,. It is clear that o represents 
the sum of the part of o) which depends smoothly 
on H and the oscillating component Ao. 

Substituting (5.3) into (4.9) and taking into ac- 
count the identity d=/v = m*drdpz, it is possible 
to represent the expression for oy in the following 
form: 


pe ie Qt,5 (kv) | Au |? dE /u ~ NoproQtow?u2 / vw. (5.4) 


For the calculation of Ao it is again necessary to 
make use of the method of steepest descents: 


reH ¢ on ae ee ie 
op = \ iN (A,u*) (Agu) sin A | 0,,0,, | hdpz 


3a’ ~ 6g (Qw/wv)?. 


The superscript 0 denotes that the corresponding 
quantities are taken at the saddle point where the 
first derivative vanishes: 
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d(Pn2— Pm)/dpz = 9, (5.7) 


and the sign of the phase in (5.5) coincides with the 

sign of the second derivative at this point.* If there 
are other values of p, near p, = 9 for which (5.7) 

holds, Ao is the sum of the several components of 
type (5.5). 

Let us estimate the absorption coefficient I. 
Substituting (5.4) in (4.9) and taking it into account 
that Ego = pw’uz/2 (p = density of the crystal) 
and Aj, ~ Mo, we find that the nonoscillating part 
is 
(5.8) 


Dy ~ Noro Qt / pvw?. 


It is proportional to the magnetic field and the ul- 
trasonic frequency. If we investigate the depend- 
ence of I’) on the frequency at a given maximum 
or minimum, i.e., for a fixed value of @ = wv/Qw, 
then we find that the coefficient I) is proportional 
to the square of the frequency. According to (5.6),f 
AT ~ T,vV Qw/wv . 

6. We now turn to the investigation of the in- 
crement of the coefficient I. To estimate the rel- 
ative value of the effect, we determine the absorp- 
tion coefficient in such a field H that for most 
electrons, the quantity |@| is close to unity but 
is always less than it. 

We again consider a case in which (4.22) is 
valid with sufficient accuracy. It is easy to verify 
that the important region in the integral (4.9) is 
that close to pz =0 andtothe other pz (if they 
exist) which cause @ to vanish. For simplicity, 
we assume that the value pz =0 is alone in this 
relation. We expand @ near it up to the linear 
term @=4Q’pz, and integrate over infinite limits, 
obtaining 


m* |7Q 2 


~ 2h3k(OV/Op,) 


a “le (Pinos! |7Q dp, i 
<a =F) Qty G22 4 2 
z if 


(6.1) 


(the values of all the quantities are taken at py, = 0). 
Then 


Re Some No / puw". (6.2) 


This estimate remains valid even when @ (pz) =0 
has several solutions. 

If 27y K 1, then the derivative dr’'/dH must 
undergo a sharp jump near H = H;. Under such 


*If the line /(H) is not convex, cases for which o(7;) 
= a’ (4) = 0 are possible for certain directions of the vector 

k | H. The expression for the periods of the corresponding 
oscillations remains in these cases as before, but the phase 
and the dependence of the amplitude on the field change 
slightly. 

tWe note that a much weaker inequality than (1.2), Ot, > 
1, is actually necessary for the existence of the oscillation. 
If Qt, ~1, the periods of oscillation are determined by (5.5) 
as before. 


conditions, near H = Hy = H,/|n|, the higher- 
order derivatives of the coefficient of absorption 
with respect to the magnetic field ought to undergo 
jumps. In practice, it is easiest to discover jumps 
in’ the first derivative [a discontinuity in the func- 
tion I (H)], and we shall consider in detail the 
case |n|=1. To estimate the value of the jump, 
we determine the increment experienced by the 
coefficient I when the field reaches the value 

H,. We write 


Oe 0; + Aov;(z). 


It is not difficult to show (see, for example, ref- 
erence 9) that near py =pe on the Fermi surface, 
Avj(T) generally has the form 


Av; (t) = 102 V | Apz/ p|cos(* + 9) + ++ 


where Ap, =p, —ps. The next term of the expan- 
sion is linear in | Ap,/p3|, and may already con- 
tain the cosine of twice the angle, etc. Similarly, 
A=K+AA, wherein AA close to ps, is deter- 
mined by an expansion of the type (6.3). 

If |Aw|<1, yx has the order of |A/Qa| and 
is a smooth function of pz for all pz except those 
for which -a(p;,).= 0. FOrsD, = Dann ose 
sharp maximum [the width is of the order of 
y/(8a/8pz)yn J]. The presence of such maxima 
points up the character of the dependence of 
I (H). Let us determine the form of the func- 
tion x close to such a maximum. Let |pzn—p | 
<«K De. Then 


(6.3) 


Pzn — pe == (n i eve (dcx / Opz) (6.4) 


(the superscript 0 means that the corresponding 
quantities are evaluated at p, = p?, ). Close to 
Pz =Pzn, we have 


t+27r oe 


\ exp (\ (==in ha a, 4) dz"| 


Lo 


* (Q°+ AQ 4. 8Q) de’ / 2nQ (— isa 4). (6.5) 


Here, 
ox — (da / Opz)° (Dan aa Pz); 


while 6Q is determined in similar fashion. If 
|Aw| <1, we can expand the exponent in (6.5) in 
powers of —iAa. In this case, a sharp maximum 
is absent from the zero-order term in vlAp, Tbe) : 
In computing the terms of higher order in 
vlApz/p$| , we neglect ¥ in the exponent in 
(6.5). 

Is is seen that when |n|=1, the term of first 
order actually has a maximum for pz = Pzi1- How- 
ever, if |n|>1, this term vanishes for Pz =Pzn 
because of the orthogonality of the trigonometric 
functions. Therefore, when |n| = 2, sharp maxi- 
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ma Can exist only for terms beginning with the sec- 
ond order, etc. We now consider in detail the case 
|n| =1. We see that if |p,, —p?| «p%, then 
|x|?/to, the integrand of (4.9), can be represented 
in the form of a sum of two components. One of 
them is a smooth function of pz close to y= The 
second, is very small in the range of integration in 
(4.9) if the difference H — H, is of one sign, and 
has a sharp maximum as a function of p, in this 
interval if the difference H-—H, is of another sign. 
Close to pz =pz;, it has the form 


b| pz— pay| / (Sa oie 1). (6.6) 


The integral of the first component is a smooth 
function of H. Equation (6.1) represents an esti- 
mate of its contribution to the absorption coeffi- 
cient I’. The contribution from the second com- 
ponent is essentially different from zero only for 
a definite sign of the difference H—-—H,. In the 
given case it also represents the increment in the 
coefficient [. In order to determine it, it suffices 
to integrate (6.6). As a result we get 


eel i 7 a, (6.7) 


where 


(6.8) 


Dy ~ Novo / pvw?. 


Equation (6.7) gives the dependence on the field in 
the interval y « |H,-H|/H, «1 with sufficient 
accuracy. It differs from zero only for H > H, 
or for H < Hj, depending whether the derivative 
k- (98¥/8p,)° is negative or positive, respectively. 
For an increase of the field the sign of (6.7) is 
opposite to the sign of this derivative. We see 
that dI'/dH experiences sharp jumps close to 
H =H,; if the field changes by an amount of the 
order yH,, this derivative changes by an amount 
of the order I'/H,. It is clear that if |n| = 2, 
6.I ~ (H,—H)?/H3, and the second derivative 
d2¢/dH? can have a sharp jump close to H = Hp, 
Ques 

The graph [constructed for one of the cases 
in which the vectors k and H are parallel, € 
2 p /2m*, 2ry(H,)=0.1] permits us to visualize 
the form of the function I (H7!). The dashed 


Ye 
2 ep ies 


| 
a 


lines on the graph extrapolate the dependence 

i (H7) under the assumption that the derivatives 
of the absorption coefficient with respect to the 
field do not experience sharp discontinuities at 
the corresponding points. 

In this same way, it is not difficult to estimate 
the increment of the second type. For example, 
for |n|=1, |Aa| <1, it is equal in order of 
magnitude to 


OP ~ Nopot Aveo? / purus, (6.9) 


The coefficient I experiences this increment if 
the field changes by an amount of the order yH,, 
i.e., it has the character of a sharp jump. Upon 
a subsequent change in the field in the same di- 
rection, the value of pz, will depart from the 
extremum point of the function @ (pz), which, 
generally speaking, ought to lead to a decrease in 
the absorption coefficient. 

In this case discontinuities can occur also for 
Pistieeak 

We have considered two basic types of incre- 
ment. If the Fermi surface has a complicated 
structure (for example, if it is self-intersecting), 
then, in addition to those described, there can be 
other types. 

7. In conclusion we turn our attention to the 
possibility of introducing a relaxation time. The 
collision operator has the form 


Vi =F OQ\ ME C)m''de'dpae’ 


— ING, 0) fC) mi'de'dp' de’, (7) 


where ¢ denotes the set of variables ¢€, pz, and 
T. It is evident that the relaxation time can be in- 
troduced in all cases when |a|>1. Then 

f(€, pz, T) represents a rapidly oscillating func- 
tion of T, the second term in (7.1) is much less 
than the first, and 


Waa fee \ M (6, 6) mde'dp,de’. (7.2) 


Thus, we can conclude the presence of an oscilla- 
tion of the coefficient I for an arbitrary charac- 
ter of the collision. 

It is useful to note one other case, in which a 
relaxation time exists. It can also be introduced 
if, for certain pz, |x| has a sharp maximum that 
exceeds markedly the average value of this func- 
tion, and the coefficient I’ or its increment are 
determined fundamentally by the behavior of the 
function x close to this maximum. Such is the 
case when the expression (6.1) is valid for incre- 
ments of both the first and the second type. Then 
again the first term in (7.1) is much larger than 
the second, which contains the average of the func- 
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tion y. The situation here is somewhat reminis- 
cent, as shown by Azbel’ and Kaner,! of the anom- 
alous skin effect. There, too, the possibility of the 
introduction of a relaxation time is brought about 
by the presence of a maximum of the distribution 
function of the electrons whose velocities are al- 
most parallel to the surface of the metal. 

In the remaining cases, the assumption on the 
collision operator of the form (4.10) permits us 
to estimate the order of magnitude of the absorp- 
tion coefficient. 

In conclusion, the author thanks Academician 
L. D. Landau for a discussion of the work and for 
a number of valuable suggestions. 
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— Ro}1 AR 
f(r) =[1 + exp S| , d= z;- 


The particle-nucleus interaction energy is first 
represented in the K’ coordinate system and then 
transformed to the K system. Limiting ourselves 
to inelastic scattering with the nucleus making a 
transition from its ground state to an excited state 
with spin 2* and assuming that only @),, with 
AX =2 differs from zero, we have 


waar o dia. on (, ®), (1.2) 
iL 
where 
Hy = 2) a,D©) (04). (1.3) 


In (1.2) and (1.3) a, are the coordinates of a nu- 
clear deformation in the K’ system [ay = Scos y, 
ay = a_, =(B/V2) sin y, aj =a_,=0], @, are nu- 
clear deformation coordinates in the K system 
and Dj) is the transformation matrix of second 
order spherical harmonics. Since ay =a_,=0 
for an axially symmetrical nucleus, (1.2) can be 
rewritten as follows: 


ser Oa cosy SY Yo. (9,0) You (Q, ©). (1.4) 
u 

If the quasi-classical condition kR > 1 is 
satisfied, particle motion in the nuclear field 
Z,Zoe*/r + V)(r) can be described by means of 
classical mechanics, assuming r=r(t). As- 
suming, furthermore, that the energy AE = 
Ef—Ej transferred to the nucleus in a collision 
is small compared with the collision energy E 
(AE < E), we may neglect the change in the char- 
acter of particle motion as energy is imparted to 
the nucleus. In other words, we shall assume that 
in inelastic scattering the trajectory of a charged 
particle is indistinguishable from that of an elas- 
tically scattered particle. 

We know’ that when kRy > 1 and 7 = Z,Z,.e*/tiv 
>> 1, Coulomb scattering plays the principal role 
for scattering angles #< 2n/kRy, while diffraction 
scattering occurs for J > 2n/kRy. In the scattering 
of q@ particles (as well as of C!*, N!4 and other 
ions) by heavy nuclei at angles 8 > 2n/kRy the 
angular distribution of elastically scattered par- 
ticles does not possess the diffraction maxima 
and minima which appear, for example, in the 
scattering of a particles by light nuclei, but is 
characterized by an exponential reduction of the 
cross section as the scattering angle increases. 
This property of the angular distribution has been 
explained by the optical-model theory of elastic 
@ -particle scattering® as well as by a number of 
quasi-classical theories.?*!” Porter! accounts 
for the non-Rutherfordian differential cross sec- 


tion for elastic scattering by assuming that the 
decreased absolute value of the elastic scattering 
cross section is due to the fact that @ particles 
are knocked out of the beam upon traversing a 
nucleus. It is also assumed that the Coulomb 
trajectory of the particles is not changed because 
of V)(r). The differential cross section for 
elastic scattering is then given by 


/D AR\ 
5 (3)esant— 2 (®)eutn XP 1— 2Rolloh (> ph 
_ ZiZa0? aes 1.5 
DG) aie (1+ sin (9/2)/ > ie) 


where II) is the absorption coefficient for par- 
ticles passing through the center of the nucleus 
and h(D/Ry, AR/Ry) is a tabulated function.!° 
If the nucleus has a sharply defined boundary we 
have 


h(D/ Ro, AR/R,)ar=o= V 1—(D/R). (1.6) 


We shall use the collision-parameter method to 
determine inelastic scattering cross sections. 
When all conditions mentioned above are satisfied 
the differential cross section for inelastic scatter- 
ing is 


e ()) inelast = i (3) case P (2), (Ei) 


where P is the probability of nuclear transition 
from the ground state to the final state. Nuclear 
excitation results from the time-dependent action 
of the incident particle’s electromagnetic field and 
from the time-dependent interaction of the particle 
with the noncentral part of the potential (1.1). As- 
suming, furthermore, that the combined effect of 
the fields is small and can be treated as a first 
approximation, we have 


P = Di lby + 6,2, (1.8) 
de 
where 
4l c : ‘ f ; 
Die \ eft FV, (rd), 8) lide, (1.9) 


{2.3} 


w= AE/h, Mg is the projection of the nuclear spin 
in the final state on the Z axis and bf is a tran- 
sition amplitude for Coulomb excitation.® 

In calculating nuclear transition amplitudes big 
resulting from nuclear forces we first consider the 
excitation of rotational states in even-even nuclei. 
This becomes the problem of scattering on a nu- 
cleus with fixed orientation, that is, we determine 
the transition amplitude bjg which is dependent 
on the orientation and then average this amplitude 
over all orientations. 

The wave functions of the deformed nucleus in 
the ground and excited states are? 
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Lr= Yoo, ¢) 48, 4), ©) (3, ¥), 
where ¢j(8, y) and vft(B, y) represent the sur- 
face vibrations of a nucleus with axial symmetry. 
Substituting (1.4) and (1.10) into (1.9), we obtain 
the following expression for the amplitude of a 
nuclear transition from state i to state f: 


pve (Os (1.10) 


big = — (Vo /ih V5) Y\ Sou, (1249) 
u 
where & 
= \ ev, (0, ©) 9 ar, (1.12) 
3 = <o(8, x) |B. cosy | 42(3, 1)>- (1.13) 


We shall now consider the excitation of vibra- 
tional states in even-even nuclei. In this case ay 
can be associated with creation and annihilation 
operators of excitation quanta (phonons)! with 
spin A=2 and spin projection py on the fixed 
Lh AXis: 


hy = V ho / 2C3 (Oy =e (—1)"¢5] 


where CH is a phonon-creation operator and du 
is an annihilation operator. The wave functions 

of the ground state and first excited state will then 
be W; = %}, (in the absence of phonons) and Wr = 
Vu (for one phonon with spin 2 and its projection 
uw). Calculating the matrix elements of the oper- 
ators qy and ae which are then substituted into 
(1.9), we obtain 


big = — (Vo / ih) V hw [2C, >) Sous 


(1.14) 


(1.15) 


where Soy, is defined by (1.12). 


2. CALCULATION OF EXCITATION PROBABILITY 


For the purpose of calculating the excitation 
probability we write the equation of motion of a 


charged particle in the parametric form 
r=a(ecoshw—1), x =a(coshw+]), 


y=aV2—1sinhw, ‘¢=(a/v)(esinhw+w), (2.1) 


where a= Z,Z,e"/yv’ and « is the orbital eccen- 


tricity. Since r= (r, ©, ®) = (r, 7/2, ©) in the 
K coordinate system, we have 
pM gh eae 2.2 
La Ai ell ae Y You (>> j (2.2) 


After (2.1) and (2.2) are inserted in (1.12), the 
excitation probability of collective levels of even- 
even nuclei is obtained from (1.11) and (1.8): 


9A R 4 9 wT 3 : 
Pa ee (Zt Dl Yan(F > 0)| [fn 8 
D9 RRof{V. a\2 @ 
; aaa Rod 
Sagan), @ Ro, 2) e if d+0, (2.3) 
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pe #y [Yn (F + 0) [| fan 0,8) 


: kRo le a) Kou (O76, 0. Ry 


Lied, (2.4) 


where A = £/5 for the excitation of rotational 
states and A = AE/2C, for the excitation of vi- 
brational states; R is the nuclear radius (R = 
1.2 10°" cm’); <= 1/sin (9/72): In, (3, €) are 
the classical orbital integrals for E2 Coulomb 
excitation, which were tabulated in reference 6: 


Ty. (2, S a, Ro, d) 


og enero (cosh W-+e+ 1 VY aT cies mw) 
eS s w 4-w 
\ € ) (ecosh w + 1)" 


x g(9, a, Ro, d, w) dw, (2.5) 


Ion (o. E, a, Ro) 


(cosh@ + e+i V 22 — 7 sinh w)” 


co 
ON \ oe minke) 
\ ee (¢ cosh W + gy 
—©o 


x 6[a(e cosh w + !)— R,| dw 


oe eis(¢ sinh A+ A) { (cosh A + e+ i V 2? — 1 sinh IY 
€ sinh A (e cosh A + 1)#—2 


(cosh A + ¢—i Ve? aaisinn Ay?) 
(¢ cosh A + 1)¢—1 ie (2.6) 


where 


a(ecoshw + 1) — Ro | 
d 


g(%, a, Ro, d, w) = exp| 


a(s cosh w + 1)— Ry }? 


d | ’ (2.7) 


ey 2 an tV t® if... 


In calculating (2.3) and (2.4) we have used 


(2.8) 


bp = (3 OL A(Ri Gyn aa(R E22, ON on Oreo) 


which is easily obtained by writing Eq. (2T, 7) of 
reference 6 in our notation. 


To calculate the fuctions Toy (3, 5 a, Ro, yaa 
(2.3) we must calculate the following integrals: 


Log (9, iS a, Ros d) 


== J, (%, &, a, Ro, d) — Jy (9,6, a, Ro, a), (2.10) 
Tanoy en Gs Ron a) =o (es Gy Rona); (2.11) 
Hae(oper an iy; a) 

= [,(9, &, a, Ro, d) + Jn (9%, ¢, a, Ro, a), (1) 
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PrUatamese Clr ing sc) 


9 \ ((cosh w + e)? — (e?— 1) sinh? w] g (9, a, Ro, d, w) 
<cos[E(Ssinh w -- w)] dw, (2213) 
Ue (nesa gs) ) 
=4/Ve2—] qe w)(coshw + s) g(%, a, Ro, d, w) 


0 


xsin[E(sinh w+ w)] du, (2.14) 


lee) 


Ip(%, €, a, Ro, d) = 2\ (e cosh w + 1)? g (9, a, Ro, d, wv) 


0 


‘>< cos [€ (sinh w — w)] dw. (Zed) 


The function g(¥, a, Ro, d, w) is defined by 
(2.7). The imaginary parts of the integrals in (2.5) 
vanish because the imaginary parts of the integrands 
are odd. Since g(, a, Ry, d, w) decreases rapidly 
as the parameter w increases, it is usually suf- 
ficient for the calculation of Ip, I,, and I, to per- 
form a numerical integration from 0 to 2 — 2.5. 


3. CONDITIONS FOR THE SEMICLASSICAL 
METHOD 


For calculating the excitation probability of 
collective nuclear levels it was assumed that the 
combined effect of the electric and nuclear fields 
is small and can be regarded as a time-dependent 
perturbation. To determine the conditions for the 
validity of this hypothesis we require that the ex- 
citation probability P be smaller than unity for 
any scattering angle #’. When the incident particle 
energy exceeds the Coulomb barrier height we have 
|bie| > | bye], with opposite signs for the two quan- 
tities. Therefore in analyzing the validity condi- 
tions we neglect bf and obtain the following ex- 
pression for the probability: 


sin, afore (1 (Os 6,6, Rod), sd=e0 
Pa ACER (PY 1K, 2,4, Ry, do, BL) 
where 
(8, 2,4, Rod) = 4 (4) (a) Li] Ym (F > 0)f 
u 
| fan (8,8, 4, Ro, @)|, (3.2) 
K (3, e a, Ro) 
=45/Yan(F. 0)f [Ku 0.8 a Ro) (3.3) 


The highest value of this probability is obtained at 
scattering angles ’ determined by the relation 
D(3) =a(1l+e) =Rp. Considering that for these 
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FIG. 1. I(3, & Ro, a, d) as a function of the scattering 
angle for = 0 and R,/d = 22. The ratio a/d is indicated on 
each curve. 


scattering angles the absolute values of I (¥, &, 
a, Ro, d) (Fig. 1) and K (8, &, a, Rg) -are of the 
order of unity, we have 


Pel, iio (A(EROEW cide) ae (3.4) 
Experiments on the elastic scattering of a 
particles by heavy nuclei indicate V) ~ 30 —40 
Mev. When the incident a -particle energy is 
within this range (3.4) reduces to 82 (kRj)? < 1 
or (AE/2C,)(kRg)? < 1. We know!!>!? that the 
collective states of axially symmetrical even- 
even nuclei are of two types — excitations which 
are and which are not accompanied by consider- 
able change of the nuclear quadrupole moment. 
Transitions of the first type occur between states | 
with y=0; for these transitions we have 


B= <4 (8, 1)18cos | ¢2(8, 1)> = 3. 


A transition from the ground level (with y = 0) 
to an excited level with y= occurs with a change 
of both the sign and absolute value of B; B<« B for 
the absolute value. Transitions of the second type 
occur in almost spherical nuclei and do not play 
an important part in markedly nonspherical nuclei 
when the energy change is small. Davydov and 
Filippov”? have indicated a large number of even- 
even nuclei whose second excited states with spin 
2* may be assigned to this second type. The ex- 
perimental data now available? indicate that B 
for these transitions is smaller than B by a factor 
of 10 or more. 

It is easily calculated that when a particles 
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with 20 — 50 Mev are scattered by heavy nuclei 
kRy ~ 20, which is reduced to 10 for deuteron 
scattering. For the excitation of the first nuclear 
rotational levels we therefore have B (kKRy) * 
BkRp © (0.1 —0.3)20> 1 and the condition for 
applying perturbation theory to inelastic scatter- 
ing is not fulfilled. For the excitation of second 
levels with spin 2* (excitations of the second type) 
we have 6 (kRy) «K B (kRy) < 1. 

A similar conclusion is reached by analyzing 
the requirement that the product (AE/2C, ) (KR)? 
be small compared with unity. For the excitation 
of the first levels of even-even nuclei with spin 2*, 
C, (the surface tension parameter) lies between 
15 Mev and 100 Mev for most nuclei,® whereas 
Cy ~ 2000 — 2000 Mev for the second levels®. In 
other words, for the excitation of first vibrational 
levels of even-even nuclei P>1, but P< 1 for 
the excitation of second levels. The semiclassical 
method can therefore be used to analyze experi- 
mental data on inelastic scattering of charged par- 
ticles accompanied by the excitation of second 
levels with spin 2* in even-even nuclei. 


4. INELASTIC SCATTERING CROSS SECTION 


The expressions obtained for the excitation prob- 
ability of vibrational and rotational nuclear levels 
enable us to put the formulas for the differential in- 
elastic scattering cross section into final form: 


o(9) = 9-10*Arpa? (ZY 


) sin“ + exp \— DR lint (= 7) 


ERS 


0) | Zan, 8) 


Z 


3 kRo/Vo 


6% oe, - q tou (%, & a, Ro, dy’ (4.1) 
SOE lee 0, and 
a (9) =9-10" Arta’ (2) si ae 
x exp {— 2Rolly VI=OR) > You (F ‘ oF i aaa é) 
vas eS 2) (4 YE Ke Gy tae Ra (4.2) 


if d=0. 

Equations (3.10) and (4.1) have been used to cal- 
culate the excitation probability of a second level 
with spin 2* in Th??? (AE = 0.790 Mev) by a@ 
particles with the energies 25, 30, 40, and 50 Mev 
and the corresponding angular and energy distri- 
butions. 

Figure 2 gives P() curves for different en- 
ergies, Fig. 3 gives angular distributions foriin- 
elastically scattered qa particles and Fig. 4 gives 
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FIG. 2. Excitation probability of a second level with spin 
2+ in Th?*? (AE = 0.790 Mev) as a function of scattering angle 
for a few values of incident «-particle energy. 


the total cross section as a function of energy. In 
calculating the differential cross sections the pa- 
rameters of T = exp { —2RplIIph (D/Ry, AR/Ry)}, 
which takes into account the degree of attenuation 
of the a -particle beam, were selected in agree- 
ment with Porter:'? Ry) =10.5x 107% cm, AR = 
2.1 107 cm and Il) =3.5. The depth Vy of the 
potential well was 40 Mev® and Cy = 2960 Mev.” 
It is apparent from Figs. 3 and 4 that the angu- 
lar dependence of the inelastic scattering cross 
section possesses a single maximum, whose half- 
width decreases as the incident-particle energy 
rises. The absolute value of the differential cross 


6(3), 10 "cm? 


50 


0 60° 120° 180° 3 
FIG. 3. Angular distributions of « particles scattered in- 
elastically on Th?*? (AE = 0.790 Mev). Numbers on the curves 


indicate the energies of the incident « particles in Mev. 
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FIG. 4. Energy de- 
pendence of total cross 
section for inelastic 
30 scattering of o-parti- 
cles on Th’*?. 


£, Mev 
1S, 30 45 60 


section maximum for inelastic scattering increases 
with the energy. The total cross section increases 
with energy up toa maximum at some Ey, and 
then decreases. With increasing energy @ par- 
ticles remain in the vicinity of a nucleus for a 
shorter time; also, fewer @ particles remain un- 
absorbed by the nucleus and can be scattered in- 
elastically. 

When the energy AE transferred during colli- 
sion is such that the parameter ¢é differs from 0 
the general character of all curves is conserved. 
The maxima of the o() curves are shifted to- 
ward larger angles, the absolute value of the cross 
section is reduced and Em, for which the total 
cross section reaches its maximum, is shifted 
toward higher energies. 

In conclusion the author wishes to thank S. S. 
Vasil’ev for his interest, A. S. Davydov, S. I. 
Drozdov, V. G. Neudachin and K. A. Ter-Mar- 
tirosyan for discussions, as well as G. S. Tyurikov 
for assistance with the numerical calculations. 
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Stability conditions are obtained for a hollow gaseous conductor located in a longitudinal 


magnetic field. 


Lie author has shown earlier! that if a conductor 
carrying a return current is placed on the axis of a 
discharge chamber then, under certain conditions, 
the discharge will be localized within a narrow re- 
gion inside the chamber and will form a hollow thin 
walled cylinder separated from the walls. It seems 
that in this case the conditions required to stabilize 
the discharge ought to be less rigid. We therefore 
investigate in the present paper the question of the 
stability of such a plasma layer with respect to 
small oscillations. 

We consider a hollow plasma cylinder of internal 
radius ry, and external radius rg3 situated in a re- 
gion bounded by two coaxial perfectly conducting 
eyunders of radii r; (r; <r.) and ry (rr, >Y3). 
The initial system of equations consists of the 
magnetohydrodynamic equations for a perfectly 
conducting fluid, Maxwell’s equations for the field, 

and boundary conditions on the surfaces of discon- 
tinuity (see, for example, reference 2). 

We assume that in equilibrium the plasma pres- 
sure py is balanced by magnetic forces set up by 
currents flowing in the surface of the plasma, that 
the velocity is equal to zero, that the plasma is 
uniform with respect to y and z, and that the 
field components Hy and H% differ from zero. 
We shall assume that within the plasma Hy =), 


while H2 is everywhere uniform, i.e., 
ae, ie HiGhe LOL) fal — fa << fro 
Hoss He H{=, 0 for fo<r <fs 
He, Piles NOR 308 Ifa ie ha (1) 
with 


He + HY = H25 4 Hog = 25+ 8zpo, (2) 
where 
Togo ds foie Olay Oa. 


By assuming that the deviations from the equi- 
librium state are small and by solving the equations 


of motion by the standard method (see, for example, 
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reference 2), we obtain a dispersion relation for 
the frequency spectrum of the system:* 


A(Q?) 2) == — G40 UW (Ors) KalGe) I Gi) He 
++ (@2/&r2) Um (rs) Km (Crs) — In (Er) Km (Gre) 
“> (229 / Gr) {011 Lin (Gra) Km (Gr2) — Lm (62) Kin (6rs)] 
+ (2 / re) [im (62) Km (Crs) 
—- Im (Crs) Km (Cre)]} = 0, (3) 
where 


ae == Ne, = (Crm kre) [Wile eres, 
Koo = hos — (fom / kr) [Mhygs +- krshtzs]?, 
La (kr) Km (RE) 1m (Ry) Kin (kro) 


Sig = ey Z 4 g 
Ir.) Ke (Bt) (Bry ter), 2 
Tig OS) Boe OT MET) pe Es) 
7 TORN IC ere tre eee a 
Wee ee 
He kh? — (QQ? ? @kR—(1+q7)Q2 » 


G@= Ha /4Rypo Bee e 2) lie 
Q? = pon? / {Pos (3") 


Primes indicate differentiation with respect to the 
argument; Im and Km the modified Bessel func- 
tions of order m. 

We obtain the stability criterion from the con 
dition that the dispersion relation have no solutions, 
Q? <0. It has the form 


tao (k) < krs {[Im (R's) Km (kr) — Im (Ro) Kin (Ris) 
A (049 / rz) Lm (Rts) Km (RFs) 
— Im (Rts) Kin (Rf2)1} {Lm (rs) Km (Pra) 
— Im (Rt 2) Kim (hrs)] 4 (2 / Bra) Un (hrs) Km (Rs) 
ES APs Rip (ero) ies (4) 
Indeed, in this case, as Q? varies from 0 to 


*We assume, as usual, that all the quantities are propor- 
tional to exp (iwt + ikz + img). 
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—-a, A(0?, k) is always less than zero, and, con- 
sequently, Eq. (3) does not have any roots haces 

It is easily seen that when H?.=0 the inequal- 
ity (4) agrees exactly with the stability criterion 
obtained for a solid cylindrical conductor," i.e., 
the stability criteria are not relaxed without a 
“frozen-in” longitudinal field. We also note that 
when his = 0 the condition (4) is fulfilled for all 
m and k, i.e., absolute stability exists. 

Without going into a detailed investigation of the 
stability criterion obtained above, we consider only 
the stability conditions for the two most dangerous 
forms of perturbation, wit m=0 and m=1. In 
carrying this out we assume that the outer metal 
wall is absent; i.e., we shall set ry = © in the ex- 
pression for €9m.- 

1) m=0. As k varies from 0 to ~ the right- 
hand side of the inequality (4) increases, whereas 
the left-hand side decreases. Consequently equi- 
librium will be stable when 


HQ? + 208H9 / (87 — 1) 


02 1 7702 (92 
2 SEY ENG Se sp | ene ea SATs see 
2a > Hes (Oe Fe HO? 4. 202703 / (52 = 1)] — HO? 


(5) 
Leek 
Where oO, Tr, /1 3905 = 19/15. When Hip Hl, = 0 
relation (5) coincides with the stability criterion 
obtained for a solid cylinder. 
2) m=1. In this case the stability condition 
depends on the magnitude of hz3. In the case krg3 


<< 1 it has the form 
Ra Sauk ye | 
702 2 02 
Hz > eal Hes In ae , (6) 
if hy, = 0; and 


Reise 2 | hzs | (85 — 1) 


hte, Abs (32 Ay se RS) 


[A= 


if hz3 > krs3. 

It follows from the foregoing that when 6, — 1 
the stabilizing field in the case of a hollow cylin- 
drical conductor is less than the field required for 
the stabilization of a solid conductor by a factor 
~ (63 - ow? (when hz3=0) and by a factor 
~(OS—1) > (whenthys 10): 


11. M. Kovrizhnykh, Atomuas 9Heprua (Atomic 


Energy ) 5, 648 (1956). 

2M. Kruskal and M. Schwarzschild, Proc. Roy. 
Soc. A228, 348 (1954). 

3V.D. Shafranov, Aromas 9Heprua (Atomic 
Energy ) 5, 38 (1956). 

‘Row Taylor, Proc. Phys. Soc. B70, 31, 1049 
(1957). 
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ie cross section for resonance charge exchange of doubly charged ions has been computed 
in the adiabatic approximation. A comparison is made between the experimental and theo- 
retical charge exchange cross sections for doubly charged positive A, Kr, Xe, and Ne ions. 


Op esae shat resonance charge exchange 
has been considered by many authors.!* In the 
present paper we calculate the cross section for 
two-electron resonance charge exchange in the 
adiabatic approximation. 

It has been shown earlier’ that in the adiabatic 
approximation the cross section for charge ex- 
change of an ion with an atom is 


7 = — Rj, (1) 


where Ry is determined by the condition 


E(k) SE OCR) 
\ S Cie hia 2a (2) 
0 


ho Po 


Here x* = R?-R?; R is the distance between the 
nuclei in the ion and the atom; Ry is the collision 
parameter; Eg is the energy of the electrons for 
the anti-symmetric wave function; Eg, is the en- 
ergy of the electrons for the symmetric wave func- 
tion. Thus, the problem reduces to the calculation 
of the splitting of the electron levels as the nuclei 
approach each other. 

We shall assume that for internuclear distances 
which are not too small it is possible to compute 
Ea—-Eg approximately, taking for He™: 


Yona [44 (Ty 1) £ Fp (Sp SIV 2, (3) 


2a 


as is done for the molecular hydrogen ion (the 

upper and lower signs refer respectively to Ws 

and ya). Here ya and yg are the helium wave 
functions for electrons in the ground state when 

the electrons are attached to nucleus A or nucleus 

B; r is the distance of the electron from nucleus A, 
s is the distance from nucleus B. In this approxima- 
tion the energy of the electrons is given by the ex- 
pression 


‘ (Gy ae Op) 7 (G4 se Gp) ds, ds, 


‘* ae 5 ‘ 
‘. \ (24 & Gp)? dt, ds, 
BE fe [5 rT eB da, dt, + \ ry '24?B ae, de, 
i 1+ \ 9190p d7, dt, (4) 
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For large internuclear distances fcr! eRaridr, 
~ 1/R and the remaining integrals are exponentially 
small. Hence, 


£s— Fam (a) it 


dz, dz in” \ PAGB dz, az 5 (5) 
The function g is taken as the simple helium 
function 


Cexp[—a(rn+r)], «= a5 V (Ey + &,)/2Eo, 


where E, + E, is the total energy of the electrons 
in the atom, Ey is the energy of the electron in 
the hydrogen atom and ay is the Bohr radius. The 
value of qa for the helium atom is 1.71 ages which 
corresponds to the minimum energy for the chosen 
wave function and also corresponds to the asym- 
ptotic region for a wave function having the mean 
binding energy [large r (or s)]. 
The analysis given here applies for relative ve- 
locities which satisfy the inequality v « (ae?/f) ap. 
The results of the calculations are shown in 
Fig. 1; along the abscissa is plotted the relative 
velocity of the nuclei and along the ordinate axis 
is plotted a*o, where o is the cross section for 
two-electron charge exchange. On this same curve 
are plotted the measured experimental cross sec- 
tions for two-electron charge exchange in the noble 
gases A, Ne, Kr, Xe.°»? Since one-electron charge 
exchange can occur in two-electron charge exchange 


“6 
100 © 
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FIG. 1. x) Ne; 0) A; A) Kr; 0) Xe. 
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FIG. 2. x) Ne; 0) A; A) Kr; 0) Xe. 


and in elastic scattering, and since this factor has 
not been taken into account in computing the cross 
section, the theoretical curve really corresponds 
to Oo) + 094, Where 09) is the cross section for 
two-electron charge exchange and 0), the cross 
section for one-electron charge exchange. A com- 
parison of the experimental curves with the theory 
for this case is given in Fig. 2. 

The theory given by Gurnee and Magee? for reso- 
nance charge exchange is similar to the present one 
but is less “rigorous.” They make comparisons 
with some very old experimental results.!°!! These 
authors assume ~=c exp{—a(r,;+r.)}/r™ and 
obtain @Ne = 1.4, n=1; aa =1.3, n=3. Asa 


Blanch Ol, JB.5 JN UR SOW 


result the cross sections obtained by Gurnee and 
Magee for Ne and A are larger than ours by 
approximately a factor of 2. The present results 
show better agreement with experiment. 
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The ultraviolet asymptotic value for the interaction of K mesons with baryons is studied 
for different kinds of relative baryon parity under the assumption of weak coupling. 


1. INTRODUCTION 


lke investigation of ultraviolet asymptotic values 
in quantum field theory can be carried out either 
by solving the Dyson integral equations for boson 
and fermion Green’s functions together with a spe- 
cific equation for the source particle,» or by the 
method of the renormalization group.>4 The weak 
coupling hypothesis is used in both cases. More- 
over, these investigations are limited to the exam- 
ination of one fermion field with a specific boson 
field (quantum electrodynamics or meson theory ). 
It seems to us more logical to consider all pos- 
sible (renormalizable) interactions in the study 
of the ultraviolet asymptotic value. 

As an example we look at the ultraviolet asym- 
ptotic value for the interaction of K mesons with 
baryons (customarily called the theory of medium 
strong interactions). For this we take into consid- 
eration the interaction constants for K mesons 
with all baryons. The use of the weak-coupling 
hypothesis in meson theory is not well founded. 
But there is sufficiently strong proof that the K- 
baryon interaction constants are significantly less 
than the m-meson constant (gf /4m <«K go / 4m). 
It can be shown that there exists a reasonable, 
physical momentum interval in which the weak 
coupling assumption is legitimate. Special atten- 
tion is given to the ultraviolet asymptotic value 
for different kinds of relative baryon parity. 


THE RENORMALIZATION GROUP IN THE 
THEORY OF MEDIUM STRONG INTERAC- 
TIONS 


Assuming charge independence for the interac - 
tion of K mesons with baryons, we write the La- 
grangian of the system in the form 


a 
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Lies ccoup =F Lint, 


Lint = gi N TIAK i goN Tee SK f gaNTgAK 


+-g,N Poe 1K + A(KK)(KK) + Herm. conj. (1) 


where 


The choice of 1 or ys depends on the relative 
parity of the baryons. We represent the fermion 
Green’s function in the form 


Gs (p) = (Ss(p’) p + Sp (p’) mz) (p> — mz) *. 


The index B on S and m means the baryons 
(Ni, No, A, 2). We write the K -meson Green’s 
function and the source particles as 


(2a) 


D,. (Pp) = Sx (p?) / (p? — mz); (2b) 
r,=I%G;, G;=G;(p", @,(p—q)), i=1,...,4: 
(Et = ‘a (p, gis (ies q’, (p’ —q)’, (p Se q)’). (2c) 


The source corresponds to the diagrams with 
four incoming K -meson lines. 

For brevity, we do not write out the renormali- 
zation group. There is the following system of in- 
variant charges: 
3, = Sy,SaSkGigi, 32 = Sy,SzSxGogo, 
53 = Sw S aSxG3Eo, 
6, = Sy,S2SxGi8a, Pre Sk le (3) 


The Lie equations for the invariant charges (3) are 
given in Appendix 1. We have written down these 
equations for the ultraviolet asymptotic case. 
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Let us look at a simpler problem. We notice 
that the system (A1) is invariant under the change 
Oy —* dy, 03> Oj, Og — 04 04 09. This circum- 
stance allows us to transform this system into a 
simpler one. Let g; = 93, g3 = g4 in the Lagrang- 
ian (1). Polkinghorne employed such a Lagrangian. 
Neglecting the mass differences between the bary- 
ons, which is fully justified in the ultraviolet asym- 
ptotic case, we get 


7 


Go a Say (4) 


Cok Sam EE) 


and the system (A1) leads to a system of three 
equations 


2 


ds; /dx =o; >) Bi(e)s;-+90? (i= 1, 2); 


j=1 
dp / dx = 3Fy[o} + ¢19,(2 +) + 993] 


+ 2F,[s, + 30,]p + Fp’, (5) 
where 


si ie 5 3442 (4—«) 
Bi (©) = apr (4 4 at —e) 7 ). 


x = In (p?/a?), A the normalization momentum. 
The scalar functions S, Gj, and [i are deter- 
mined by the equation 


2 in S (x, g2, g3, h) =F SE, %1 Or Piers (6) 


S° is obtained with the aid of perturbation theory. 
The parameter e¢ takes on the two values +1. 

The choice of + or — depends on the type of rela- 
tive parity of the baryons. We.denote by Iap the 
parity of baryon A relative to baryon B, then 


eee it lay, = fon, = lan dg Se 
or law, = Ign, = — 1 any = — Ion, = +1, 
Or lLan, = fay, —— IAN, == len al 


if dn, =Yong = Law, Tet seals ws) 


3. INVESTIGATION OF THE ULTRAVIOLET 
ASYMPTOTIC VALUE 


We shall not take into account K-K meson 
scattering processes. Then in the version given 
by (4), the Lie equations have the form 


ds, /dx = Blol + P(e) a5 


9? 


ds. /dax= Bi (e) 3,6 


,/ dx = BL (6) 3,2, + Bto?. (8) 

We examine two cases. 

A. €=-1. From Eq. (8) we get a formula de- 
termining the dependence of o, on oy. In the 
(01, 02) plane we have the family of integral 
curves shown in Fig. 1. The straight line o, = 


0,=9 6, 
6, 1 be 


Or 


HIG! 


50, is stationary, so that it is sufficient to solve 
Eq. (8) for this value. We get 


C= [! — ga ir] (9) 


hi 539, 


With the help of (9) we find the form of the scalar 
functions S and Qj: 


s:=[1— fe ex] ©. (10) 


The constants a; are 
S,= Sy, = Sy, Sa, Se Sx GGG 
a= 2 2 eee —5) —3 
B. € =+1. The integral curves in the (0;, 02) 
plane for this case are shown in Fig. 2. The par- 
ticular solution for the straight line 0, =o, is not 


- 
Oo, 


19, 


FIG. 2 


stationary. The integral curves go either to the 
asymptotic o, = 03 or to 01 = O37 ’ We solve (8) 
for these asymptotes. 

a) The asymptote o, = 03 


2 Reet on 
ones g|1 be oe gx | , 


¢,— ei[!— pe em] (11) 
b) The asymptote o; = oft 

= eee 

Gea ep (12) 


The scalar functions S and Gj, found with the 
aid of (11) and (12), are respectively 
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; ; ] | 
. | y | % | ae non 34 | CA | pt Beh a By 
| 
| 
, et 
Deva (Sh SA 8/714 1 /% Sy Bi 'lx <6 | 24/7| 2 
Sa 5 0 0 { Che Gt 28 ol i eet 
Ss 0 1 4/7 | 0 G2=G. | —4/5| —3 | —1217| -1 
5 2 ceo g5 D “ls 
S= [I= sbren| Yen (nf aS ae 
gi 2 
a 7 9 |-% 
echo iain fae ail 
P\ Pees mat 3) (13) 


The values aj, Bj, aj, and Bj are given in the 
table. 

We shall find which curve is followed by a given 
point in the three-dimensional space (p, 04, 02) 
when x goes to infinity. To do this we determine 
the integral curves of the system of equations got 
by dividing the third equation in (5) by the first and 
the second: 


dp __ 3Foloy + 949, (2 + £) + 903] + 2F, [o, + 369] p + Fyp? 

ao 101 + By (e) 946, + 9,9 

dp _ 3F [ot + 4,6, (2+ 6) + 965] + 2F, [o, + 30,] p + Fp? 
moa haaKee ae 


The three dimensional space p, 04, 02 (04, 
02 = 0) is divided into three regions by the sur- 
faces pj, Pz, the roots of the trinomials quad- 
ratic in p in the numerators in the right hand 
terms in (14); py > po: 


I) p => Pr (9, Se, &), 
II) Pe (s,, So, ©) PL ft (a1, Sa, €), 
III) p< ps (21, 22, €). D 


The derivatives dp/do,, dp/do, are positive in 
region II and negative in regions I and III. Near 
the origin of the coordinates we neglect the 4p" 
and o,p* terms and write the solution of (14) in 
the form [see (A2)] 


Cy = hap. (16) 


3 = SOF 


For the ratio } =A,/A, we get three values 
pais Al=_<o, and 0 < \(e) <' ©, The first. two 
give a family of integral curves corresponding to 
the planes (09, p): 0,=0 and (04,p): 02 =0. 
A detailed analysis shows that in these planes the 
family is qualitatively the same as in reference 8 
(see Fig. 3). In the case 0<A(e) < © [see (A4)] 
we have a family of integral curves in the plane 
which includes the p axis and which forms with 
the (0), ) plane an angle @ such that 


FIG. 3 


tan 6 = 2 (se). (17) 


It appears that the integral curves in this plane 
are qualitatively the same as those in the (0;, p) 
for (0), 9) planes but the straight lines (A2) or 
(A3) should be respectively replaced by those 
given in (A4). 

Points lying in the neighborhood of the origin 
on these three planes can only move along the in- 
tegral curves as x goes to infinity and cannot 
leave these planes. Points somewhat away from 
the (0,,p) and (09, p) planes will move along 
curves removed from these planes as x goes to 
infinity. This means that the (0;,9) and (09, p) 
planes are not stationary. To clear up the station- 
ary quality of the plane corresponding to 0 <A (eé) 
< 0, we look at the two cases «€ =+1 and e€=-1. 
In the neighborhood of the origin the quantity 
do, /do, does not depend on p and is equal to 


do,/d3, = (Bist + Bi (€) 192) / (Ba (€) 9452 + Boo5). (18) 


Equation (18) determines the lines of intersection 
of the integral curves of the system (14) with the 
plane p=const. Inthe « =-—1 case they are 
shown in Fig. 1. We see that the plane forming 
the angle given by tan @=A(-—1)=5 with the 
(0), 9) plane is stationary. For the «=+1 case 
the analogous curves are shown in Fig. 2, from 
which it follows that the plane given by tan 6 = 
A(+1)=1 is not stationary. 

To get a fuller family of integral curves we 
solve (14) and (5) for the case |p| >> 04, 03. The 
solution is 
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0 = h /(1 —hF,x), 
Coe A) | 


ores % 
3, == 92 = Bi eXp || 


1 
2 


(1 —AFx)]. (19) 


= gr exp [AP x,x 


A. Case €=-—1. There exists a surface p = 

(~ (04, 0%, —1), in which the lines (A2) with k? < Os 
(A3) with k3} <0, and (A4) with A3(-1) <0 lie. 
This surface lies under the surface 


Go, 1), @ (91 5a, — 1) <2 (915 92, — 1). 


0 = 02 (94, 


There are two regions of the space (p, 04, 09): 


I) p> (91, 52,— 1); UM) px o(er, o2, — 1) 
(335.55 2 0) (20) 


Each point (p, 0;, 02) in region I moves onto 
the line (A4) with 43(-1)>0, as x goes to . 
Every point in region II, as x goes to ~™, moves 
along curves whose asymptotic form is given by 
formula (19) with p< 0. Since in this case the 
solution (A4) with Ah (-—1)>0 is stationary, it 
is sufficient to solve Eq. (5) for this line. We get 
the formulas determining the invariant coupling 
constants (A4) with Ke (-—1)>0 and Eq. (9). The 
functions S and G found with the aid of these 
formulas have the form (10). We add here the 
formula for the source 


8x2 


o=[1- mr git], ag > 0. (21) 


We note that the sources Gj depend on three 
arguments and that it is therefore possible to have 
various kinds of ultraviolet asymptotic values; but 
here the situation is the same as in meson theory: 
they all coincide. The source [) depends on six 
arguments [see (2c)]. It seems that in this case 
the ultraviolet asymptotes do not all coincide and 
that ap depends on the kind of ultraviolet asym- 
ptote (for details, see the work of Ginzburg and 
Shirkov? Ne 

B. Case ¢€ =+1t There exists a surface p = 
Y (014, 07, +1) in which lie the lines (A2) with 
k}< 0, (A3) with k?<0, and (A4) with 0$(+1) 
<0. This surface lies under the surface 


9 (31,52, + 1) 


0 = fe (51, 5, + 1) <0, 


<J Pe (51, 99, se by. 
There are three regions of the space: 
1); 31 So, > 0; 


eee. el) 0 ay os 


III) peo (31, 92, + 1), gy Gps > 0s (22) 


As x goes to infinity, points in region I, moving 
along the integral curves, go onto the curves (A5), 


points in region II go onto curves (A6), and points 
in region III onto curves (19). In this case there °* 
is no stationary solution in the form of a straight 
line and therefore the source terms and Green’s 
functions behave according to a law different from 
the one in electrodynamics or in meson theory. 


4, CONCLUSION 


1. The investigated integral curves in the 
(Pp, 01, 02) space are not closed. This means that 
there exists for them, just as in electrodynamics 
and meson theory, a way of going beyond the lim- 
its of the weak coupling for increasing momenta. 
In our view the existence of closed integral curves 
in the theory considered is scarcely probable: we 
should be left inside the limits of the weak coupling 
theory. However, it is still useful to investigate 
in detail Eqs. (Al) or (5). 

2. The behavior of Green’s function and of the 
source terms essentially depends on the relative 
parity of the baryons. For some kinds of relative 
baryon parity (7) with « =— 1 there exists a sta- 
tionary solutionin the form of a straight line in the 
space (p, 01, 02), and then the Green’s function 
and the source terms behave according to the 
standard law (10), DIS ES For other sources (7) 
with ¢€ =+1 there is no stationary solution in the 
form of a line in the (p, 04, 02) space. The con- 
nection between the invariant charges is shown by 
formulas, either (A5) or (A6). Here the Green’s 
functions and the source terms behave entirely 
differently [see (13) ]. 

3. The extent to which the assumption which we 
made of weak coupling is valid (p, 04, 0g KX 1) will 
be clear if one succeeds in determining exactly the 
magnitude of the constant gj in (1). From the es- 
timates got in references 5 and 6, it evidently fol- 
lows that ge /4n ~ 1. For such a value of the con- 
stant the poles of the invariant charges (9) and (11) 
are distributed in the neighborhood, respectively, 
of |p| ~ E~ 2.5 Bev and |p| ~ E~ 9 Bev. 

4. In the investigation of the ultraviolet asym- 
ptotes, we should have taken into account the in- 
teraction of mesons with baryons, which could 
change our results in an essential way. For the 
present we lay this question aside. 

The author expresses his deep thanks to D. V. 
Shirkov for numerous remarks and for constant 
interest in the work. 


APPENDIX 


1. The Lie equations for the ultraviolet asym- 
ptotic case. 
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2. We look for the solution of (14) in the neigh- 
borhood of the origin in the form (16). For A= 
Ay /r2 we get 
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3. The asymptotic solutions of systems (5) and 
(13). For the case |p| ~ o; > 0, 
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For the case |p| ~ 0) > o, 
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where A’, c’, aj have the same structure as in 
the preceding case, but one must make the substi- 
tutions 


Op >) = 27Fy/B2, a, >a, = 6F,/62—1, 


i 2 
Og > = Fo/Bo, 21> Bo. 
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The statistical theory of Fermi, taking into account the resonance interaction between a 
pion and a nucleon as well as the resonance interaction between two 7 mesons, is used 
to explain the experimental results of the m-p interaction at 1.4 Bev. The results ob- 
tained are compared with the corresponding results of the “isobaric” model of Stern- 


heimer and Lindenbaum.! 


Ar the present time, there is a large amount of 
experimental data on the ma -p interaction in the 
energy range 1.0 to 1.4 Bev.‘ A theoretical in- 
terpretation of this interaction is possible with the 
help of Fermi’s statistical theory, but, as pointed 
out by Sternheimer and Lindenbaum,! the predic- 
tions of Fermi’s original theory deviate consider - 
ably from experiment. These authors therefore 
proposed the “isobaric” model, in which it is as- 
sumed that the a -p interaction takes place via 
an intermediate “isobaric” state. It was shown 
that the results. obtained using this model, within 
the limit of statistical errors, are in accordance 
with the experimental results near 1.0 Bev. 
However, for incident + mesons with energy 
close to 1.4 Bev, there is a noticeable difference 
from experimental results. In the present work, 
we show that the a -p interaction in this domain 
can be interpreted with the help of the statistical 
theory of Fermi, taking into account the resonance 
interaction of m mesons with nucleons and the 
resonance interaction between two m mesons. 
The resonance interaction between particles, 
within the framework of Fermi’s statistical the- 
ory, was considered in accordance with the 
method proposed by Belen’kii.° The resonance 
interaction of mesons with nucleons was taken 
into account using the isobar — “quasi-particle” — 
with effective mass 1.32,* isotopic spin T = Wh 
and intrinsic spin S= ve — which decays into a 
m meson and nucleon.® (In the following, this iso- 
bar is denoted by the symbol N’.) The resonance 
interaction between two m mesons was accounted 
for with the help of a “quasi-particle” with effec- 
tive mass pw = 0.47, isotopic spin T=0 and in- 
trinsic spin S=0, which decays quickly into two 


*We always set h=c=My,,c=1 
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m mesons (this “quasi-particle” is denoted by the 
symbol II and it is called the “II -particle” re 

The statistical weights of the possible types of 
reactions in ma -p collisions at 1.4 Bev was cal- 
culated according to the formula given in Belen’kii 
et al.,® are as follows: (N2 — process taking place 
with the formation of a nucleon and two m mesons; - 
N’1l — process proceeding with the formation of 
an isobar and one a meson, which we can consider - 
to be free and different from the t meson formed 
on the decay of the isobar; NII — process, in which 
a nucleon and a II particle are formed, etc.). 


Nt  N2 N%4 NII N3 N’2 NIU NIT N4 Strange particles 
1h) 137 Sa 7 i) 8 8 2 () 22 


Hence it is seen that the basic processes, de- 
termining the reactions (n+—) and (p-—0O), are 
the two-particle processes NII and N’1l. More- 
over, the kinematic characteristics of each basic 
two-particle process is independent of the matrix 
element Hjf. Therefore, the basic requirement of 
Fermi’s statistical theory (independence of Hj¢) 
is known to be fulfilled for these processes. 

Using the charge distribution in the final state 
of the m -p collision mentioned in reference 7, 
we obtained the distribution of charge of the prod- 
ucts according to the number of prongs: 


two-prong collision 88 (94) 
four-prong collision L2*(6)5 


It agrees, to within the statistical errors, with the 
experimental data (the numbers inside the paren- 
thesis ), obtained by Eisberg et al.* The statistical 
weight of the “strange” particles, although some- 
what less than calculated according to the statis- 
tical theory with only isobars taken into account, 
is overestimated. Apparently, accounting for res- 
onance interactions cannot reduce the statistical 
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weight of “strange” particles down to the experi- 
mental value, making it necessary to introduce 
into the statistical theory supplementary assump- 
tions regarding processes involving “strange” 


particle production (see, for example, reference 8). 


In calculating the momentum distributions it is 
assumed that the isobar and the II particle decay 
isotropically in their rest frames. Then, in the 
decay of the isobar (II particle) the momentum 
spectrum of the meson is given by® 


N (p) dp = pdp/2pexV V p? + we, 
t|Pe—VE.| <p <1|pe+VEcl, 


ee ae VR Eee (peat ey, 

where pg is the meson momentum at the decay 
of the isobar (II particle) at rest; V is the ve- 
locity of the isobar (II particle) in the center-of- 
mass frame of the meson plus nucleon. The mo- 
mentum distributions of the mesons and nucleons 
in the reactions (n+—) and (p-—0O) in the center- 
of-mass system is presented in Figs. 1 and 2. The 
momentum distribution of the nucleon at impinging 
pion energies of 1.4 Bev is well explained by our 
calculations as well as by calculations using the 
“isobaric” model,! while at 1.0 Bev it has in the 
300 —350 Mev domain,? a characteristic maximum 
which cannot be explained by the “isobaric” model, 
see Fig. 1. In our case, there exists a uniquely 
possible process, which can bring out a similar 
maximum, the NII process. However, calcula- 
tions give this maximum shifted by 100 Mev to- 
wards the higher momenta (see Fig. 1). Conse- 
quently, to make the theoretically-obtained maxi- 
mum agree with experiment, it is necessary to 


Number of cases ae 


24 


20 


1 
I 
| 
I 
| 
| 
| 
\ 


06 Bev/c: 


FIG. 1. Momentum distribution of nucleons in the reactions 
(n + —) and (p—0) at 1.0 Bev. The continuous histogram is 
from experiment;? the dotted line represents the calculations of 
the statistical theory, taking resonance interactions into ac- 
count; the continuous curve was calculated using the “isobar” 


model.’ 
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FIG. 2. Momentum distribution of all 7-mesons in the reac- 
tions (n + —) and (p—0) at 1.4 Bev. Continuous histogram — ex- 
periment,” dotted line — calculations using the statistical 
theory, taking resonance interactions into account (isobar and 
resonance 7—7 interaction), dash-dot line —calculated accord- 
ing to the statistical theory, taking only the isobar into ac- 
count.®° The continuous curve — calculated with the “isobaric” 
model,* 


increase the mass of the II particle to 0.69.* It 
is necessary to note here that because of the very 
crude way of determining the momentum of the 
nucleon in the paper of Walker et al.,* the errors 
in the mass of the II particle determined by this 
method, can turn out to be very considerable. 
Therefore, in spite of some quantitative disagree- 
ment, the effect can be considered as indicating 
the existence of resonance 7-7 interaction. 

Figure 2 shows the momentum distribution of 
the ma mesons in the reactions (n+—) and (p—0O), 
in the center of mass system. The theoretical his- 
tograms are normalized to the number observed in 
the experiment. The large experimental error in 
determining the momentum of the m meson does 
not allow a unique comparison; nevertheless the 
character of the experimental results can be ex- 
plained. 

The maximum in the high-momentum domain 
appears to be due to the process N’1, while the 
maximum in the domain of low momenta appears 
to be due to 7 mesons from the decay of the iso- 
bar in this same process. It is natural that the 
patterns observed and calculated on the “isobaric” 
model of Sternheimer and Lindenbaum, which takes 
into account only the process N’1, are similar. 
However, the maximum in the region of high mo- 


*An analogous idea was expressed by Goto.’ 
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menta appears strongly overestimated and does 
not lie within experimental error. 

In conclusion, it should be noted that the statis- 
tical theory, in which only the isobar is accounted 
for, gives a worse pion momentum distribution 
than ours, compared with experiment. Thus, a 
statistical theory that takes into account not only 
the isobar but also the resonance interaction of 
two pions is not contradicted by experimental data 
on the a -p interaction at incident pion energies 
of 1.4 Bev, while the results obtained in this do- 
main using the “isobaric” model begin to disagree 
with experiment. 

The author expresses his sincere thanks to 
Professor Zh. S. Takibaev for his guidance in 
this work. 
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Quadrupole spin-lattice relaxation of nuclear spins in liquid solutions of diamagnetic salts 
is considered theoretically. The calculations are performed under the assumption that 
stable complexes are formed around ions, these complexes consisting of molecules of the 
solvent or of molecules of the solvent and anions (or cations) simultaneously. It is found 
that lattice relaxation of the nuclear spin of the central ion is due to normal vibrations of 
the complex if the addends of the complex are identical particles, and by diffuse rotation 

if the addends are different particles. The calculated magnetic resonance line widths agree 
with the experimental data for aqueous solutions of Al** and Ga?* salts. The resonance 
line widths of weakly hydrated ions (Na*, Br~, I~) are related to the times of stable ex- 


istence of the corresponding complexes. 


1. MECHANISM OF QUADRUPOLE SPIN-LATTICE 
RELAXATION IN DIAMAGNETIC IONIC SOLU- 
TIONS 


ls the nucleus of a diamagnetic atom (or ion) 
possesses an electric quadrupole moment, energy 
is exchanged between the nuclear spin and the lat- 
tice (spin-lattice relaxation) as thermal motion 
causes changes in the quadrupole moment energy. 
Van Kranendonk! has calculated the quadrupole 
relaxation time of nuclear spins in crystals and 
Masuda? has performed a similar calculation for 
molecular liquids. In the present paper the quad- 
rupole relaxation time is calculated for ionic 
liquid solutions of diamagnetic salts. 

In ionic liquid solutions the immediate neighbor - 
hood of a positive (or negative) ion most fre- 
quently consists of six particles surrounding the 
ion in the form of an octahedron; these are mole- 
cules of the solvent or anions (or cations). We 
assume that a stable ionic complex endures 
longer than the spin-lattice relaxation time of 
the ionic nucleus. It is then evident that in study- 
ing the spin-lattice relaxation of the central ion 
we must first consider the thermal motions of 
members of the complex. The thermal motion 
of the complex consists of internal vibrations and 
diffuse rotation, both of which can result in relax- 
ation of the nuclear spin. Diffuse rotation of the 
complex is found to play the principal part in 
quadrupole spin relaxation in mixed complexes 
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consisting of different addends.* On the other 
hand, in complexes consisting of identical addends 
quadrupole relation results from the internal ther- 
mal vibrations of the complex. 

Let us consider an ion located at the center of 
a mixed complex consisting of water molecules and 
anions. The strong inhomogeneous electric field 
at the center of the mixed complex will act on the 
nuclear quadrupole moment to induce quadrupole 
splitting of the ion’s spin levels superposed on the 
Zeeman splitting. The magnitude of the quadru- 
pole splitting depends on the orientation of the 
axes of the complex with respect to the external 
magnetic field; therefore Brownian rotation of the 
complex will change the splitting in a random 
fashion, which results in an energy exchange be- 
tween the spin and thermal motion of the lattice. 

When the addends of the complex are identical 
the electric field at the center of the octahedron 
will possess cubic symmetry and will not induce 
splitting of the nuclear spin levels. Therefore ro- 
tation of a complex with identical addends cannot 
result in spin relaxation. In this case we must 
consider the internal vibrations of the complex, 
as a result of which the symmetry of the electric 
field at the center of the octahedron is disturbed 
in a time-dependent manner. The splitting of the 
spin levels is consequently time-dependent, and 


*An addend is a diamagnetic particle in the first coordina- 
tion sphere of the ion. 
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spin relaxation results. 

In mixed complexes spin relaxation is obvi- 
ously produced by both the rotation and internal 
vibrations of the complex, but we shall see below 
that the vibrations play a subordinate part. 

In real solutions mixed and unmixed complexes 
exist simultaneously. Thus Connick and Poulson? 
have shown that aqueous solutions of NaF and 
Al(NO3)3 contain SPOON identical numbers 
of the complexes Al(H,0)8* ; Al(H,O),F?* and 
Al1(H,O),F3. It is noteworthy, however, that the 
intensity of magnetic resonance absorption in A 
nuclei is proportional to the number of hydrated 
Al(H,0)2* complexes. It is evident that Al?" quad- 
rupole relaxation in mixed complexes is very rapid 
and that absorption by these nuclei is not observed 
because of the extremely large line width. This 
has been confirmed by our calculations for At 
and a number of other ionic nuclei. 
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2. SPIN-LATTICE INTERACTION ENERGY OF 
NUCLEI HAVING AN ELECTRIC QUADRUPOLE 
MOMENT 


The quadrupole part of the energy of any 

charge system (such as an atomic nucleus’) in 
an inhomogeneous electric field induced by exter- 
nal charges is the scalar product of two symmet- 
ric second-order tensors — the tensor of the 
nuclear quadrupole moment, Dj,, and the tensor 
of the electric field gradient at the nucleus, (VE yik 
= 0°9/8xjdxk:4 

He >> =~ Dipd” © | OX:0X,. (1) 

LR 

In the representation in which I? and I are diag- 
onal the five independent components of the nuclear 
quadrupole moment tensor Dj, can be given in 
terms of the nuclear spin projection: 


D.=>E3IZ—I(+1)), Dar =+C UT), 


Dh yy tO) ieee ea bee at aaa Ma ae ae aie 


Cae0y Lh 1), (2) 


where Q is the nuclear quadrupole moment. 

With the coordinate origin at the center of 
mass of the given nucleus, ra (Xa, ya, ZA) 
will denote the radius vector of an outside charge 
ea. The independent components of the tensor 
(VE)ik are then 


(VE) = >) seara” (824 —r%), 
A 


(VE)*! = >)Searaza(xa tiya) 


— 
4 
= 


3 aly. : 9 
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We now denote by Sa (Xa; Ya; ZA) the change 
of distance between the given nucleus and the 
charge ea which results from internal thermal 
vibrations of the complex. s, will obviously ed 
small compared with the equilibrium distance an 
between the nucleus and charge; the tensor com- 
ponents (VE)ik may therefore be expanded in 
powers of the projections of the Sj, and for our 
purposes the linear term is sufficient. The form 
of the expansion is simple when the cubic axes of 
symmetry of the complex are the es ee axes 
x, y, Z; the equilibrium separation ry is then 
represented by 


r°(a, 0, 0), ye (0,a,0), 78(0,0, a), 
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Furthermore, in an unmixed complex all addends 
are identical and possess identical effective charges 
in which case we also have the identities 


(VE). 70 a (VE) ac = (VE aes == (). 


eae, 


It follows easily from the foregoing that 
(VE) = 18Y3(1 + 7) e’a4Qz, 
(VE)*" = 6(1 + y)e’a"4 (Qs +iQ,), 
(VE)** = + (1 + 4) e’a4(— 8Q, + 21Q,). (4) 


Here Qj; are the orthogonal normal vibrational co- 
ordinates of the complex which were first introduced 
by Yost et al: 


Qo = (X1 X4 


Yo+Y;)/2, 


Qs = [4(Xi— Xs Y2—-Y5) 4 (Z—Z,)] /V 3, 


OF (e X54 Yo Yes) sez, 
Qs ii (Z, 5 = X3 aa X¢) poe 
Qs = (Ys Loe: Zy Zs) [ens (5) 


The factor (1+y) in (4) takes antishielding into 
account; the inhomogeneous field of the outer par- 
ticles distorts the electron shell of the central ion, 
creating an additional inhomogeneous field at the 
nucleus which is similar to the field of the outer 
particles. This effect must obviously be taken 
into account in calculating the relaxation time of 
nuclear spins. Antishielding factors y have been 
calculated theoretically for a majority of ions pos- 
sessing a nuclear quadrupole moment.® 

The part of the energy of the quadrupole mo- 
ment which is dependent on the lattice coordinates 


and on time may therefore be represented by the 
2 
sum 3’ = D) 3}, where 
i=-2 
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He AATel (+ 10,), 
eile = =AP. eS 3Q, si 21Q)), 


A ssiee"(1 4%) Qa-*/ 1 (27 = 1). (6) 


In liquids only nuclear magnetic resonance can 
be observed since the quadrupole interaction of the 
nucleus varies randomly because of thermal mo- 
tion and cannot induce constant splitting of the nu- 
clear spin levels. The integrals of motion of a 
spin in a strong magnetic field are the values of 
I? and of the projection Iz in the external field 
direction. Therefore.the spin variables in the 
right member of (6) must be transformed to the 
laboratory coordinate system x’y’z’ with z’ in 
the external magnetic field direction. If @ and 
gy are the polar angles of the z’ laboratory axis 
in the xyz coordinate system of the ionic complex, 
after a simple transformation of the components of 
I we obtain 


Pee 7 UT cos? 02212, fi oly) sin 8 cos OFi {LL y} cos 9 


Fi Uyly}sin 9 + 12 sin?0], 
{Iof.} =e" (12 — 22) sin 20 F i {Tey} sin 8 
+ {IyI~} cos 26 Fi (121 y} cos 9], 
13 = 1} sin? 9 + J3. cos? — (Ivly} sin § cos 9. (7) 


The primes in (7) will hereinafter be omitted 


3. RELAXATION TRANSITION PROBABILITIES 


The perturbation (6) contains both spin vari- 
ables and lattice variables of the system; the latter 
are the normal internal vibrational coordinates Qj 
of the complex. The remaining lattice coordinates, 
which do not interact directly with the spin vari- 
ables, interact with the Qj; coordinates and ulti- 
mately determine the character of their time de- 
pendence. Thus in liquids the Qj; interact with the 
random Brownian motion of particles surrounding 
the complex; this determines the random, fluctu- 
ating temporal variation of Qi! 

The probability that the perturbation ’(t) in- 
duces a transition of the system from the state / 
to the state k in one second will be calculated by 
means of the familiar perturbation formula 
t 
\ Hin (t’) exp (— tort’) dt’ ie (8) 


y 


? 1 
Wik = the 


where Wj, = (Ey-E,)/fi. When, as occurs in our 
problem, the matrix element 57. (t) is a random 
function of time, (8) can be transformed by intro- 


ducing the correlation function® 


G() = Ht) Hunt —2. 
Then 
+00 
Wik =h* \ G (t) exp (— i@ 4) dz. (9) 


Denoting the characteristic correlation time by Te 
as usual, we represent the correlation function as 
decreasing exponentially: 

G (z=) = G (0) exp (—|t]/*). (10) 


The transition probability is then given by 


Wie = ho? | Hie QMee/(1 + 242). (11) 


The bar denotes averaging over all possible values 
of the coordinates Qj, 9, and y. The time Te 
in (10) and (11) characterizes the damping of vibra- 
tions of Q;. Al’tshuler and the present author’ have 
shown that Te ~ 1/y, where y is the vibrational 
line width in the optical spectra of liquid ions; Te 
is of the order 10°" sec. The temperature varia- 
tion of Te obeys a T7/2 law approximately; this 
reflects an increase in oscillator damping result- 
ing from a temperature-associated increase in the 
number of collisions between the complex and 
neighboring Brownian particles. 

We shall now calculate the coefficients in (11). 
The matrix element Creme corresponding to 
the relaxation transition m—m-1 is 


Domine AA Ll) ipl OM OV 8 si coe) 
- = (Qs + iQ,)e** (cos 20 — cos 8) 
+ = (Qs — iQ,) e’? (cos 20 +- cos 6) 
-- 2 (— 3Q, — 21Q,) e ** sin 6 (cos 8 — L) 
+ = (— 3Q; + 21Q,) e** sin 9 (1 + cos 9)]. (12) 


In averaging the square of this quantity the orthog- 
onality of the Q; coordinates must be taken into 
account. It is not actually possible to establish 
the differences between the normal frequencies 

W yj and masses mj of individual Qj; oscillators; 
we therefore assume the following identical statis - 
tical mean square amplitude for all Qj; oscilla- 
tors:? 


we on =(h, 21109) coth (hwy 2kT), (13) 


where m and wy, are mean values, with m close 
to the mass of the entire complex. The normal vi- 
brational frequencies wy, of octahedral complexes 
of transition group ions in liquids lie in the range!” 
(4-16) <10° sect. 

The result obtained by averaging is 
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ante ahha ONE CAO e sn IOi! aa, Soe 
Ein. m—1 ec (103 / 2) | {I xl2}m,m—1 ie MOQ*, (14) My = vl 5 (2/ —1) a ee ay 
ae ‘ a4 15336 fee (Lb OO? mare 
We obtain similarly: ToS - F aT ae | QPh 22. (21) 


Hm, m—» = A (12), m—21Qa°9 V 3 sin? 9 
—3(Q; + iQ,) e—* sin 9 (1 + cos 9) 
+ 3(Q; — iQg) ef? sin 8 (1 — cos 9) 
- 8/4 (—3Qz + 21Q,) e-* (1 — 0s 6)? 


We now proceed to evaluate the parameters in 
(20) and (21). These formulas were derived on the 
basis of a model in which the water molecule was 
regarded as a point charge; e’ and a are the ef- 
fective charge of a dipolar water molecule and the 
effective distance between e’ and the nucleus of 


—*/4(3Qz + 21Q4) e%* (1 + cos 9)"]. (15) the central ion. The effective negative charge of 
0 Saar , eo. the oxygen atom by which a water molecule is 
| 7m, mal? = (1023 15)! (Lz)m,m—a[? APQ?. cE joined to the positive ion at the center of the com- 


plex is 0.66e, judging from the dipole moment of 
water. The influence of the positive charges borne 
by the two hydrogen atoms may be neglected be- 
cause the relaxation time is very strongly depend- 


Nonvanishing transition probabilities subject to the 
condition wy Te, <ul, are 


Spee w(*),,1/,)— w(— 14, —*/,) = 3090, ; 
oe w - ane = ee a Be ie /10)U. (17) ent on distance: T; ~ a®. It is clear from this re- 
eae oe j lation that relaxation depends principally on the 
[= %/3: W (°/o, 2/2) = w(—*/2, —*/2) = 2060U, 


ye reg paar ELS, in the part of the oxygen atom cee lee 

W (/y, 1/.) = w(—1/», —5/2) = 1023U, which is closest to ene SCH ion. The effective 

s, Fe mA charge of the oxygen ion is displaced to the part 
ear ae Glas alee a OE of the electron shell closest to the central ion be- 
cause of electric polarization induced by this posi- 
tively charged central ion. Such polarization is of 
considerable magnitude because oxygen ions are 
highly polarizable (a = 3.88 x 10724 cm?).!3 We 
therefore assume that the effective charge of the 
oxygen ion is not located on the oxygen nucleus but 
at a point where the field gradient falls off doubly 
compared with the gradient of the charges in the 
immediate vicinity of the central ion. Under this 
condition the distance a becomes 2'/3 ry = 1.26ry 
where r, is the crystalline radius of the central 
ion. 

The correlation time Tg is taken to be 10? 

sec; T= 300°K. The values of I and Q given 
below were taken from reference 14, those of y 


(18) 


mwnere Uh A? O47. 


4, CALCULATION OF THE TIME T, AND OF 
THE LINE WIDTH 


The table contains experimental data on relaxa- 
tion times or magnetic resonance line widths for 
nuclei with quadrupole moments in aqueous ionic 
solutions. A resonance line whose width is deter- 
mined by the spin-lattice interaction possesses 
Lorentz shape and width Av = 1/zT,."! In order 
to estimate the line width we calculate the time 
T,, using the transition probabilities (17) and (18). 

The spin-lattice relaxation time T, is obtained 
from the relation Tj! =a/C, where a is the co- 
efficient of thermal conductivity between the spin- f f 
system and the lattice, and C is the specific heat Tomiretenence braid SCO ome 


of the spin-system. Substituting the known formu- Shane ee Teenie We 
las for a and C, we obtain'? ‘T= "A @= 0.156 barn, 14 y= 3-597 Ty 


0.5A. The complex Al (HO): = because of the 
ie) 212 |,) st Wp (E, — Ex)? / » (E,— E;)?. (19) large charge of its central ion, is highly stable 
ioe a : with a high natural frequency. Assuming wy = 
8 x 10'3 sec™!, we have TpShe225<10ntsec 
Av = 2.6 kes. 
Ga? 123%, @ ='0.2318 barn, ry = 062A, 
1+ y=9.75. Assuming wy = 8 x 10% sec!, we 


This equation is valid when EJ-E, «kT, which 
is always fulfilled in our problem. By means of 
(17), (18), and (19) we obtain for spins Me and 1s 
respectively: 


’ 


Se ir a a he a Se | SS eee 
Salts in Experimen- || Salts in Experimen- 
aqueous so- Ions tal line aqueous so- Ions tal line 
lution width, kes lution width, kes 
AlCls i eatst 2G NaCl Na?8)+ <1 [38 
Als(SO4)s f (Al?) [4] LiBr } ( a ae ve 
Gail. (Gas?) 3+ 7 [27] NaBr | ei, eS 
GaCls (Ga71)3+ Seal Nal (Uee))\= 14 [27] 
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have T, = 1074 S60, AW = 3) kos. 

Ga": 1=*4, Q=0.1461 barn, T, = 2.6 x 1074 
sec, Av =1.2 kes. 

Na*: 1=%4, Q=0.1lbarn, ry=0.95A, 1+ y 
= 5.1. The ion Na* is known to form a very weak 
solvate. The stability of a solvate complex deter- 
mines its bond energies and its normal vibrational 
frequency. Assuming wy) = 4 x 10!3 sec-!, we have 
Ty = 0.01'sec, Av = 30 kes: 

Spin relaxation of negative ions will now be cal- 
culated using the same model that gave i tor 
positive ions. The following results are obtained 
tor Ty and=Br : 

Peel) nO 1047 barneory=2.16A, toa 
179.75. Assuming wy = 4 x 10! sec7!, we have 
i= 2:6 x10" secs!, Av = 1 kes. 

Bron d= ,,) Q:=10.38>'barn, ry='1.95 A, 
1+ y=100.0. Assuming w, = 4 x 10!3 sec7!, we 
have T;!=1300 sec"!, Av ~ 400 eps. 


5. QUADRUPOLE RELAXATION OF NUCLEAR 
SPIN INDUCED BY DIFFUSE ROTATION OF 
A MIXED COMPLEX 


We shall limit our consideration to a mixed 
complex of the form M(H,O);Y, where M is the 
central ion and Y is an ion that replaces one of 
the water molecules in the octahedron. With the 
z axis in the M-Y direction, Eq. (3) gives 


(VE)*! = (VE)*2=0 and 
(VE)° = 6 (e, /6°—-e,/ a), (22) 


where ea and ep are the effective charges of a 
water molecule and of the ion Y respectively. If 


Y is a singly charged ion, ep =e and ea =0.66e. 


In our model the separations a and b are both 
equal to 1.26ry. Taking the antishielding effect 
into account, we therefore obtain 


(VE)? = 1.02(1 + y)erz”. (23) 


The nonvanishing matrix elements are easily calcu- 


lated: 
Be wn, Pe OVE) (ly) eO 1} nm, m1 Sin? 9(2), 


Hm, m—2 

(VE) (0 ecO Usa, easine(e)cosi(t). (24) 
Transition probabilities are calculated by means 
of (11); for spin dp we obtain 
a3) Og 2/2) 

= (144 /5)|eQ (1 + 1) (VE) 
fe, =a) Clan" a) 


= (1/5)|eQ (1 + 4) (VE) P 4? x. 


23-2 
Sie Cry 


(25) 


Here ty is the correlation time of diffuse rotation 
of the complex. From the theory of Brownian mo- 
tion we know that 


fi = Any? (oe, (26) 
where 7 is the viscosity of the liquid and J is 
the radius of the complex. By means of (19) and 
(25) we calculate the relaxation time: 

(Ti); = (08/5) 2°Q*a * (ey) VEE am) 
The radius of the complex Al(H,O);Y** is taken to 
be 2.85 A; then Tp = 2.310 !! sec. With the 
above-mentioned values of the other parameters 
we obtain (Tj!); = 7.7 x 108 sec-!. A similar cal- 
culation for the ion Na* in the complex Na(H,O)sY 
gives (TA) = 7.8 x 10°. Secu. 

The spin relaxation time of the central ion will 
be even shorter if the complex contains two or 
more anions (located nonsymmetrically in the 
complex) because all components of the gradient 
tensor (VE yik are then nonvanishing and of 
greater magnitude. 


6. CONCLUSION 


1. The spin-lattice relaxation time of nuclei 
with a large electric quadrupole moment is of the 
order 10~®—107' sec in mixed complexes, corre- 
sponding to ~ 10° ke for the line width. Lines 
with this width can obviously not be observed ex- 
perimentally. It follows that the observed mag- 
netic resonance line intensity for a nucleus with 
large quadrupole moment is proportional to the 
number of purely aqueous complexes. This sug- 
gests that measurements of magnetic resonance 
intensities provide a convenient method for inves- 
tigating complexing in liquid solutions of diamag- 
netic salts. 

2. For aqueous complexes of the ions Al?* and 
Ga®* good agreement is obtained between the cal- 
culated and measured resonance line widths. It is 
known from chemical investigations that hydrated 
complexes of Al**+ and Ga** are very stable. This 
confirms the correctness of our model if the life- 
time of the complexes exceeds the spin-lattice re- 
laxation time. 

3. For the ions Na*, Br’, and I the caleu- 
lated and observed resonance line widths do not 
agree. This evidently results from the weak 
stability of the complexes that these ions form 
with water. The experimentally observed line 
widths for the nuclei Na”, Br”, Br®!, and r!27 
are related to the lifetime of the complex rather 
than to the spin-lattice relaxation time. 
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The electromagnetic interaction of electrons in a thin relativistic bunch in coherent radia- 
tion in a synchrotron is considered. The tangential forces exerted on an individual electron 
by the bunch are considered for different particle phase distributions. 


Fiaruer! we have considered the coherent ra- 
diation spectrum of an electron bunch in a syn- 
chrotron. By summing the intensities of the in- 
dividual harmonics for the entire spectrum it is 
possible to compute the total power associated 
with the coherent radiation for a given electron 
distribution in the bunch. This calculation has 
been carried out by Schiff for the case of a Gauss- 
ian distribution.” Schwinger has carried out this 
calculation for the case of a rectangular distribu- 
tion and the results are given in reference 3. It 
is also of interest to compute the effect of the co- 
herent radiation on the bunch. It is clear that 
when the coherent radiation becomes sizeable it 
must have an effect on the motion of the particles 
in the bunch. Coherent radiation arises as a re- 
sult of the electromagnetic interaction of electrons 
within a bunch; hence the problem of determining 
the effect of coherent radiation on a bunch means 
essentially determining the tangential component 
of the electromagnetic forces exerted by the bunch 
on an individual electron. An accurate calculation 
of these forces for a bunch with an arbitrary dis- 
tribution of particles, in which the phase and beta- 
tron oscillations are taken into account, is not 
feasible. However, two particular cases have 
been solved by Tamm* and Rytov.° These are for 
bunches which are segments of toroids or ellip- 
_soids which move as a rigid body (common angu- 
lar velocity) and which have a uniform electron 
density. 

In the present paper it is assumed that all the 
particles in a bunch move in coaxial circles with 
a uniform linear velocity, v ~ c. This means that 
we can neglect betatron oscillations and the instan- 
taneous spread in particle energy. This approach 
is justified because in practice the thickness of a 
bunch in a synchrotron is much smaller than its 
length. Hence, in the first approximation, the 


transverse dimensions do not appear in the ex- 
pressions for the tangential forces. 

We neglect the interaction of the bunch with the 
chamber walls, the pole pieces of the magnet, and 
the other constructional elements, assuming that 
the electrons move in an infinite free space. As 
long as the longitudinal dimensions of the bunch 
are small compared with the transverse dimen- 
sions of the chamber it is valid to neglect the 
effect of the wall on the inter-electron interaction. 
In cases in which the bunches are large compared 
with the cross section of the chamber the interac- 
tion with remote electrons is affected by the shield- 
ing of the walls and the present results cannot be 
applied directly. 

The calculation of the tangential forces in co- 
herent radiation has acquired new interest in con- 
nection with the experimental work being carried 
on in many laboratories on the formation and main- 
tenance of electron bunches.°® 


1. INTERACTION BETWEEN TWO CHARGES IN 
A BUNCH 


First we determine the interaction between two 
charges. We use the coordinate system used in 
reference 1. Call A the point of observation; at 
a given time ta, this is the location of the charge 
which experiences the interaction with a second 
charge (radiating charge) located at point P. 

The effective source point of the field of the second 
charge, corresponding to the interaction at point A 
at time ta, is designated Q; the corresponding 
time, which precedes ta, wecall tg. We usea 
four-dimensional notation and denote the corre- 
sponding world points by xaj; xpi; xQi (i= 1, 2, 
3, 4). We introduce the 4-vector Rj = XAi —XQi- 
Since xaj and xqQj He on one light cone, Ri =0. 
Using the 4-dimensional Liénard-Wiechart poten- 


84 Lie Ne 


tials Aj = —euj/R,u,g, where uj = dxQj/dse@ is 
the 4-velocity of the charge Q, it is easy to ob- 
tain an expression for the Lorentz 4-force acting 
on the charge A: 


eo 7 Wy 1+ RpWp) (Up Vp) 
ee fF kYR (1+ Ree : MU ey 
¢ \L(R, u,)? (R pty) I 
(1 + RyWg)( Rep) Rep \ 
Wp. it 
(Ryttp)® os (Rpt, ») 


Here wj = duj/dsQ, while 1; is the 4-velocity of 
charge A. We assume further that charges A and 
Q@ have the same velocity v and move in coaxial 
circles characterized by radii ra and rq. In the 
case in which ra = raQ, i.e., when the orbits of 
the electrons lie on the common cylindrical sur- 


face, fj = —06/0xaj;, where the convection scalar 
potential 
e 1+ RpW, + 9 1 — 87 (r4/ re) cos 
ae ie ae meee eat abs ; (2) 
B == O/C; c= aod ya Q? 


— py; 
—r g) te by ro sin? (& oe (3) 


and R is the distance between points A and Q. 
Equation (2) is similar to the potential derived by 
Tamm for motion with a common angular velocity.‘ 

When ra #rq the force given by Eq. (1) is 
not deriveable from a potential. However one is 
easily convinced that the projection of (1) on the 
tangent to the orbit at A coincides in direction 
with the derivative of (2). The usual Lorentz 
force is given by f= (c/y)fq (q@=1, 2,38). It 
follows from the above that the tangential compo- 
nent of this force is 


@ @ 1—(B'r,4/1r9) cosé 
r,0¥, R—Br,sing 


i= (4) 
Hence, although the force given in (1) cannot be de- 
rived from a potential the expression in Eq. (2) 
may be taken as a “potential for the tangential 
forces.” One is easily convinced that the expres- 
sion (e?/c) u,v; /Ryu_K is the “potential for the 
axial forces” for (1) in the same sense as (2). The 
phases at points A, P, and Q are related by the 
retardation condition 


bp—$, +& =BR/Tro. (5) 


Taking account of Eqs. (3) and (5) and the fact that 
rg =rp and ZQ = zp, the force given by (4) may 
be considered a function of the coordinates of points 
A and P. 

We derive an explicit expression for the force 
(4) for the simple relativistic case in which both 
electrons lie on one circle, i.e., ra =rp =a; 


ZA =Zp=0 (the case considered by Tamm). Let 
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JAP = YA —-¥YP > 0, i.e., the charge A, on which | 
the force is exerted, lies in front of the radiating 


charge P. If %yvap <ctats 
2 4 @& ee en 
h~Tag ae rar 1 bap: (6) 
If *Zy~ap > 1, but ap <1, - 
f 2-3 -he? /ap'h,. (7) 


As is well known, *47%c/a = Wmax is the frequency 
at which the maximum radiation energy of a single 
electron is radiated. Hence the condition Uy VvAP 
> 1 is satisfied if points A and P are separated 
by a distance large compared with max = C/Wmax; 
in this case the coherent force (7) is greater than 
the Coulomb force e?/ya*th p. When Yap < 0, 


e e 
ao 1,2 
Is . abi p 1 8a? | 23a2 Tap (8) 


2. ACTION OF THE BUNCH UPON AN INDIVIDUAL 
ELECTRON 


In order to obtain the total tangential force f, 
exerted on charge A by the entire bunch, it is 
necessary to sum (4) over all electrons in the 
bunch. At distances much larger than the mean 
distance between the charges near point A the 
summation may be replaced by integration over 
the coordinates of point P. 

Let the particle distribution in the bunch be 
given by the function F(%, r,z). For the time 
being we neglect the region in the immediate prox- 
imity of A; thus 

[ee) -- oo 
F(a Car Za) = Cae \ dz, 
0 


—co 
47 
a 


—T 


rp | ti, — B* cose 


reise pr 2p) Up. (9) 
In Eq. (9), carrying out the integration over é in 
place of ~p, using Eq. (5) we have 


rp / 4 — B2 cose " R 
x | 2 AF lest + tA] re zh ae, (10) 
where R is given by Eq. (3). 

We must now make certain assumptions as to 
the bunch. We assume that F (W222) 
=N@(¥)U(p,z), where p=r-a (a is the radius 
of the stable orbit). We assume that U (poz yrs 
an even function of p and z. Then the normaliza- 
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tion condition is 


co 08 


a \ \ U(p,2)dedz =). 


—co —0o 


We assume that the mean radius for the cross sec- 
tion of the bunch is 


foo} 


s, =a \ i" Vere 


9) e-9) 


-27U (0, z) do dz <a. 


The effective angular dimensions of the bunch are 
T 


characterized by the quantity ) = 2 + vp (v) dw. 


From reference 1 it follows that in ae case of 
small oscillations 3) =2%)/1, where 4, is the 
mean amplitude of the phase oscillations. 

We consider an extended bunch, i.e., the case in 
which av) > 09; we will be interested in points A 
close to the stable orbit, where pa ~ ZA < 0). We 
assume that p(w) is a smooth function so that 
it does not vary significantly at distances aAw 
Then, in Eq. (10) we change the argument: 


vase at PRY t > 10,— — = 28| sin (€/2)|J. 


We now expand (10) in a series in powers of pa/a 
~Za/a So)/a K1. We limit our consideration to 
the first and linear terms in the expansion. Because 
U(p, z) is even, (10) is an even function of za. 
Hence in the expansion we eliminate the term which 
is linear in za. The linear term in pa remains. 
First we consider the first term of the expansion 


i 09. 


+00 -++0o 


F.@,)=—Ne a ( \ do dzU (0, 2) 
( (eat eos o[e— : + 2)sin & |] 


i V + 22 + 4a? sin? (& / 2) 
(11) 

For simplicity we assume that the bunch is circu- 
lar in cross section with a radius o andhasa 
density which is constant over the cross section. 
Then we can carry out the integration over o and 
z in Eq. (11). For values of %) which are not too 
large, we replace the trigonometric functions in the 
first term by their series expansions. We have 


pa—Meo(eyag Ve tre) (Ver) — ih 


es a 
sr | dé. (12) 


BPs) 


< o[d,—E+ 8[E— 


The term with y~? gives the Coulomb force; the 
term with B£7/2 gives the coherent force. First 
we consider the latter: the quantity in the curly 
brackets in Eq. (12) can be replaced by its limiting 
value for o— 0: £(¢/a)*|é|7!. In the ultrarela- 
tivistic case y> 1, the argument ¢ (y) in (12) 


(with € > 0) assumes the form 
b,—£/ 27 — 8/24 =o, —#/ 24, 


if & > 1/y and, if <0 it assumes the form 
Wa —2€. Hence, for bunches characterized by 
y? « J) <1 the coherent force is 


= Ze? wa r dé 
ieemrcris vein, 
0 
ime C 
8 @ aay 20a + Oe (13) 


The first term in Eq. (13) gives the contribution 
due to the interaction of charges lying behind charge 
A while the second term gives the contribution from 
charges lying in front of it. Since gy (~) ~ 1/%, 
in Eq. (13) the first term is of order Ne*/a*si/4 
while the second term is approximately Ne?/a?, 
Consequently, when w%) «K 1 the second term can 
be neglected. Strictly speaking, directly at the 
end and behind of the bunch this procedure is not 
justified; however, for the main part of the bunch 
and the space in front of it, when y ?«K 3) K 1 
we may assume 

«aa a) a ee (14) 

0 

For wa > ¥%, i.e., far in front of the bunch, from 
Eq. (14) we obtain the asymptotic expression for 
fn, which coincides with (7); behind the bunch we 
have f-; ~ 0. The Coulomb term in Eq. (12) is of 
order (Ne?/y7a292 ) In (avy /o). Since the loga- 
rithm is always relatively small, the smallness 
of the Coulomb forces as compared with (14) gives 
the condition (Jy*)/3 > 1. This is almost the 
same as the condition J) > y° 

Calculation of the term which is linear in pa 
in the expansion in (10) shows that it makes a con- 
tribution of order (pa /a) Ne*/a?3?. As long as 
pA K av) this term can be neglected in compari- 
son with (14). Consequently, (14) is the main com- 
ponent of the force being sought. 

Summing the tangential forces which act on the 
individual electrons for the entire bunch we obtain 
the total reaction force on the bunch for the coher- 
ent radiation. Multiplying this force by the velocity 
of the bunch we find the total power of the coherent 
radiation. In particular, in the case yi dy K 1, 
using Eq. (14) we have 


(15) 


Weoher a 


90 
2 a | 


dé d ¢ ! 
3i/s aq? : re \ i (4) 9 (P4 pa) 3) AY 4. 


Ts dé 
ee 


It is easier to compute the total power of the coher- 
ent radiation from Eq. (15) than by summing the in- 
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tensities of the spectral harmonics. Furthermore, 
making the calculation by means of Eq. (15) serves 
as a good check on the validity of the expression 
for the tangential forces. For example, for a 
Gaussian distribution 


we have 


2°5T (8/6) Nezc 


3° Vat (2Vx %)"” 


Weoher = 


which coincides with the result obtained by Shiff.” 
For a rectangular distribution we also get exact 
agreement with the results obtained by Tamm‘ 
and Schwinger (cf. reference 3). 


3. CALCULATION OF THE FORCES FOR CER- 
TAIN MODELS 


We now use Eq. (14) with various phase distri- 
butions, assuming that y3 Kd <1. 
For a rectangular distribution 


P(P) =*7/a%, 1P1<2%; 9(P)=0, 1] > 2, 


and, using the notation ~a /2%) =p,, we find 


7a Ne2 - 
be 3% a 0) % (Px); 
(0; Pj<—l 
/APi) = (Pit 1); Se Dit Lt 
ve (er Nea Ga Wok prea (16) 


The discontinuities at the points ~~a =+2¥) are 
due to the fact that the assumption concerning the 
slow variation of the bunch are not satisfied at 
these points and Eq. (14) cannot be used. It is 
this distribution which was considered by Tamm 
and Rytov and they have shown that the region 
close to the ends of the bunch does not make an 
important change in the basic expression for the 
forces (16); at the discontinuities there are sharp 
maxima. 

We consider a triangular bunch: 


Using the notation py» = da /33), we have 


= 37/5 Ne , 
fe =~ Fa ayy (Pah 
0 pes] 
tee Conk gees 
or [ls + D*— 2088 0<p<! 


(Pa + 1) — 2p + (p2—1)"] pp > 07) 


For a Gaussian distribution 


i. z We , Pas YA 
ie —~ oa 3'/s Vana (Vx 9%)” Me (Ps), P3 y ae “ 
d ' cagorysOia 
¥ (P3) = am \ exp {— (pa— 8") = 
0 fe: 
Yrenes si T (n/2—1/6) (2p,)" in 
7 nl aN P3)°- 


6 

n=0 

The results obtained in (16) — (18) are shown in 
the three graphs. In each of these the dashed 
curves represent the distribution over phase for 
the particles in the bunch and #) is identical in 
all cases. The force scale is the same throughout. 
The arrow indicates the direction of motion (to 
the right). It is apparent from these curves that 
the main losses in coherent radiation occur at the 
rear of the bunch. On the other hand, the electrons 
in the front part of the bunch may obtain additional 
energy by virtue of the interaction. 


4, INTERACTION AT CLOSE DISTANCES 


In conclusion we shall concern ourselves with 
calculating the interaction at close distances. 
Strictly speaking we can obtain the total force 
acting on the charge A if, in Eq. (9), we exclude 
from the region of integration a sphere with center 
at A and radius much larger than the mean dis- 
tance between electrons 6 and add the force due 
to the interaction of A with the remaining charges 
within the sphere. The latter force can be com- 
puted by means of Eq. (4). Carrying out this op- 
eration we find that in addition to the force indi- 
cated by (9) the electron at A experiences a force 
f57, directed along its line of motion. With 6 > 
a/y*: fgets (e2/a?)(a/5)¥3 and when 6 < a/y, 

y >> 1 this force approaches the value (2e7/3a?)y4, 
i.e., it compensates for the dissipation force due to 
radiation. 
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For a bunch characterized by %) «1 the force The authors are indebted to Academician I. E. 
{67 can be neglected compared with that given in Tamm for making us acquainted with the results 
(14) if NY? >> (avy /o9 Wan On the other hand, for of his unpublished work.' 

a circular current uniformly filling the entire 
circle, (9) vanishes and fs, determines the total 


force exerted on the electron at A by the bunch. uh era ee Iogansen and M. S. Rabinovich, J. Exptl. 


Since there is no coherent radiation in this case, Theoret. Phys. (U.S.S.R.) 35, 1013 (1958), Soviet 
with 6< a/y the radiation will be determined Phys. JETP 8, 708 (1959). 

completely by the fluctuations in the density of 21. Schiff, Rev. Sci. Instr. 17, 6 (1946). 
electrons in the bunch. For present-day electron 3 J. S. Nodvick and D. S. Saxon, Phys. Rev., 96, 
synchrotrons, in which y ~ 10° and a~ 1 m, the 180 (1954). 

case 6 <a/+ corresponds to a particle density 41. E. Tamm, Orger ®MAH (Report of the Insti- 
of approximately 107! cm”; this is far beyond tute of Physics, Acad. of Sciences, U.S.S.R. ),1948. 
what can be achieved. However, at smaller ener- 5S M. Rytov, Oruer ®MAH ( Report of the Insti- 
gies (y ~ 10) and very small cross sections it is tute of Physics, Acad. Sci., U.S.S.R.), 1949. 
possible that 6 « a/y*. In this case (very small 6 T. Ohkawa, Rev. Sci. Instr. 29, 108 (1958). 


electron densities ) there should be correlation in 

the distribution of the particles in the bunch and 

the fluctuation in the density should be smaller 

than for non-interacting particles. Hence the 

average losses due to radiation for one electron 

should be smaller than (2e%c/3a”)y*. However Translated by H. Lashinsky 
this problem requires further analysis. 18 
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The boundary conditions have been found for hydrodynamic equations in the presence of 
evaporation and condensation. For small evaporation rates the temperature jump and the 
deviation of the vapor pressure from the equilibrium value are shown to be of the order of 
the ratio between the speed of the vapor flow v and the mean speed of heat transfer c. It 
is shown that the expressions commonly used in the literature for the flow of materials 
and heat in the presence of evaporation and condensation contain an error. 


In the solution of hydrodynamic problems involv- 
ing evaporation and condensation, the temperature 
T(0) and pressure p(0) of the vapor above the 
liquid (or solid) phase must be given as boundary 
conditions. Generally speaking, the vapor tem- 
perature is not the same as the temperature of 

the liquid surface, Ty, nor is its pressure equal 
to the saturated vapor pressure py at the temper- 
ature Ty. This effect is analogous to the tempera- 
ture jump at the boundary between a gas and a solid 
wall in the presence of heat flow.! 

In the present work, the value of T(0) and 
p (0) are found on the basis of kinetic theory. For 
this purpose it is assumed that the vapor is an 
ideal gas, that the vapor molecules striking the 
liquid surface are completely captured, and that 
the molecules emitted from the liquid have the 
Maxwellian distribution corresponding to the tem- 
perature Ty) and the pressure py. The latter as- 
sumption is satisfactorily fulfilled in the case of 
monatomic gases,” which are the only ones we 
shall consider. 

To simplify the calculations we limit ourselves 
to the case in which v/c « 1, and shall consider 
a one-dimensional flow of vapor at the plane liquid 
surface x=9. (The x axis is directed out of the 
liquid into the vapor). To describe the state of 
the vapor we shall introduce the distribution func- 
tion f£{(x, €), where € is the velocity of the mole- 
cules in the laboratory coordinate system. 

Denoting the current density of the vapor mole- 
cules and the energy flux density by +(x) and 
Q(x) respectively, we have, immediately outside 
the liquid surface x=0, 


= (0) 


Q (0) \ | dz.dé, (1) 


\ £2 F (0, 8) dex, 
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where T) and Q) are the molecular current den- 
sity and the energy flux density for the vapor mole- 
cules emitted from the liquid. 

Making the assumptions given above, 


To = Po 1 V 2nmkTo, (2) 


To calculate 7(0) and Q(0) we use the dis- 
tribution function in a “13 moment” approximation: 


SV Pi; 1 Su; Nal 
dR ~ (1- SRT) 


pee. 2pRT 
(3) 


Qo = 2RT oz: 


3 


f(x, 8) = fol 1+ 


Uj; 


Die eee. 


where 
fo = 2 (m / 2xkT)* exp (— mu? | 2kT), 


(4) 


n is the density of molecules, Pij is the viscous 
stress tensor, v is the velocity of the local center 
of inertia, and S =m [uu’fdu is twice the heat 
flow, related to the total energy flow by the for- 
mula 


u=E—v, 


[Rey ii 


where Cp is the heat capacity at constant pressure, 
equal to ye ke 

Substituting (2) and (3) into (1) and carrying out 
the integration to the accuracy of the terms linear 
in v/c, we obtain 


+ (0) = 2 {p> / V 2xmkT)— p(0)/V 2nmkT(0)}, 6) 
Q (0) = 2 {po V 2kTy / xm — p (0) V 2kT (0) / rm}. (6) 


From this it can be seen that the flux of particles 
and energy, when v/c «1, is equal to twice the 
difference between the corresponding Maxwellian 
currents directed out of and into the surface, and 
not to this difference itself, as it is usually taken 
to be (cf, for instance, references 2 and 4). 

The appearance of the factor 2 is related to the 
fact that in determining the flux falling on the sur- 


¢ 


face, the Maxwellian distribution function for a gas 
at rest has always been used as the zeroth-order 
approximation, whereas the proper form appears 
to be the Maxwellian distribution for a moving gas 
[Eq. (4)]. 

Solving Eqs. (5) and (6) for p(0) and T(0), 
we find the following expressions for the temper- 
ature and pressure of the vapor at the surface: 


T (0)/T> = 1 — Q (0) /2Q5 +2 (0) / 2t0, (7) 
P(9)/ Po = 1 —Q(0)/4Q.— = (0) / 4t0. (8) 


When S/pt > 1, (7) reduces to the well-known 
formula for the temperature jump at a non-absorb- 
ent surface.® In this case, it is known that the tem- 
perature jump is of the order of A/a, the ratio be- 
tween the free path and a characteristic dimension 
for the problem. 

In the other limiting case, S/pt K 1, where 
convective heat transfer is much larger than mo- 
lecular transfer, we have 


T (0)/Ty = 1-2 (0) / 8, 
p (0) / Po = 1 —9e (0) / 160, (9) 
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i.e., the temperature jump and the deviation of the 
vapor pressure from its equilibrium value are of 
order v/c. 

Equations (5) and (6), or (7) and (8), can serve 
as boundary conditions for hydrodynamic equations 
involving evaporation and condensation. 

The authors express their gratitude to M. I. 
Kaganov for profitable discussions, and to Yu. A. 
Shuander for his interest in the work. 


11, D. Landau and E. M. Lifshitz, Méxanuxa 
ciaom“bix cpea (Mechanics of Continuous Media), 
M. 1944. 


2G. Wyllie, Proc. Roy. Soc. (London) A197, 383 
(1949). 

3]. Grad, Coll. Mexannka (Mechanics) 4, IIL, 
M. 1952, p.71. 

4M. S. Plesset, J. Chem. Phys. 20, 790 (1952). 


Translated by D. C. West 
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From an analysis of the experimental and theoretical data on the stopping of charged particles 
in matter it is concluded that the specific loss and the range depend only on the ratio of Eg/a, 
the incident-particle energy per nucleon, to the mean excitation potential of atoms of the 
medium. Proceeding upon this assumption, a universal experimental curve is plotted from the 
experimental data, which yields the range for energies in the interval 0.5 <Eg/a < 200 Mev for 
any substance whose excitation potential is known. 


bee energy loss of a nonrelativistic particle with 
charge Z, and mass number a upon passage 
through matter with atomic number Z and mass 
number A is given by the familiar formula 


dE 4nZies NoZ iq 2mv2 
Seer dR mv? A (Pre 


(1) 


where R is the range in mg/em?, e and m are the 
electron charge and mass, Ng is the Avogadro num- 
ber, v is the velocity of the particle and I, is the 
mean excitation potential of atoms of the stopping 
material. 

In the Bloch approximation (Ia ~ Z) specific 
losses are a function of only the single parameter 
a opt ke Subsequent investigations have shown? that 
this approximation is not entirely justified. If the 
energy properties of atoms of the stopping material 
are represented approximately by the mean excita- 
tion potential, then, in accordance with dimensional 
considerations and approximation (1), the specific 
loss must depend only on the ratio of the mean 
kinetic energy acquired by atomic electrons of the 
medium to the mean excitation potential. With the 
incident particle energy Eg given in Mev and Iq in 
kev, a convenient dimensionless parameter is 


Eri Qane (2) 


The formula obtained for the specific loss is then 
€ = cf(y), comparison of which with approximation 
(1) determines the constant c: 


€(E,) = (Z/ Ala) Ze (y). (3) 
The obvious expression for the range is then 
Alga ( de 
ES er ee \ia (4) 


where both f(y) and F(y) depend only on y and in ap- 
proximation (1) f(y) is given by 
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f(y) = (145/y) In (2.17y) kev? - em? /mg. (5) 

We conclude from (3) and (4) that when experi- 
mental data are plotted on a graph with y along 
one axis and F(y) = (ZZ5/ Ala) R(E) or f(y) = 
(In A/Z Z?)<(E) along the other axis we obtain uni- 
versal curves for determining ranges and specific 
losses in different media when the mean excita- 
tion potentials are known. 

We are interested in the plot of F(y) which was 
based on the following experimental data: in the 
energy interval 0.2—2 Mev proton ranges were 
calculated from the experimental stopping powers 
of Be, Al, Cu, Au and Pb;2?4 for 1—7 Mev, proton 
ranges were measured in Fe, Cu, Mo, Cd, Sn, Ta 
and Pb relative to Al;® for 6—18 Mev, absolute 
proton ranges were measured in Be, Al, Cu, Ag 
and Au;® for 40—120 Mev, the theoretical ranges 
in Al, Cu and Au were corrected experimentally;? 
finally, the ranges of 190-Mev deuterons (Ep = 
95 Mev) were measured in Be, C, Cu, Ag, Pb, and 
U relative to Al.® 

It is evident from (2) and (4) that the plotting 
of F(y) requires knowledge of the mean excitation 
potential, which has not been determined for all 
materials. The latest? of frequent??*?®? measure- 
ments for aluminum gives Ia] ~ 0.166 kev; there- 
fore the experimental points for aluminum accord- 
ing to (2) and (4) were plotted first. Then from the 
data for other materials, making use of these same 
equations, suitable excitation potentials I A were 
selected so that the experimental points would give 
the best fit to the curve obtained for aluminum. 
Closest agreement was obtained in the region 6—18 
Mev, where absolute proton ranges were measured 
for several materials. 

The results of the analysis are shown in the 
figure, where for convenience the mentioned ex- 
perimental data are collected in the plot of F(y)/y?. 
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As was expected, the experimental points lie ina 
satisfactory manner on a smooth curve over a wide 
range of y. The spread of the points results partly 
from experimental errors in determining ranges 
and energies [F(y) /y? = R(E)/E’]. Thus, for ex- 
ample, the results obtained by Rybakov® show that 
the error in the function may be 5% or higher. 
Points (connected by the dashed line) were also 
plotted for protons with ~ 340 Mev in Be, Al, Cu, 
Sn and Pb; these also lie on a smooth curve but 
in a less satisfactory manner. 

We also note, without giving the results, that 
experimental data on stopping powers” *® were 
used to plot yf(y) = UN FAYVAS) Ee (E) in the region 
0.1<y < 10%. The fit to a smooth curve is some- 
what better than for y~2 F(y); this may result from 
a smaller scattering effect. A calculation of yf(y) 
by means of the approximate formula (5) agrees 
with experiment even when y > 1. However, the 
calculation of F(y), which is of interest here, by 
means of the same formula encounters difficulties 
since the region y < 1 is then included, where the 
formula is unsuitable [F(y) is obtained from (4) by 


an integration]. For sufficiently large y (y > 5—10), 
where the effect of this region can be neglected, 

(5) gives satisfactory results for the calculation of 
F(y). 

The figure contains the plot of F(y) while the 
table gives values of I, for different materials; the 
plot and table combined enable us to calculate the 
range for any material at energies 0.5—200 Mev. 
The excitation potential of an univestigated material 
can be determined from the plot of y~*F(y), using 
the range at a single energy. In the absence of such 
information an estimate can be obtained from the 
table by means of linear interpolation in accordance 
with the Bloch approximation. 

In conclusion the author wishes to thank M. M. 
Agrest for a discussion of the results. 

Note added in proof, May 29, 1959. A satisfactory 
fit to the curve of y~2F(y) is also obtained with re- 
cently published experimental data on the range of 
660-Mev protons in copper and of multiply charged 
ions with 40—100 Mev in copper and gold [V. P. 
Zrelov and G. D. Stoletov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 36, 658 (1959), Soviet Phys. JETP 9, 461 


Element Z/A 14, kev |Element| 2/A I 4, kev | Element Z/A 14, kev 
i 

H 4.000 OnOat= Al 0.483 0,166 Sn 0.424 0.450 
Li 0.430 0.038* Gl 0,481 0.169* Ta 0.405 0.730 
Be 0.445 0.067 Fe 0,465 0.286 W 0.402 ORO% 
G 0,500 0 ,084* Cu 0.457 0.320 Au 0,400 0.935 
N 0.500 0,085* Mo 0.433 | 0.450 Pb 0.395 0,730 
Air 0.500 0.089* Ag 0.436 | 0.530 U 0.386 0 ,995* 
O 0.500 0.097* Cd 0.427 0, 457 


*Data from reference 9, 


normalized to In) = 0.166 kev. 
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(1959), and Yu. Ts. Oganesyan, ibid, p. 936 (transl. 
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Inelastic scattering of nucleons on Mg’ and Si?® nuclei is investigated with account of 
Coulomb interaction for 1) excitation of collective nuclear levels, and 2) single-particle 
An analysis is made of the relation between 
the character of the angular distribution and magnitude of the effective cross section on 
the one hand, and the magnitude and the sign of the deformation on the other. 


excitation in the field of a deformed nucleus. 


i Many recently published papers deal with ex- 
perimental investigations of inelastic scattering 
of nucleons and deuterons by nuclei.‘ This prob- 


lem becomes even more interesting because a com- 


parison of the experimental data with the results 
of the theoretical investigations can lead to many 
conclusions concerning the character of excitation 
of nuclei. 

The present paper is devoted to a theoretical 
investigation of inelastic scattering of nucleons 
by Mg*4 and Si28. Two cases of excitation, one- 
particle and collective, are considered. 

Unlike Sawicki,’ who recently considered this 
problem, we also take Coulomb interaction into 
account and investigate the dependence of the 
character of angular distribution and of the mag- 
nitude of the effective scattering cross section on 
the magnitude and sign of the deformation. 

2. We first consider single-particle excitation. 
Here, as is known, it is assumed that only one of 
the nucleons above the closed shell is excited, and 


that this nucleon moves in the field of the deformed 


nucleus. 

The wave functions for the nuclear system at 
the beginning and the end of the process are re- 
spectively* 


Dae 5 
Do = V Pear Prany (B, 1) LoPhyy (61) 
+ (— 1P%_aDhy_« Oh (1) 


Viele 
> yes 1672 PnBry ( 


4+ (— 1)"%_oDin— 


(5 it (Yor Din (82) 


x (8); (2) 
where I, K, and M is the angular momentum of 
the nucleus and its projections along the symmetry 
axis of the nucleus and a stationary axis respec- 
tively; Q==ZQj, where Qj is the projection of 
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the momentum of the i-th nucleon (from among 
the nucleons above the closed shell) on the axis 
of the nucleus; xg is the anti-symmetrized wave 
function of the nucleons above the closed shell; 
the wave functions y (8, y) and D (8;) describe 
the collective (vibrational and rotational) states 
of the nucleus, B and y being parameters that 
characterize the deformation of the nucleus, while 
6; (814) 63) are the Euler angles; p=I+K—-Q- 
({4) A, where A is the mass number of the nu- 
cleus. (The primed symbols in @ have the same 
meaning as in 9% , but pertain to the final states 
of the nuclear system. ) 

Since it is assumed that the incident nucleon 
interacts only with one nucleon of the nucleus, we 
can write 


Xo = Xn, Xa, (3) 


where 


} 
>) At, 9; -0; Rni; (ti): 


Ly mj oj 


X Va, m:(®i 92) S (32) Di (4) 


{ 2; —3; 

is the wave function of the excited nucleon, re- 
ferred to a stationary system of coordinates, 

XQ5 is the wave function of the remaining nu- 
cleons outside the closed shell, with Rni, (Ti) 
being the radial wave function, S(0j) the spin func- 
tion, and AL,Q3 - 0; the coefficients of diagonaliza- 


tion, tabulated by Nilsson.’ We choose the energy 
of interaction between the incident nucleon and the 
i-th nucleon of the nucleus in the form 


=—V8(r — 1) 
Aneta VE, (859) View Orem O) 
Vin’ (Qf 4) 7 
where € =1 when the incident and i-th nucleon 


of the nucleus are protons, and ¢ =0 in all other 
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cases. The Coulomb interaction in expression (5) 
is chosen in the form used in reference 5, where 
it is assumed, first, that the electric interaction 
occurs only when r>ry (where ro is the elec- 
tric radius of the nucleus ), and second, that the 
wave functions of the nuclear nucleons are real 
in the region. rj< rp. 

Taking plane wave functions for the incident 
nucleon at the beginning and the end of the proc- 
ess, we obtain for the differential cross section 
of inelastic scattering 


y2Vo 


~ (On) -V i+. ai = Die Teale (6) 


where 


Hip = ZV IF NOFD 


XH DY (CLL, m;3;2:Q/KK’) 


Hee lye G(T, ajar, —y, — Oe, 
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Nha LOM MO.” (7) 
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eet 
a 


) (L;1m:M | Lm; + M) 


x (U1’miM | Lm; th M) (,2Q:; =- 3;K | LQ; ae IK — 3;) 
UO — aK EOEK’ — ay). (8) 


In Eq. (6) » is the reduced mass, Ep the en- 
ergy of the incident nucleon in the center of mass 
system, Q the energy absorbed by the nucleus in 
the reaction, and the function J(q) which enters 
into (8) is equal to 


JM =\ Ruy (rd Ry p(t) fulgrd ridri 


Ll; 1; 


2 i fo 
=a ; I = i) ri? Ruz, (tz) Reve; (re) dre 
0 
re Be. 
a ee r! Yo (3, ) dr, (9) 


where ry is the electric radius of the nucleus, 
and f7(qr) is the spherical Bessel 
function (k and k’ are the wave vectors of the 
incident and scattered nucleon). 

38. Let us apply the derived formulas to the 
scattering of protons by Mg"4 and Si”8 with excita- 
tion of the first level. In both cases we have I =\(), 
K=0,-M=90,-l = 2,.K’ =0. Therefore, ain.ac= 
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cordance with the selection rules Q{ + K’ = Qj 

+ K, we can write Q; = Q;. It is known that in Mg"4 
the nucleons above the O!* shell (N= 2) are in 
the state with 9;=+'% and +¥%, at 6>0 and 
Q)=+%, and +1f at 6<0 (6 is the deforma- 
tion parameter ). Consequently, the possible tran- 
sitions in Mg’4 are %4—'% and %—% (and 
also the transitions —'%,——'/, and ~¥, —- ~%). 
We use the well known relation between the exci- 
tation energy and the deformation parameter 


(10) 


AE = xe, [772 (8) — 79% (5)], 
ay 2 


where hwy = h?/2Mrj’, where rj is a parameter 
that enters into the expression for the oscillator 
potential, M the mass of the nucleon, and py 
the eigenvalue of the additional term in the inter- 
action taking into account the deformation of the 
nucleus and the spin-orbit forces; the index a@ 
indicates the number of the level with given Qj 
according to Nilsson.* Nilsson also tabulated the 
values of rNe for different values of the defor- 
mation parameter 6 (at k= 0.05). By finding 
the density of the nucleons in the nucleus on the 
basis of the oscillator wave functions, and by 
stipulating that the point of maximum slope of 
the density curve correspond to the boundary of 
the nucleus, we can determine the value of the 
parameter rj. Assuming for the nuclear radius 
Ro = 1.45 A’? x 10-** cm, we find approximately 
the same value for Mg** and si?8, rj = 1.9 x 107%8 
cm. Using the experimental value of the excita- 
tion energy AE, we can determine the deforma- 
tion parameter 6 from Eq. 10. In the case of 
Mg"4 the excitation energy of the first level is 
1.37 Mev. Assuming the transition Cha — (h)ay 
to take place, we obtain from Eq. (10) for tiie de- 
formation parameter two values of 6, namely 
6=0.17 and 6 = —0.22. If, on the other hand, 
we assume a (Jay (72) a, transition, then 
the deformation parameter is found to be prac- 
tically zero. Thus, onlya ¥,—%% transition 

is possible in the Mg** deformed nucleus in the 
case of single-particle excitation. 

A different result is obtained in the case of the 
Si?® nucleus, in which the levels + hy 2, 5 
are filled at 6 < 0.17 and the levels + Je i JA 

+f are filled at 6 > 0.17. On the basis of the 
selection rule Qj = Q{ we have the same transi- 
tions as in the case of Mg*4, namely Y— ve 
and %-—,. (In the outer shell of Si there is 
only one level with Q; = +%.) 

Considering that the excitation energy of the 
nearest level in Si? is 1.77 Mev, we obtain for 
the deformation parameter 6=0.1 and 6=0.3 
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for the transition 4—'% and 6=0.1 for the 
transition ¥% — %/, 

4, From (7) and (8) we have for the ve ia Y, 
transition 


Ay = + {J200 (9) [Avo (A) oie AS) 2h AY (Ago -+ Ap3)] 
a (V5/ 7) Jo22 (9) (Ago + Ap) (2A, +: A,,)} (11) 
and for the %— ¥% transition 
Hig = (V5/7) F022 (9) (Aor + Age) (Ae i dA.) (12) 


where 
4 
3V 10 


12 V 2re2 eer ( is) hi (ro) \ 
a alate 
Cay) Ry \Ro Te qro 


Jo00 a 


{(ar, )? (gr, )? — 4] exp [— (qr’,)?/2] 


1 Rane FEN oy , 
Jars — 15 {(ar, ye [7 aa (qr, val exp [= (qr, 772) 


af r 9 

4 V 2re? a) (4 )e fi(qro) \ 
: : a(=S\e ; 
2 V5Ro \Ro r qro J 


0 


| 


iG 
a’ (=) = \ e—*12x8dx. 


, 
ro/r 
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It is readily seen from (12) that in the Yo. VE 
transition the relative angular distribution is inde- 
pendent of the deformation parameter, since the 
latter influences only the coefficients Aj, and 
Aix, which pertain to levels a, and a, respec- 
tively. 

Let us compare the results obtained with the 
experimental data. In the case of Mg*4, as indi- 
cated above, only the 14 —/, transition is pos- 
sible in the presence of deformation. Curve 1 of 
Fig. 1 shows the theoretical angular distribution, 
obtained on the basis of Eq. (11) at 6 =0.2; the 
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vertical lines represent the experimental values 

of the cross section.! (We have replaced the exact 
value 6=0.17 by the approximate value 6 = 0.2, 
since the wave functions available in the literature 
have been tabulated for 6 in the interval from 0.3 
to —0.3 in steps of 0.1). In plotting curve 1, we 
have assumed for the electric radius of Mg’4 a 
value’ ry =6x10 em. It is easy to see that 

the presence of a maximum in the angular distri- 
bution is determined essentially by the nuclear 
term of the interaction, and the location of the 
maximum depends substantially on Rj. We deter- 
mine the parameter Vj from the condition that 
the maximum point on the theoretical curve coin- 
cide with the corresponding experimental value of 
the cross section at the same scattering angle. At 
6 =0.2 we obtain Vj) = 0.94 Mev. The angular 
distribution at negative deformation, 6 = —0.2, 
differs little from the distribution at 6 = 0.2. 
Taking the same value Vo = 0.94 Mev, the only 
difference is that the magnitude of the maximum 
cross section in the case of 6 = —0.2 is approxi- 
mately one order of magnitude less than for 6 

= 0.2, and the position of the maximum is shifted 
approximately 10° towards the larger angles. 

As seen from Fig. 1, the theoretical curve 1 
is in satisfactory agreement with the experimental 
data, both with respect to the position of the maxi- 
mum and with respect to its shape, in the interval 
of angles from 0 to 70°. Thus, allowance for the 
Coulomb interaction has improved the agreement 
between theory and experiment in the region of 
small angles. It should be noted that we would 
obtain for the parameter 6 a different value were 
we to stipulate that the experimental value of the 
maximum cross section coincide with the point of 
maximum not on the curve corresponding to the 
deformation parameter 6 =0.2, but on the curve 
corresponding to the deformation parameter 6 
= -—0.2. It can be shown, however, that this would 
not influence the position of the maximum, since 
in this respect the angular distribution shows 
poorer agreement with experiment in the case of 
negative deformation. 

Figure 2 shows the angular distribution of pro- 
tons inelastically scattered by si?8. As noted 
above, we have in this case YS an Wb transitions 
with deformations 6=0.1 and 6=-—0.3, and 
a, =o s, transitions with deformations 6 =0.1. 
The theoretical angular distributions differ little 
from each other in all cases. We therefore show 
only one curve, corresponding to the 7; => 83 
transition with a deformation parameter 6 =0.1. 
If Vj is determined here, too, from the condition 
that the maximum point on the theoretical curve 
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correspond to the experimental value,® we find 
that, unlike Mg?4, allowance for the Coulomb in- 
teraction does not lead to any significant correc- 
tion. (We obtain here Vj = 12.2 Mev.) Therefore 
agreement is obtained with experiment only as re- 
gards the position of the principal maximum. As 
to the magnitude of the cross section, we indicate 
that the principal maximum value in the case of 
Y,—%, and ¥%,—%, transitions with deformation 
parameter 6=0.1 and the Wp — he transition 
with deformation parameter 6 =—-—0.3 are related 
approximately as 1:10:30 if we take for all the 
cases the same value of Vj, namely 12.2 Mev. 

5. It is easy to obtain the angular distribution 
of inelastically scattered protons by Mg” and Si?8 
under the assumption that the collective level is 
excited, provided we use the previously derived’ 
formula, which pertains to the scattering of deu- 
terons. Modifying this formula to account for the 
fact that we deal here with proton scattering, we 
obtain 


do (VoR«)? 9 We 
oe 8 / i+ $e [fet@Ro) 


On OZeziin wire) 
RoVo qro 


(13) 


In reference 5 we used a value of B determined 
from energy of the rotational level. Considering, 
however, that the value of 6 thus obtained is ap- 
proximately twice the experimental value of the 
deformation, we use for Mg*4 B = 0.42.2 It must 
be noted, that the deformation parameter 6 
= 0.958, determined from the energy of the single- 
particle level, differs from the deformation deter- 
mined from the data on collective excitation. This 
is natural, since by attributing the entire excita- 
tion of the nucleus to one particle, it is necessary 
apparently to make a corresponding change in the 
field of deformation. 

Curve 2 of Fig. 1 shows the angular distribution 
obtained from Eq. (13) for Mg?4, The first term of 
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this equation corresponds to the nuclear interaction. 
The angular distribution due to this interaction has 
a maximum, something not obtained with the Cou- 
lomb interaction. The position of the maximum 

in the angular distribution, with allowance only of 
the nuclear term in the interaction, is independent 
of the parameter Vj and is close to 80°. If we re- 
quire here that the value of the cross section at the 
maximum of angular distribution coincide with the 
corresponding experimental value of the cross sec- 
tion, then the parameter Vo is found to be such 
that the Coulomb term influences the distribution 
only at small angles, and does not change the posi- 
tion of the maximum. An analogous result is ob- 
tained also in the case of Si*®. Here, too, the posi- 
tion of the maximum of the angular-distribution 
curve is independent of the parameter Vj and is 
close to 80°. 

After comparing the results obtained for single- 
particle and collective excitations, we can arrive 
at the following conclusions: 

1. For the same value of the radius of the equi- 
librium sphere, on which the angular distribution 
depends substantially, the position of the maxima 
in the distribution are found to be different, de- 
pending on the character of excitation of the nu- 
cleus. For the value we have assumed, Ry = 4.2 
x 10713 em, the maximum in the angular distribu- 
tion for Mg‘, in single-particle excitation, is 
close to the origin and is in better agreement with 
the experimental data. When R, is increased, 
the maximum in the angular distribution shifts in 
both excitations towards the smaller angles. For 
example, at Ry = 6 x 10°73 em, the position of the 
maximum in the angular distribution, in the case 
of collective excitation, is in better agreement with 
experiment, but such a value of Ry must be con- 
sidered as excessive and not in agreement with 
other data. 

2. In our method of analysis, the presence of a 
second maximum on the experimental curve of an- 
gular distribution cannot be explained for either 
case of excitation. 

3. The relative angular distribution, connected 
with the collective excitation, is independent of the 
magnitude and sign of the deformation, whereas in 
the case of single-particle excitation such a de- 
pendence exists, although it is weak. 
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Relative probabilities are computed for the @ decay of an odd-odd nucleus with excitation 
of different rotational states of the non-axially-symmetrical even-even daughter nucleus. 
The theory is compared with experiment for the B decay of Reo, Wor: Eul™, Rel’, 


and Ir!??, 


1. INTRODUCTION 


Ir has been shown by Alaga, Alder, Bohr, and 
Mottelson! that the relative intensities of 8 tran- 
sitions from a given initial nuclear state to differ- 
ent rotational states of a daughter nucleus obey 
rules that are analogous to the intensity rules for 
the fine structure and superfine structure of atomic 
spectra. These authors assumed axial symmetry 
for all nuclei, as a result of which the only rota- 
tional levels of even-even nuclei were given by 
the formula Ej = AJ(J+1), J=0, 2,4,.... 
was further assumed that the wave functions of 
nuclear states can be represented by simple prod- 
ucts of the functions yx, representing internal 
motion, and Dene which depend on the Euler 
angles that describe the spatial orientation of the 
nucleus: 


It 


dam = V (2d + 1)/8n? oxDMk- 


The assumption of axial symmetry for all nuclei 
does not appear to be justified. It has been shown 
by the calculations of Geilikman,’ Zaikin,® and 
Davydov and Filippov‘ that the equilibrium shape 
of a nucleus may not necessarily possess axial 
symmetry. In references 5 and 6 the energy 
levels of non-axisymmetric even-even nuclei were 
calculated for different values of a parameter y 
which determines the departure from axial sym- 
metry. It was shown that the rotational states of 
even-even nuclei include certain excited states 
which were previously regarded as y and 8 
vibrational levels. Since the relative energies and 
wave functions of all rotational levels can be de- 
termined unambiguously for each nucleus, when 
the energy ratio of two levels with spin 2 is known 
it becomes possible to estimate the relative prob- 
abilities of 8 transitions from a given state of 
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the parent nucleus to different rotational states 
of a non-axisymmetric nucleus. Such relative 
probabilities of 8 transitions will be calculated 
in the present paper. 


2. RATIO OF SQUARED ABSOLUTE VALUES OF 
MATRIX ELEMENTS FOR 6 DECAY TO DIF- 
FERENT ROTATIONAL LEVELS 


The £6 decay of an odd-odd parent nucleus with 
integral spin produces an even-even nucleus. 

B decay is characterized by the angular momentum 
L which is carried away by the electron and anti- 
neutrino and may be associated with the operator 
Myp,, where yw is the projection of L in some 
given direction. 

To investigate the excitation of rotational states 
of the daughter nucleus in 8 decay it is convenient 
to express Wty,, in terms of multipole operators 
ML» defined in the coordinate system fixed in the 
nucleus; we use the transformation 

Min = Y Mey Dri (91). 


a 


(2.1) 


Final rotational states of the even-even daughter 
nucleus can be represented in the adiabatic approx- 
imation by the wave functions 


humi = ds AxiDsx, (2.2) 
K 
where 
e 21 fees is 
Din = 9, (1) Eee 
J dey 
X (Dink ae (—— 1) Din, anys (2.3) 


and 5 (r) is an internal-state wave function of 
the daughter nucleus. The coefficients A,j which 
determine the rotational-state wave functions were 
calculated in references 5 and 6. 
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The initial-state wave function of a parent nu- 
cleus with spin I is represented in the adiabatic 
approximation by 


Dim Py (r) >) ax Dux: (2.4) 
K 
The reduced probability of a 8 transition with 
angular momentum L carried away by the elec- 
tron and antineutrino is given by 


BEST = Ip = arp Dy | (Frid | Wen| EM) (2.5) 
Substituting (2.1), (2.2), and (2.4) into (2.5) and in- 
tegrating over the Euler angles, we obtain (2.5) in 
the form of two factors, one of which depends on 
M Ly and the wave functions representing internal 
motion, while the other factor depends on the pa- 
rameters ax and Ax,j and the coefficients of 
vector addition which are dependent on the quan- 
tum numbers IKJK’L. 

We consider the ratio of reduced probabilities 
for 6 transitions from a given initial state of the 
parent nucleus to different rotational states asso- 
ciated with the same internal state of the daughter 
nucleus. When 


L min (K + K’), 
~ { min (K+ K”), 


this ratio will not contain expressions relating to 
the internal state. Thus 


for K=+0, 
itoye 1S) 


K == 0, 


K"=0, (2.6) 


BE LPT 7B (Ly lai") 
[DL axe (LK —KW'K 


| KK’ 


|) axAKen ULKK" — K| JK") 


| KK" | 


va (2.7) 


At the present time we unfortunately do not know 
the coefficients a, which determine the wave func- 


tions (2.4) of odd-odd nuclei. In some instances we 
must therefore express the initial-state wave func- 
tion of the parent nucleus by 


dimk = M(r) Duk: 
The probability ratio (2.7) now becomes 


Bie 1) BLK J*i’) 


Lake GOGO AIR). 
~ 


'9 
’ 


pa Te IC KNSORE) |. (2.8) 
= 


if kee 0 Or at (226) is fulfilled: 
Finally, in a still rougher approximation, when 
definite values of the quantum number K’ are as- 


signed to the rotational states, the branching ratio 
(2.7) reduces to the following ratio that was derived 
in reference 1: 


B(L; IK J’K’)/B(L; IK > J’K’) 
=(ULKKo—-K | SRY ULKR KK) 
when (2.6) is fulfilled or when K=0 or K’=0. 


(2.9) 


3. COMPARISON WITH EXPERIMENTS 


It is well known that the probabilities of allowed 
6 transitions are characterized conveniently by the 
quantity tf), where 7 is the half-life and f) is 
the Fermi function which represents the integral 
of the electron energy distribution function. The 
Fermi function depends on the transition energy, 
nuclear charge and charge of the emitted particle. 

The product Tf) is inversely proportional to 
the square of the absolute value of the matrix ele- 
ment corresponding to an allowed transition (L= 
0 or 1 with unchanged parity). In the general case 
of forbidden £ transitions this simple relation 
does not exist; for these transitions it is evidently 
essential to use a combination of different types 
of interaction whose relative contributions are 
not easily determined. The so-called unique B 
transitions are exceptions. 

In the case of unique n-th forbidden transitions 
(L=n+1, with changing parity when n is odd) 
Tiny is inversely proportional to the square of the 
transition matrix element, where fp, is the inte- 
gral of the electron energy distribution function 
for the given type of decay. 

Davidson’ has shown that, neglecting the influ- 
ence of the Coulomb field, we may use the approxi- 
mation 


ps Cofos (3.1) 


where Cy depends on the transition energy Ey. In 
a rough approximation 


(3.2) 


a ¢ 2 2,4) 
Cre EG — nee ee 


Thus for allowed transitions (n = 0) or unique 
forbidden transitions it follows from the fact that 
(tin)? is proportional to the square of the abso- 
lute value of the transition matrix element that the 
ratio of the values of tf, for two £6 transitions 
from the same initial state of the parent nucleus 
to different rotational states of the daughter nu- 
cleus will be given by 
tha (Ll J'i') /tfn IJ) 

= BL; [oI )/ BL, lS), (S33) 


where L=n+1 and the probability ratio must be 
calculated by means of (2.7) or the approximate 
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formulas (2.8) and (2.9). 

In comparing the experimental results with the 
theory it must be remembered that the experimental 
values of tf usually represent Tf), since the 
Fermi formulas for allowed transitions are used 
to calculate f. 

We shall now apply the foregoing results to the 
decay of Re!**, Figure 1 shows the decay scheme 
(reference 9, p.539). The maximum electron en- 
ergy (in kev) and the value of log;)(7Tf)) are given 
near each arrow representing a transition. The 
spin and energy in kev are given for each rotational 
level. According to reference 10 the ground state 
of Re'®® has zero spin and negative parity, and the 
transition to the first excited level of Os'®* corre- 
sponds to L=2 with changed parity, i.e., itis a 
unique singly forbidden transition. This conclusion 
is supported by the large value of log;),(tTf) and 
the shape of the B spectrum, which results in a 
straight-line Kurie plot when the shape correction 
factor for a unique singly-forbidden transition is 
taken into account. 


Since according to the theory of non-axisymmet- 
ric nuclei the second excited 2* level also repre- 
sents rotational excitation of Os!** the relative 
probabilities of B decay to these two levels can 
be calculated. From the energy ratio (5.56) of 
these two levels it follows that y=18°. There- 
fore, following reference 5, the wave functions of 
the rotational levels can be written as 


doy =0.997 D5 + 0.065 ®,,, 
dos = —0.065 Dyy + 0.997 ®,,. 


Using (3.4) and the fact that the Re!®* ground-state 
wave function corresponds to J=K=0, we obtain 
the £ -transition branching ratio from (2.7): 


(3.4) 


Bi2, 0-21) (B2: 0 S021 oy (3.5) 


The ratio. wily (0 —' 22.) /rfy (0 —= 21.) =.7.942 As ob= 
tained experimentally. Using (3.1) and (3.2), we 
obtain 


af, (0 22) J xf, (O-> 21) = 1,47. 
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According to (3.3) this ratio corresponds to the 
theoretical branching ratio (3.5). 

Our second example is the decay of Np?8; the 
decay scheme is shown in Fig. 2 (see reference 9, 
p. 730), with the same notation as in Fig. te ahe 
energy ratio of levels with spin 2 is 23, which.cor- 
responds to y = 8°. The rotational-state wave 
functions can be obtained from references 5 and 6. 


The ground-state wave function of Np?38, with spin 3, 


is unknown and will be represented by the very 
simple form 


by S10 (Dis al SD a) 


where 6 is a parameter denoting the fractional 
share in the ground state of Np?** taken by states 
with K=0 (for simplicity other possible values 
of K are disregarded). Branching ratios calcu- 
lated from (2.7) for allowed 8 transitions (with 
L=1) to levels of the rotational band of Pyu28 

are given in Table I for two values of 6, together 
with the inverse ratios of tf) for the same transi- 
tions. 


TABLE I 
| B (1; 3->9)/B (1; 3-20) balan 
j —— 
s=0 | § = 0,047 sa ae 
l 
44 0) 2 0.4 
DP 104 800 250 
3 108 100 100 


We shall now consider the B decay of Eu!®4, 
According to Juliano and Stephens? the decay of 
Eu!* to two excited levels of Gd!*4 having spin 2 
and energies 123 and 998 kev, corresponds to the 
values 12.9 and 11.6, respectively, for logy) (Tfy). 
We obtain y = 14° from the energy ratio of these 
levels; the wave functions of both rotational states 
can then be determined from reference 5. The 
ground state of Eu!** has spin 3; assuming that 
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its wave function is d3m = 3 (D3y3 + OD3n9), from 
(2.7) with 6 = —0.26 we obtain for 8 transitions 
With 127B( 15.3 — 22) B- (1; 3— 20) = 20, 
which agrees with the experimental ratio 

Tf) (3 — 20)/T£) (3 — 22) © 20. With 6=0 this 
ratio would be 2500, and if K is a good quantum 
number for levels with spin 2 the ratio would be- 
come infinite. 

We finally consider the excited rotational levels 
of Os! resulting from the 6 decay of Re!” and 
K capture in Ir, The decay scheme is shown in 
Fig. 3 (see reference 9, p.550). According to ref- 
erences 5 and 6 the rotational-state wave functions 
of Os! can be obtained by assuming y = 21°. 


f 
Ree. 


V7) 2 By 
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Taking the wave functions yD, and oDens 
for the ground states of Re!” and Ir!”, respec- 
tively, (2.7) can be used to calculate the branching 
ratio for B decay (L=1) and K capture (L=1) 
to different rotational levels of Os!®°. The results 
of these calculations are given in Table II, where 
the unit of measurement is the reduced probability 
of decay to the second excited level having spin 2. 

Table II gives a qualitative explanation of the 


experimental findings that in 8 decay of Re!? 


TABLE II 


B (4; 29) paro_,Qgiso B (A; 3853) 


190 _. -19 
7 | Bao S020 Bi; 332)" 


0 6 
ma 7.6-10-3 8- 
0 
42 0 
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only rotational level 22 is excited and that levels 
22 and 42 are excited through K capture in Ir!”, 
The foregoing examples serve to illustrate the 
way in which (2.7) can be used. Ignorance of the 
wave function (2.4) of the parent nucleus (when 
I 9) prevents a complete comparison of theory 
and experiment. When experimental values of 
Tf) are available for allowed £ transitions to 
different rotational levels of the daughter nucleus, 
(2.7) can be used to calculate the coefficients aks 
which determine the dependence of the parent- 
nucleus wave function on the Euler angles. 
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A weak solution of He! in liquid He® is considered as a Boltzmann gas of impurity excita- 
tions (associated with the He‘ atoms) ina Fermi liquid. The spectrum of the impurity 
excitations and the thermodynamics of the solution are examined. Kinetic equations for 
Fermi and impurity excitations of the solution are derived. The dependences of the diffu- 
sion, thermal diffusion, viscosity and thermal conductivity coefficients on temperature and 


concentration are determined. 


lem liquid He? near absolute zero is a Fermi 
quantum liquid, for which Pomeranchuk! was the 
first to develop a qualitative theory that yielded 
the temperature dependence of both thermodynamic 
quantities (specific heat and entropy) and kinetic 
coefficients (viscosity and thermal conductivity ). 
A theory constructed recently by Landau? provides 
a quantitative description of liquid He® asa system 
of Fermi “quasi-particles,” the number of which 
equals that of the atoms in a unit of volume. Phys- 
ically a quasi-particle is a He® atom in the self- 
consistent field of the surrounding atoms in the 
liquid He®. At temperatures much below the de- 
generacy temperature most of the quasi-particles 
are condensed into a Fermi sphere [or into a 
Fermi layer or “bubble” in the case of the roton 
spectrum (3)] and only a negligible fraction is in 
the diffuse Fermi zone. In this temperature re- 
gion the theory permits determination of the ther- 
modynamic and kinetic properties of liquid He?.113>4 

An essential difference between the Landau the- 
ory of a Fermi liquid and the Fermi-gas theory is 
that the energy of a quasi-particle is a functional 
of the distribution function. At temperatures close 
to T=0 this relation is given by?” 


¢ = e(p) - Wace p’)vde’ de =:2dp(2zh)*, (1) 


where v is the difference between the true distri- 
bution function and its value at T=0 (f is Lan- 
dau’s function in reference 5). At sufficiently low 
temperatures the momentum dependence of the ex- 
citation energy may be of two types: 


= (p) =a | P= Po Por at, (2) 
where py is the momentum limit, and a and m 


are constants (this is equivalent to the gas spec- 
trum ¢€ =p?/2m), or 
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e(p) = 4 -! (p — po)? / 2m. (3) 
The type of spectrum cannot be determined from 
presently available experimental data; we note 
only that spectrum (2) seems more natural, 

When liquid He® contains a small number of 
foreign atoms, such as a small admixture of He, 
in the Boltzmann case these atoms will cause ex- 
citations with the spectrum 

Ress a eyeM (4) 
or 
B= A+ (9—4)*/2M, (5) 


where q is the momentum of the impurity excita- 
tion; A is the zero-point energy; qy and M are 
experimentally determined parameters. (4) and 
(5) may be supported by the same line of reason- 
ing that was used by Landau and Pomeranchuk® 
for the spectrum of impurities in liquid He II. 

We shall consider the thermodynamic and 
kinetic phenomena in weak solutions* of He* in 
liquid He®. In addition to the coefficients of vis- 
cosity and thermal conductivity kx the new 
kinetic factors which appear are the diffusion co- 
efficient D and thermal diffusion coefficient Dk7, 
where k-y is the thermal diffusion ratio. These 
coefficients will, as usual,’ be determined by 
means of the equations 


: , dg ; 

i= —pD ve +t yT | for g=@,/-+ 2.220; (6) 
Ql == 79 for ¥== 0: (7) 
where i is the impurity current, Q is the heat 
flux, g is the total momentum flux in the solution, 


*We are considering an unstratified region in which the 
solution is not a superfluid. 
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consisting of the momentum transported by impur- 
ity excitations (g;) and the momentum transported 
by Fermi excitations (gf). 

It was shown in reference 8 that the collision 
integrals due to the scattering of Fermi excitations 
contain, instead of the usual deviation Ong of the 
Fermi-excitation distribution from equilibrium, 
the effective expression 


iN a) ‘ , / 
Bg = 8ne — 5° \ Bre f(D, p’) de’. (8) 


This same expression replaces the usual 6ng in 
equations for the different fluxes resulting from 
Fermi excitations. For example, the momentum 
flux of Fermi excitations, which determines the 


Fermi portion of the solution’s viscosity, is given 
by 


fe a ees 
fis \ Ps Spe Sr_dt. (9) 


Similarly, the energy flux, which determines the 
Fermi part of the thermal conductivity, is given 
by 


Qs = \° S=bneds. 


ae (10) 


Therefore the fact that ong is given by (8) appears 
nowhere in the calculations. 


1. THERMODYNAMICS OF WEAK SOLUTIONS 
OF He! IN LIQUID He? 


We now determine the conditions under which 
dissolved He* atoms can be described by Boltz- 
mann statistics. Departures from classical sta- 
tistics arise at temperatures where either the 
quantum degeneracy of the impurity gas or the 
interaction between impurity excitations is im- 
portant. The spin of the atoms is zero, so that 
the degeneracy temperature T,) of the impurity 
gas for spectrum (4) is?*!° 


Ty) =(hn@c" (RM) (3"r /2), (11) 


where ny = p/m; is the number of atoms of pure 
He® in 1 cm’, mg, is the He® atomic mass and ¢ 
is the He* concentration. We shall compare (11) 
with temperatures at which interactions between 
impurities play a part. The interaction energy of 
impurity particles is ~Uc, where U is the char- 
acteristic energy of interactions between helium 
atoms and is of the order of a few degrees. De- 
generacy occurs before the interaction becomes 
prominent!” when the inequality (kT) Jue)? ~ 
z/3 31 is satisfied. When ¢ < 10” we have 
Ty <= 0.2°K: Pomeranchuk"’ has shown for bosons 


and spectrum (5) that the degeneracy temperature 
is given by 


RT) ~ 2c?x*hong / GAM. (11a) 


In this case the departure from classical statistics 
results from the interaction of impurities and ap- 
pears at temperatures ~U@/k. Classical statis- 
tics will thus be applicable for T 2 0.1°K with 
Cre 05. 

The chemical potential of Fermi excitations in 
a weak solution of He* in liquid He® has the stand- 
ard form!'! 


ue = to —RTC, (12) 


where py is the chemical potential of pure liquid 

He’, Khalatnikov and Abrikosov® have considered 

the thermodynamics of pure liquid He®. The pres- 

ence of impurities results in additional contribu- 

tions to the free energy F, entropy S and specific 

heat C, which are calculated by means of (12). 
For a spectrum of type (4) we have 


Qh? 
Se {In [= (far)" +3}, Ci =i Ne, 


where Ny, is the number of impurities in a volume 
V. When V=1 N, is related to the concentra- 
tions c = Nym,/(N3m3 + Nym,) and ¢ as follows: 


Fy = —N,kT In S ( slugs iS pa 


c= Nym,/p = Naty / Ngms = cy/ ms, Na/Ns<1. 


Here m3 and my are the masses of He® and Het 
atoms; Ng is the number of He? atoms per unit 
volume. For the spectrum (5) we have 


2 
] q ! ; 
Fy = — N,kT In| a V a ere) 


Si =tuelin( ES Vs ot, Cif Meke 
Sj and Cj are proportional to the concentration 
and are therefore small at temperatures ~ 1°. On 
the other hand, at temperatures ~0.1° they may 
have an important influence on the entropy and 
specific heat of the solution. 


2. THE KINETIC EQUATION 


The kinetic equation which determines the dis- 
tribution function n of elementary excitations in 
a solution of He! in liquid He? is 


on dc On de On 


ae Oy Ok ‘Or Op (13) 


== dl {((i)): 


We regard the solution as having macroscopic gra- 
dients of thermodynamic quantities and small gra- 
dients of the velocity u. In this case the distribu- 
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tion functions ng and n; will differ slightly from 
their equilibrium values, as follows: 


Ne = Ngo + ON, fi = Nin + Oni, (14) 
where 
Ngo = [exp {(e— pu—p)/kT} + 1}, (15) 
iy = AC, T)exp{—(E — qu)/&T}, 
A(c, T) = (co / ms) (2nMkT)_” (16) 


for the impurity spectrum (4). 

We shall now express the left member of the 
kinetic equation in terms of gradients of T, c¢, 
and u. For this purpose we shall, as is custom- 
ary,'»4 substitute n from (14) and (15) into (13) 
and shall make use of thermodynamic identities 
and hydrodynamic equations. We shall also as- 
sume that at the considered point of the liquid 
u=0. The kinetic equation for Fermi excitations 
therefore becomes 


i.) Ou, . Ou 2 5 a) 
ik ees Ce: 3 tk Ox, 


‘Op, 3°! Op, 
Oto pp OF ms 
Os Op ma 
Orie Ge f= 
EO Oey [ie ke SE 
Fe (ts) OT Hae + Si (17) 


and similarly, the kinetic equation for impurities 


is 
Pio ie. 0bss. tt SOB. ee ee oe — 
2 ET (4, Og, 3 41 Gq, +#/\Ox, ' Ox, 3% Ox, 
Cy QE Wea eg 8 3) Wy Ash 
Mio Gq oc | il Gq (a a) TF 


OE ve 
=f hina 5 = Jit + Jii. 


(18) 
In (17) and (18) we have omitted the term resulting 
in second viscosity, which will not be considered 
below. Furthermore, without affecting accuracy 
we may omit the term in (18) that contains Vp, 
which is relatively small.* Jgp and Js; are the 
collision integrals for the scattering of Fermi ex- 
citations on other Fermi excitations and on impuri- 
ties. Jjf and Jjj have analogous meanings. By 
means of the substitutionst 


ng = — Mg) (1— M0), 8ny = — Nye (19) 


we reduce the collision integrals to the standard 
forms 


*The independent variables are actually c and T. There- 
fore Vp = (dp/dc)Ve + (dp/0T) VT. 
tWe shall hereinafter omit the bar above Ong. 


SILIN 
J ¢¢. — Ver Ne orf go2 (1 Rail Won a oes fies) (by i bto—¢, — 9%) 


x 8 (py -+ po — P, — P,) 8&1 + &2 —&, — &,) dead=,dp,, 


Ji = \wrimeotio (b=) rae oe 


x8 (p+ q—p'—q')d(e + B—e! — EB’) de'dadd’, 
Jit = \ wei tort io (les r) @+e—v'—¢) 

xX 8(p-+q—p’—q’)d(e + E—s’—E’) dedp'dq’, 
Ji= | w simian (? +o,—9' —¢')3(q + q:—4' —q)) 

x 8(E + £,— EB’ — E’) dq.dq'dq, (20) 


We also require the cross sections for the scat- 
tering of impurities on Fermi excitations and on 
other impurities. The interaction law of these ex- 
citations is, of course, unknown, but just as in the 
theory!” of weak solutions of He® in He Jil, le as: 
reasonable for specific estimates to use a 6 -func- 
tion interaction law: 


Vii = U1 8(K—y), Vii = V2 (Yi — Yo), 


where x is the coordinate of a Fermi excitation 
and y is the impurity coordinate. The unknown 
constants vo; and Vo. are determined by com- 
paring theory with experiment. The cross sec- 
tions are calculated as in the theory of slow-neu- 
tron scattering by atoms,!??!3 and we obtain 


; mM \ aa 
"fi = \m at M) «wat? 


SG — M? | Vo. 2 / wh’. 


(21) 
(22) 


We also obtain the cross section for the scattering 
of an impurity on a Fermi particle with the spec- 
trum (3). This is analogous to the scattering of 
an impurity on a roton and the total cross section 
is correspondingly'? 
Uv 2 
oA = oe (21a) 


3. DIFFUSION 


We consider first the diffusion of impurities. 
The kinetic equations (17) and (18) for Fermi ex- 
citations and impurities were derived above; with 
a non-zero concentration gradient in the system 
they are 


7, ON ¢y de m 
r 5e Gp = Jeet Jai, (22) 
OE 
Rioga == Jaf, aa. (23) 


_— 
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An exact general solution of the problem is 
hardly possible. We shall therefore consider the 
two limiting cases; results in the intermediate re- 
gion can then be obtained by interpolation. The 
first limiting case is represented by the high-tem - 
perature region, where the effective number of ex- 
citations in the diffuse Fermi zone is much greater 


than the number of impurities. In the low-tempera- 


ture region, on the other hand, the situation is re- 
versed and the effective number of excitations in 
the diffuse Fermi zone is much smaller than the 
number of impurities. 

It follows from symmetry that the deviations 
(19) of the distribution functions from equilibrium 
may be sought in the forms 


} = Es) (pye). 


It is important here that the functions a and b 
are independent of angles. Spectrum (2) for Fermi 
excitations and spectrum (4) for impurity particles 
will be considered in greatest detail. 


° = a(£) (aye), (24) 


The High-Temperature Region. There is a rela- 
tively small number of impurity particles; collisions 


among these are unlikely and insignificant. The con- 


centration region where this occurs is given more 


precisely by the condition tf <« tj, i.e., the effec- 


tive time for a collision between two Fermi par- 
ticles is much shorter than the effective time for 
a collision between a Fermi particle and an impur- 
ity. The kinetic equation for impurities is there- 
fore greatly simplified. Simple calculations show 
that the Fermi distribution function deviates con- 
siderably less from equilibrium than the impurity 
distribution function. The condition trp <« tj is 
sufficient so that in the mixed collision integrals 
Jif and Jgj in (20) we can neglect ~ compared 
with yg. Furthermore, the momenta of excited 
Fermi particles are much greater than those of 
impurities; we may therefore neglect the variation 
in the absolute value of the relative momentum of 
colliding particles. From all of these considera- 
tion we obtain 


OE yc ie tee OS 
Niosq y= Vit = Nit (QVC) \ ir Op of (1 — Nog) ate, 


where o?; is the transport cross section for the 
scattering of an impurity on a Fermi excitation; 


Gy — 5S sir (1 — cos) dcos 9. 


Here % is the angle between the vectors q and 
q’. According to (21) oj¢ does not depend on the 
energy of the colliding particles; we therefore ob- 
tain 
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ony = — aa | o if (MRT) le alia) (qVvc)e 


With the aid of 6nj it is easy to calculate the im- 
purity current 


oe \aenida pes p Ve. (25) 


Mao ig (07 ¢/ OP) 


A comparison of (25) with (6) yields the diffusion 
coefficient in this limiting case: 


ree 4 = (LY WAG Sekt 
maig (OT g,/ OP) en Po) otpm, 3m **’ (26) 
where 
tif = %/ocig RTNg0¢ /u (27) 


is the effective time for the scattering of impuri- 
ties on Fermi particles; vg =py/m; Ng = *%4N3kT/p 
is the number of Fermi particles in the diffuse 
zone. As already noted, the high-temperature 
region is given by the condition tgp < tj, i.e., 


UW UN oA fe 


‘ 


(28) 


According to (26) and (27), when (28) is satisfied the 
diffusion coefficient for a weak solution of He* in 
liquid He® is constant, being independent of both 
concentration and temperature. 

The Low-Temperature Region. We now con- 
sider the opposite limit, when the number of im- 
purity excitations is much greater than the effec- 
tive number of excitations in the diffuse Fermi 
zone. This condition is represented more exactly 
by tjj « tjg, where ti = of NyVj, ti? = of Neve 
are the effective times for the scattering of im- 
purities and Fermi excitations on impurities. The 
low-temperature region is therefore represented 
by the inequality 


1), 


C > (T/To)¢/0;, Of =Po/M, 05 ~2(2RT/-zM)* (28a) 


In this case the impurity distribution function de- 
parts from equilibrium much less than the Fermi 
function. Therefore gy may be neglected by com- 
parison with y% in the collision integrals Jj¢ and 
Jgj in (20). To determine % we use the kinetic 
equation for Fermi excitations: 


on fo 


Oe mg ; 
ae RT Op m, VE = J ti 4- Jee. (29) 


The two ways of determining y yield identical 
results: 1) by omitting Jgp in (29) as a small 
quantity because t¢j K tg; 2) by multiplying (29) 
by the Fermi-particle momentum p and inte- 
grating with respect to d7p. Since [PJ£ged7p = 0 
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we thus eliminate Je. We shall use the first 
method. In virtue of what has been stated above 
in connection with the solution in the high-tem- 
perature region, we now obtain 


ON 4 


eG 
Ji =—keT Oc b (pyc) N43"; ap 


Hence 


ms kT IN go 4 
mgm Oe 6; UN, 


ong = (pyc). (30) 
Using the momentum conservation law gj + gf =0, 
we obtain for the impurity current 


g,=— ( pingds, =— Dye, (31) 


(30) and (31) are used to give the diffusion coeffi- 
cient 


D = (km / pos"tip) T /c = (RT / my) t si , (32) 
where 
Eat = Hy. Navy. (33) 


It is easily seen from (26) — (28) and (32) — (33) 
that an interpolation formula for the diffusion co- 
efficient which includes both limiting cases is 
given by 


D=tkT/m, Where 1/t=(3/2tie + 1/¢«). 


We may treat analogously the case in which 
Fermi excitations are described by spectrum (3) 
and impurities by spectrum (4). The cross section 
(21a) must now be used; omitting the steps of the 
calculation we give the results: a) for high tem- 
peratures 


4 TGA AENISE fiteNe ike 
= = = 34 
D 3 V ™ e ) ie) k it ( ) 
b) for low temperatures 
ile 42 Po fi, 
D==—— —. 
° HiimPO ce x4 ee 


In (34) and (35) wim denotes the Fermi energy 
limit for spectrum (3): 


Hin le (2 rh)? / m316 np? V 2m)?. 


In liquid He’, lim = 1.05°K when this spectrum 
is realized. 


4, THERMAL DIFFUSION 


With non-zero concentration and temperature 
gradients in the solution at constant pressure, the 
impurity current i is defined by (6). The system 
of kinetic equations for thermal diffusion is 


i¢ + Ji, 


OBE: Oh 
rio Se (gr x) F J 


Onog de /e — ps = , 
55 = 7 s) yT = Jee + Jfi- 


The thermal diffusion ratio kp is calculated 
just like the diffusion coefficient; for spectrum (2) — 
we obtain kp =c. Thus the thermal diffusion co- 
efficient is smaller than the diffusion coefficient 
by a factor equal to the concentration. 


5. VISCOSITY 


At sufficiently low temperatures, for which 
alone the present theory is valid, the viscosity 
coefficient 7 of the solution will consist of the 
coefficient ng of Fermi viscosity, resulting from 
momentum transfer by Fermi particles, and the 
coefficient n; of impurity viscosity, resulting 
from momentum transfer by impurity particles: 


= Ne Pi: (36) 


a) Fermi Viscosity of the Solution 


The kinetic equation for Fermi excitations when 
the system contains non-zero gradients of the mac- 
roscopic velocity u is 


1 ONo¢ Be Hl pe 
2 ode (0: OD, 3 Pi ap, 8:n) 
fou: Ou, 2 du, | 
Ae oe eee =sidegtich odie: 


We choose our -z axis in the direction of the ve- 
locity and let the velocity gradient be perpendicular 
to the z axis along the x axis. In spherical co- 
ordinates with a polar z axis the kinetic equation 
then becomes 


Ono ¢ de Ou 
de? dpax 


cos§sin8coso = J ge + JR. 


In accordance with the symmetry of the problem 
the solution of the kinetic equation will be sought 
in the form 


dc 0 ; 
ON P 5p ay COS 88in 8 cos 9b (2). 


Since a general solution is hardly possible, we 
shall determine the dependence of ng on temper- 
ature and concentration in the two limiting cases. 
1) At high temperatures the number of Fermi par- 
ticles in the diffuse zone is given by Ng > N, 
(more exactly: tgp K tgj, tif K tjj). In this case 
only the scattering of Fermi particles by each 
other is important and Js; may be omitted from 
the kinetic equation. 2) At low temperatures the 
number of Fermi particles in the diffuse zone is 
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given by Ne <«K Ny. Here only collisions between 
Fermi particles and impurities are important and 
collisions between Fermi particles may be neglec- 
ted. The intermediate region can be obtained by 
interpolating between the two limiting cases. 

The High-Temperature Region. The collision 
integral Jf in (20) is 


J == \ W eg Neorflgog (1 — fea) (1 — teas) (dy —- by — amt ¢,) 
X 9 (Pi + P2 — P| — P,) 8 (&: + £2 — 8, —2/) dedz'dp’. (37) 


If we assume that the collision probability wf de- 
pends only on the angles between momenta, by 
transforming to dimensionless variables in the 
collision integral we find that it can be repre- 
sented by 


Jeg = Tee Neo, (1—N¢o1) 


xcos 8 sin9 cos.9 S p 5 \ bog oe (1 — Nog) dz, (38) 
where 
See = RT / poe, | (39) 


in which offo is the viscosity transport cross 

section.** We shall, as usual, calculate the z 

component of the momentum transported in the 
x direction: 


0 : s Ce} 
ih, \P on cos § sin 9 cos gind= = yf oe (40) 


The result obtained is (See reference 14) 


2 2 
2 ~~ # UW =) 4 Po - 
Nn = 75 (Po/ Fe o) (+) T == Nz aie (41) 


We have thus obtained the Pomeranchuk tempera- 
ture law n ~ T 2, as is not surprising since our 
initial premises agree with those of Pomeranchuk. 
The Low-Temperature Region. Here only the 
seattering of Fermi particles by impurities is im- 
portant; we therefore omit Jg¢ in the kinetic equa- 
tion for Fermi excitations. In calculating Jfj we 
also consider that in this case 6nj « 6ng, and that 
therefore in Js; nj may be replaced by the equi- 
librium Maxwellian distribution function njy. As 
a result we have 


= * de Ou o AN, 
J 6 = U¢5', M0 (1 — Ngo) P an ae cos 8 sin 8 cos oN 4b. 
In this case the effective deviation of the Fermi 


*Unlike the ordinary transport cross section (which we de- 
note by o*), the vicosity transport cross section o* is obtained 
by averaging the corresponding cross sections multiplied by 
(1—cos w) sin’ y. This is shown in greater detail in refer- 


ence 14. 


distribution function from equilibrium will be 


n 1 © OUT : 
Ong = — FR Ngo (1 — neo) ps mig, cos§sin§cos%, (42) 


ty Sle N ate (43) 
Here of, is the viscosity transport cross section. 
The ordinary transport cross section which is ob- 
tained when diffusion and thermal conductivity are 
considered is denoted by the same symbol without 
abar. We use (42) and (40) to determine the Fermi 
part of the viscosity coefficient at low temperatures: 


We note that at low temperatures nf is inversely 
proportional to the concentration. 

An interpolation formula for ng which gives 
correct values in both limiting cases is 


ne = Ngprte /5m, 1/t, = (1 feeg +1/t4;). (45) 


b) Impurity Viscosity of the Solution 


The impurity viscosity of the solution is calcu- 
lated in exactly the same manner as the Fermi 
part of the viscosity coefficient. The interpola- 
tion formula for nj which gives correct values 
at the high-temperature and low-temperature 
limits is therefore 


ni = (Co/m) RTH, th = (GE +H); 
where 


1/ tii = Vidii Na, 1/tit = vesie Ne, 
N, IGT oe Ne (46) 


In all of the foregoing calculations off, or and 
oii [(21 and (22)] were constants, being independ- 
ent of momentum. In the theory that has been .de- 
veloped here these quantities are unknown and are 
determined and normalized by comparing the the- 
ory with experiment. For a preliminary estimate 
of the contributions made by different processes 
to the viscosity of the solution we set 


2 2 


= Su —* x 
Sffg~ a,-10°%% cm , Cif ~ a, 10- em’, 


Sioned tacms, 
where a;, a, and ag are constants of the order 
of unity. 


Furthermore,°® 
w/k = p?/2mk = 3.3°K, m= 1.43 ms, 


po/h=0.76-10°8 em, »9=0.078 g/cm’. 
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Inserting these numerical values into (36), (45), 
and (46), we obtain the following expression for 
the viscosity of the solution: 


n= 1.24-10-4 /a,T? {1 + 7.2 (ag /a,) eT} 
seo: PelOs3i/aat lee tal tae uel *t: 


6. THERMAL CONDUCTIVITY 


The thermal conductivity coefficient x of the 
solution, like the viscosity coefficient, includes 
Fermi and impurity parts: 


Kp == ie (47) 


The system of kinetic equations required to deter- 
mine the thermal conductivity is the same as that 
used in discussing thermal diffusion and is given 
in Sec. 4. In accordance with the symmetry of the 
problem we seek a solution in the form 


p= [Bet — aller) te GT) E 


Further calculations are entirely analogous to 
those performed for the viscosity. We first cal- 
culate the Fermi part of the thermal conductivity 
coefficient in the high-temperature and low-tem- 
perature limits (Kf and kfjJ, respectively). An 
interpolation formula for xg is then constructed. 
The impurity part x; of the thermal conductivity 
coefficient is calculated similarly. The results 
are 


ei eGo (Po ait) lips *a, = /eCo (Polat) ten, 
in = 5 (pk? /myM) cT tig , x,, = 5 (pk? / mM) cT tii. 
Interpolation formulas for kf and kj are 
x¢ = 5/¢Co(Po/m)ts, tp =te +te, 
“1 = 5 (ok? /mM)cTti, to’ = tie + ta, 


where Cy is the specific heat of a unit volume of 
pure liquid He® and the other quantities have the 
same meanings as in (45) and (46) for the viscos- 
ity. The absence of bars indicates that we are 

here using the ordinary transport cross sections. 
We note that at the high-temperature limit Pomer- 


4 
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anchuk’s law! for the thermal conductivity, Kf ~ 
T-!, is obtained. 

In conclusion the authors wish to express their 
deep gratitude to B. I. Davydov for a valuable dis- 
cussion. 
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From a classification of the terms appearing in the series expansion of the £ -decay inter- 
action Hamiltonian, rules are obtained which make it possible to predict which nuclear ma- 
trix elements contribute to 8 transitions of a given type, and to estimate the values of these 
elements. It is shown that there exists a simple case of second forbidden Coulomb transi- 
tions, Aj =2 (no), with properties similar to those of unique transitions. The angular 

B-v correlation, the $-y correlation with circularly polarized y quantum, and the spec- 


trum are found for this case. 


lite study of the angular correlations in the gen- 
eral case of 6 decay is extremely complicated, 
since the theoretical formulas contain a large 
number of unknown nuclear matrix elements. The 
special cases in which the number of nuclear ma- 
trix elements is a minimum are the simplest from 
the point of view of the interpretation of the experi- 
mental results. Many papers have been devoted to 
the study of the correlations in allowed transitions, 
in which there are not more than two such unknown 
matrix elements. In particular, the angular B-v 
correlation and the B-y correlation with circu- 
larly polarized y-ray quantum have been analyzed 
in a number of papers.!~4 Cases of interest among 
the forbidden f-decay transitions are those of 
unique transitions and of the so-called first-for- 
bidden Coulomb transitions. In the former case, 
the number of unknown nuclear matrix elements 
is one, and in the latter case, three, so that in the 
former case the correlations do not depend on the 
matrix elements at all, and in the latter case they 
depend on two ratios of matrix elements. These 
cases have been treated in a number of papers.’? 
In the present paper we derive simple rules 


that make it possible to predict which nuclear ma- 
trix elements will contribute to B -decay transi- 
tions of a given type, and to get approximate val- 
ues of these elements. Second forbidden transi- 
tions are studied on the basis of these rules. It 
is shown that there is a simple case of Coulomb 
transitions, Aj =2 (no), with properties similar 
to those of the unique transitions. The angular 
B-v correlation and the B-y correlation with 
circularly polarized y-ray quantum are found 
for this case. 


1. THE NUCLEAR MATRIX ELEMENTS 


Let us take the Hamiltonian of the 6B -decay 
interaction in the form proposed by Gell-Mann 
and Feynman!? 


H =G(¥ yu (1 £45) Fl [eu (1 +s) , | (1) 


In the Coulomb field of a nucleus of charge Z, the 
wave function of an electron with momentum p, 
total energy E, and spin component é can be 
represented as the sum of two bispinors: 


: | G 
Ey | (4) +8) 20 (£ )rom (n)); + (A; ea \ (QU)(n Ne | 

r<) gadn y) : 
P ; iz r IV * go] ( \e 

fu. EA yl cA ab; at (4) ae Ne + (A; YB jp) he (Q) (1))z 
i fae, N= Pl Ps 

: ae — aba 

OZE Atj— AcE Ps , ee ae Bie eee ti oe 
A;=4 i | 4, iaze Tp! M2); Bi = ip iaZE/ pp’ a TRU a  BiaZE To /2), 
ee EE 720 (Open = VF HO we 17 187. @) 


Dr (27; + 4) 


109 


110 Noe 


The first bispinor contains a) (r/r) and can be 
regarded as the term corresponding to the emis- 
sion of the electron with total angular momentum 
j and orbital angular momentum 1=j- 3. The 
second contains ah, n/t) and can be regarded 
as the term cahnesvendin’ to the emission of eo 
electron with orbital angular momentum l’ = j+ 5. 
For Z—0, the terms of the second type go 
to zero, and the terms of the first type go over 
into the usual expansion of a plane wave in spher- 
ical functions. Similarly, the wave function of a 
neutrino with momentum q and spin component 


n is 
yi 2%) (FJ 7) (0%) Oh, 
c¢D) ea as i = 2j,+1 M,, 
= pe cal both atin « [1100 (oy 
be Ju-—*/es l= j++ Yo, vq 95 
2r Gpeteer 2) —'/, rae é, i 
ds Se eae eB) (2 qr)" €Xp {it (jy — 1/2) / 2}. (3) 


The substitution of Eqs. (2) and (8) in Eq. (1) 
breaks the Hamiltonian up into a sum of terms; 
each contains one term from the expansion of the 
electron wave function and one from the neutrino 
function, and can be characterized by the two quan- 
tum numbers (j, /) of the electron and the two 
numbers (jy, l,) for the neutrino. In addition, 
the terms differ in the part referring to the nu- 
cleus. Here they are divided into the nonrelativ- 
istic terms with the operators y, and Yys be- 
tween the wave functions of the initial and final 
states of the nucleus, and the relativistic terms, 
which have the operators yyy, and y; the latter 
are of theo” «¢ Vpyc/c compared with the for- 
mer, where Vnyc is the average speed of the 
nucleons in the nucleus. The parity is (-1 yl+lp 
for the nonrelativistic terms and (-1)!+4v+1 for 
the relativistic terms. 

Thus all the terms of the Hamiltonian can be 
classified in terms of four quantum numbers and 
the parity (cf. table). Their values can be found 


i | Prorel\ dy lL, |Parity SN 
1/2 Oa de: 0 no 4\ 

Sy Ae da 0 yes |pR 

1/2 1 1/2 0 yes |aZ 

PAS 0) 3/2 | 4 Veralge 

4/2 0 1 0 yen |Onacie 

5/2 2 1/2 0) no (pR)? 

3/2 1 3/2 4 no |pR (gR) 

1/2 0 5/2 2—| no |(gR)? 

O/ Zn. 2 1/2 0) no |aZ(pR) 

ne d 3/2 1 no |aZ(qR) 

3/2 | 4 1/2 O no (o.p4/¢) (pR) 
4/2} O | 3/2 1 no (Uue/¢) (GR) 
1/2 | | AOU, | 0) | no (Cale) aZ 
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approximately with the factor NjMj,. It is easy 
to see that as to their values, the terms are nat- 
urally divided into three groups: the ordinary 
type, the Coulomb type (~ @Z), and the relativ- 
istic terms (Vnuc/C)- 

Each term of the expansion of the Hamiltonian 


can lead to several nuclear matrix elements. This — 


is due to the fact that the classification has been 
carried out in terms of the quantum numbers of 
the individual particles (electron and neutrino), 
whereas the nuclear matrix element is character- 
ized by the set of quantum numbers of the pair as 
a whole. In fact in the general case, a nuclear 
matrix element can be written 


a Bre Sia Yim| hire <OstkY ids (4) 


Such “reduced” matrix elements are connected 
with the usual expressions written as integrals 
by the relation 


a 


\ Frama (t) Os Bim, (8) r* Yim (=) dr 


a pChmelN CHS" <0 nk Vara (5) 
a. TN 
Here Og = 4, Ya¥5, Y, and Yys5, with the first two 


of these operators corresponding physically to the 
emission of the electron-neutrino pair in a singlet 
state, S=0, and the other two to emission of the 
pair in a triplet state, S=1. The order L of the 
spherical harmonic represents the orbital momen- 
tum of the pair, and J its total angular momentum, 
which is formed from S and L by the vector- 
addition rule J = L+S, to which there corresponds 
the sum over J in Eq. (5). The parity of the nu- 
clear matrix elementis (-1 yl for nonrelativistic 
elements and (-1 yi for relativistic elements 
and, as will be seen shortly, is the same as the 
parity of the term in the expansion of the Hamil- 
tonian that leads to the matrix element in question. 
The degree k is the power of R in the estimate 
given in the table for this term. 

Thus any matrix element is fully characterized 
by the set of quantum numbers J, L, S. This set 
can be found from the quantum numbers of the 
electron and neutrino by the rules of vector addi- 
tion. For this relationship we must require that 
the triangle rule hold for all rows and columns of 
the array 

LM, j 

L,YUe jy 

jb Se lf 
Furthermore, the additional condition 7+ 1, + L 
= (even number), must be satisfied. By using 
these rules we can find for any term in the table 
the nuclear matrix elements that correspond to it. 


SECOND FORBIDDEN COULOMB B-DECAY TRANSITIONS itt 


A nuclear matrix element of a definite type con- 
tributes to the 6 -decay transition if two conditions 
are satisfied: 

lik h|<J<k +h, 
ue . 4)’ for nonrelativistic nuclear matrix elements, 
(—1)** for relativistic elements, 


where j, is the angular momentum of the initial 
nucleus, jg is that of the final nucleus, and II 
is the change of parity in the B decay. 

For example, the term of order aZ (qR) (no) 
leads to four types of nuclear matrix elements; 
two of them, with J=1, give small corrections 
to allowed transitions, and the other two, with 
J =2, contribute to forbidden transitions Aj = 2 
(no). 


2. THE SECOND-FORBIDDEN COULOMB 
TRANSITIONS 


As has already been remarked, all the terms 
of the expansion of the Hamiltonian (1) fall natu- 
rally into three groups: terms of the ordinary 
type, those of the Coulomb type, and relativistic 
terms. The contribution of terms of the Coulomb 
type rises rapidly with increase of the charge of 
the nucleus, so that even for nuclei with Z = 30, 
all other terms can be neglected in comparison 
with Coulomb terms. Such £8 -decay transitions 
are called Coulomb transitions. They are realized 
when @Z >pR (or qR) and @Z > vyuc/c. 
this case in the second order of the expansion of 
the Hamiltonian, there remain two terms: @Z (qR) 
and @wZ(pR). For second-forbidden transitions 
[Aj = 2, 3 (no)] these terms lead to two nuclear 
matrix elements <rY,y>, and <YysrYom>2- 
They do not contribute to the unique f -decay 
transitions. 

The writer has made a calculation of the angu- 
lar B-v correlation and B-y correlation with 
circularly polarized y-ray quantum, neglecting 
the finite size of the nucleus. It was found that 
these two matrix elements always enter in the 
same combination, 


V2 Lap Vous = Ws <y ice Yom >a, 


so that this case is like that of the unique B - 
decay transitions, whose angular correlation 
functions do not depend on nuclear matrix ele- 
ments and can be found exactly. 

We note that the correlation functions do not 
depend on the matrix elements also in the case 
of a Hamiltonian (1) of the most general form. 

If the neutrino emerges at the angle y with 
the direction of emission of the electron, the 
probability function is 


W (9) = S\a,P; (cos ¢), 


7 


a = = U(ler P+ e0[) 


0O<r<2; 


+ (ca)? + [eaP) a1, 
a= oe 2Re [(cyc, + C2¢}) d] — = 2Re (Cyc; ++ csc; | d|?), 

The probability of emission of a circularly polar- 
ized y-quantum with polarization w =+1 (right or 
left) at the angle @ with the direction of emission of 
the electron is given by 


V6 * 3 * 2 
= slate 


Py eel 
230 


e.= 2 9Re ( (csc, |@|?). (6) 


(| ¢3 |? + | es?) = 


We have found the quantity yp for an arbitrary 
y -ray transition or cascade of y-ray quanta in 
an earlier paper.” In the simplest case, in which 
B decay to an excited level j, is followed by a 
y -ray transition with angular momentum L (of 
electric or magnetic type) to the level j;, 


Cro Cis 1) OL 21) Wie RL nee 


In Eqs. (5) and (6) the quantities c,, cy, etc. have 
the form 


CG =4V(E + 1)/E (Ay, + By); 


iin = 


Oat VE Sa ME (Ae Be) 
6 = 2 (b= lhe (Ay, Bs), 
p= 2V (E= lif EA, Bas 
d= 2E (te = ia ZE/p)T 2 +1) p 
D(yi—taZE/p) TV (2y2 + 1) q 


The B-ray spectrum of a second-forbidden 
Coulomb transition can be found from the usual 
formula 


12 3} 

T =< "|H [o(E), (Hp? = Fa| MP, 

3 82 pong ne (lye tO ZEN De) ore 
Re ae ats CR wean pres Li as 
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Different effects in the capture of u~ mesons by light nuclei, without neutron or proton 
emission, are calculated. It is assumed that the interaction is described by the A and 
V coupling variants. Corrections of first order in nucleon velocity and in (R/x)? are 
taken into account and turn out to be quite significant. The results of the calculation con- 
tain one unknown constant, in addition to the usual matrix element, so that at least two 


experiments are necessary to verify the theory. 


Ar the present time there are all grounds for 
assuming that the interaction of » mesons with 


nucleons is analogous to 8 decay and is described 
by the axial and vector coupling. We consider with- 


in this assumption the capture of u~ mesons by 
light nuclei, in which the nucleus jumps into some 
excited level without emitting either a neutron or 
a proton.* If the changes in momentum and parity 
of the nucleus in such a transition have the form 
Aj =0, +1 (no), then the theory of this process 
is completely analogous to the theory of 6 decay. 
The essential difference is that the momentum of 
the emitted neutrino is of order My (the mass 

of the muon), so that the corrections after ex- 
panding in powers of R/x (R is the nuclear ra- 
dius and * the wavelength of the neutrino), and 
v/e of the nucleon, which are usually small in B 
decay, are very significant here. At the same 
time, if one confines oneself to muon capture in 
nuclei with A < 16, then the magnitude of these 
corrections is still quite small and it is sufficient 
(error ~ 5%) to consider terms linear in the nu- 
cleon velocity and quadratic in R/x. 

1. We start from the universal theory of weak 
interactions of Gell-Mann and Feynman‘ in which 
the 8 current of the nucleons and pions is con- 
served and the vector interaction is completely 
analogous to the electrodynamics. As shown by 
Gell-Mann,? this makes possible expressing the 
corrections with respect to v/c of the nucleons 


*Analogous calculations for the capture of » mesons by 
protons was carried out by Wolfenstein! and Chou Kuang Chao 
and Maevskii.* The former, however, did not take into account 
the corrections due to the vector interaction (of the “weak 


magnetic” type>) while the latter, on the contrary, did not take 


into account the pseudoscalar term, which has considerable 


practical importance. 


and R/x associated with the vector interaction 
in terms of the characteristics of the nuclei dur- 
ing y transitions. The matrix element of the 
vector interaction, to an accuracy linear with re- 
spect to v/c of the nucleons, can be written 


* P v ; 
Gv\ dV; eet — sr ey Je“) 


+ _ (yJe—a" +- Jeary} thi, 


Jo=Mo9,8(L+%5)%, I= *2$,8a(1 + 15d,» (1) 


where 2% and ¢¢ are the initial and final wave 
functions of the nucleus, q is the momentum of 
the neutrino, and M is the nucleon mass. The 
first term in (1) is analogous to an electric inter- 
action with the nuclear charge distribution, the 
second term to the interaction of the magnetic 
field with the spin po-H, and the third to the in- 
teraction of the electromagnetic field with the cur- 
rent. The quantity e14° iT (1) is expanded in 
powers of q-r up to the second order. Then the 
first term in (1) becomes: 


Gy \ V4 (1 a? — FGI) He 
Qe = Shite 1 on. (2) 


Estimates based on a square-well potential?*® (and 
also experimental data on the magnitude of the quad- 
rupole moment) show that the contribution from 
the quadrupole interaction in (2) does not exceed 
a few per cent, and, consequently, the term pro- 
portional to Qj can be omitted. An expansion 
of the second term of (1) in powers q°r contains 
no term linear in r, by virtue of the selection 
rules, while the quadratic term is of the order of 
Ys (myR)? (my, /M) < 5% and can also be neg- 
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lected. Finally, in the third term it is sufficient 
to keep only the expression in which the operator 
V acts on the current of light particles 


EV det adel a. 


The remaining expressions correspond either to 
the contribution of the orbital moment to the total 
magnetic moment of the transition in the nucleus, 

e., they have the same form as the second term 
in (i) and can be treated like it, or else they are 
of the order of % (myR)? (m,/M). The entire 
matrix element of (1) takes the form 


e {\ AV ¢iee( 1 oe z GP e+ ong aan) 0 


a isa | dV oiecp lax}, ®) 


where uy can be interpreted as the magnetic mo- 
ment of the transition, while <r?>¢ is the square 
radius of the nucleus corresponding to the given 
transition. The quantity py is determined, ac- 
cording to Gell-Mann,? from the width of the nu- 
clear y-line belonging to the same isotopic mul- 
tiplet, while <r?>e can be calculated from ex- 
perimental data on the inelastic scattering of 
electrons on nuclei. 

2. The matrix element for the axial interaction 
can be written 


JV OG stats + O(k —9),%5} He, (4) 


where 


J, = {Jo, J}, Ge = {B, 8x}, gd, mS Jodo — qJ, 


and k is the 4-momentum of the meson.* The 
pseudoscalar interaction — the second term in (4) 
— arises in the form of a correction to the axial 
interaction, owing to capture of the ~ meson by 
the virtual 7 mesons.! The constant b was de- 
termined by Goldberger and Treiman’ and found 
to be very large: bm, =8Ga, making allowance 
for the pseudoscalar term absolutely necessary. 
By virtue of the identities 


k—¢) = + Ma dy Ch==¥6) be 


and Bey = by (u meson at rest) it is possible to 
write (4) in the form: 
\ dVo; {GacJ = [Gays + bm,875] Jo} <bie—™. (5) 
In the nonrelativistic approximation with respect 
to the nucleon, both matrix elements VEY5Y; and 
*In our notation Gy 


and Gy are positive; b is also posi- 


tive. 3 


LOPE 


we BY5~; must be proportional to the same expres- 
sion ppo- ~iq. For free nucleons we have 


drsh, =(1/2 M) deh.q, YB rsh, = — (1/2 M) Fea, 


Therefore, the entire expression in the square 
brackets in (5) can be written 


\aV¢i (G 


== — 0G, | dV ,0qth ye“, (6) 


Alea bmuBYs) tJ oe “" 


where p is some constant, whose magnitude de- 
pends on the magnitude of the spin-orbit interac- 
tion Vo-l of the nucleon in the nucleus: p ~ 
ey /Ga ~ (3 to 5)/M. (For free nucleons 

= _7/2M. ) The expansion in powers of R/x is 
en in (5) in a manner analogous to that used in 
the vector interaction. We obtain as a result the 
following expression for the matrix element for 
the axial interaction: 


Ga\dVdie <9, {U1 ed <*> 4) I—padol (7) 


where <r?>,_ is the mean square radius of the 
nucleus in the transition due to axial interaction. 
In so far as the matrix element jfoy, has the 
same form as the matrix element of a magnetic 
dipole transition, then a better approximation is 
obtained if LEI is taken equal to the square 
of the magnetic radius in the transition of a nu- 
cleus belonging to the same isotopic multiplet. 

3. Making use of matrix elements (3) and (7), 
we calculate the total probability for uw capture 
and the magnitude of the longitudinal polarization 
of the nucleus in capture of an unpolarized meson, 
as well as the angular distribution and polariza- 
tion of the nucleus in the direction of the meson 
spin, in capture of a polarized meson. It is pos- 
sible to carry out the calculations by the same 
technique as described in reference 8. The total 
capture probability is: 


W = (1/2n?)a78q?No, 


No = Gi| Me P (1-34? <1? de + q/ M) 


+ Ga {Mor PIIL—s@<r>,+F(Qa—p)q|, 8) 
where a, is the radius of the Bohr orbit of the 
meson, Mp=(f1) and Mcp=(Jfoa) are the 
nuclear matrix elements, and a = uyGy /2MGa. 
The probability w(’), that on capture of an un- 
polarized meson the nucleus can have a spin p’ 
along the direction of the unit vector nj is given 
by the formula 


CAPTURE OF w MESONS BY LIGHT NUCLEI 


w(w) = 14+, lee me (njv)?| (N’/ No) 


ju”? 


+ yn; (w’ / HS) (Ny ii No), Qi Te Nii Get) rag ), 


f 4 pS i 
ee | , J/=] —1 
Ay; =F er ir Staal) j=s' . 
Pe he) yp 38), faye (9) 
Here 
N’ = —G4| Mor? (9 + a)q, 


N,=G’ | Mer |?Aj; (1 +- 2aq — + Gere >a) 
+ 287 V FTE + 1) GaGy Re MeMor|[1— oq — 4g? (Xr?>e 
+ <>) +9/2M], 


Pe adie ye e212 kd): (10) 


j and j’ are the spins of the initial and final nu- 
clei, respectively, and v=q/q. Upon capture of 
a polarized meson, the angular distribution of the 
recoil nuclei has the form 


Wet eSNG | No, (11) 


and the polarization of the final nucleus, averaged 
over the directions of the emitted neutrino, is de- 
termined by 


We (') = 1 + mj <o> (w'/ 7’) (N1/ No), (12) 


where <o> is the expectation value of the spin 
of the meson inthe K -orbit, and: 


Ng = Gy| Mr)? (1 —1/3q? <r? >, 4-9/ MI 
= 4,04 Mar? (1— 1/.q? <> 4+ 2a +9) 41, 
N, = Ga| Merl? yl! + 7/3 (2a— pp) q— 1/3 q? <r? > 4] 
— 2857 V 7/7 + 1) GaGy Re MeMer (1 + ¢/2M 
Seg o(2a— pyr ig? PO)(Cr? past <r? pa): 


In the calculation of (8) to (13), only terms lin- 
ear in v/c of the nucleons and in (q* )? were 
taken into account. The hyperfine structure of the 
mesic atom was not taken into account. Therefore, 
strictly speaking,” our results are correct only for 
the capture of muons by nuclei with zero spin. If 
we pass in (8) to (13) to the case of yw capture by 
protons (Mr=1, MGT= v3) and neglect the 
pseudoscalar term (p= -— 1/2M), then the equa- 
tions agree with the results of reference 2. In 
neglecting terms ~ (v/c)nuc and ~ KR yes re- 
lations (8) to (11) become the usual relations for 
K capture (see for example, reference 10). How- 
ever, these terms are quite significant. 

4. We consider the more interesting case of 
the capture of y~ mesons in c!2, with production 


(13) 
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of Bi, which then B -decays back into Ge The 
quantity a for the transition C!* — p?2 (transi- 
tion 0 — 1, no) was calculated by Gell-Mann:? 
a= 2.34 +0.25/M. Taking <re to be the 


electrostatic radius of the nucleus* C1 see ref- 
erence 11 a = 2.4107 em) and g= 


90 Mev, we find q?<r*>,/3 = 0.37, 4aq/3 = 
0.3. The constant p cannot be calculated theo- 
retically. It is possible to determine it from ex- 
perimental data! on the lifetime of the mesons 
relative to capture by C’®, according to which 
No /G4 |Mgrpl® = 1.37 + 0.08. Hence 2pq/3 = 
— 0.44, which agrees with the theoretical estimate 
(2qp/3 = 0.95 for free protons) and leads one to 
believe that the pseudoscalar term has the order 
of magnitude predicted by Goldberger and Trei- 
man.!f 

Since the theory includes one more constant 
to be determined from experiment, besides the 
constants and matrix elements that are known 
from £ decay, a verification of the theory, and, 
in particular, a verification of the hypothesis of 
renormalizability of the vector interaction can 
be achieved if at least one more experiment is 
performed in addition to measuring the capture 
probability. Measurement of the polarization of 
the B'* nucleus along the direction of the spin 
of the » meson in the capture of a polarized 
meson in C!* is unsuitable for this purpose, since 
it follows from (13) and (8) that the magnitude of 
this polarization in the Gamow-Teller transition 
does not depend on terms containing a or p. 
(The absence of such a dependence denotes, on 
the other hand, that measurement of the polari- 
zation of B!? may be a good verification of the 
two-component pu -meson hypothesis in pw capture, 
see reference 10). The hypothesis of renormaliz- 
ability of the vector interaction can be verified in 
experiments on the measurement of the longitudi- 
nal polarization of the nucleus in capture of unpo- | 
larized mesons or by measuring the angular dis- 
tribution of the recoil nuclei in capture of polar- 
ized mesons. In both these cases the effect of the 
terms proportional to a and p is sufficiently large, 


*It follows from the experimental data of Fregeau!! that 
the magnitude of the radius of the C** nucleus changes very 
little on passing from elastic to inelastic processes. 

tIt is somewhat strange that p appears to be negative for 
7 capture in C’”, and positive for the capture by protons. Es- 
timates with relativistic-interaction models indicate that p <0 
might arise with the same interactions that cause spin-orbit 
coupling, but should not be as negative as is required by ex- 


periment. 
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reaching 30 to 50%. The polarization of the product 
nuclei can be determined experimentally from the 
asymmetry of the electrons of the subsequent 6 
decay. The coefficient of asymmetry of the elec- 
trons contains also a correction term ~ (v/C)puc- 
This correction, however, is very small, of the 
order of 2 or 3%. 

The author expresses his deep gratitude to A. I. 
Alikhanov and I. S. Shapiro for remarks that have 
stimulated the author to perform this work, and to 
V. B. Berestetskii and L. B. Okun’ for valuable 
discussions. 
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The distribution of excited atoms or molecules ahead of a shock wave front is considered. 
The excitation is produced by radiation coming from the shock front. The process of non- 
stationary diffusion of the radiation is taken into account. It is shown that concentrations 

of excited atoms or molecules corresponding to excitation temperatures close to the tem- 
perature of the shock wave are formed in the cold gas ahead of the wave front. 


ies are a number of papers in the literature 
(see, for instance, reference 1) devoted to the in- 
fluence of radiation from a shock wave on the state 
of the gas ahead of it. These papers discuss the 
photoelectric absorption of radiation from the 
shock wave by atoms or molecules which are in 
the lowest energy state. Thus, only the short- 
wave region of the absorption spectrum is taken 
into account; for radiations whose wavelength is 
greater than the red limit for the photoeffect from 
the ground state, the gas is considered to be trans- 
parent. 

In the present communication we treat the ab- 
sorption of radiation that causes excitation of the 
atoms or molecules. The treatment takes into 
account the subsequent process of nonstationary 
diffusion of the radiation. We show that there is 
a wave of atomic or molecular excitation ahead 
of the shock wave front. 


1. THE BASIC EQUATIONS AND THEIR APPROX- 
IMATE SOLUTION 


Assume a plane shock wave whose temperature 
is T, propagating with velocity v in the direc- 
tion of the x axis. We set up the equations de- 
scribing the distribution of excited atoms in space 
and time.* We are interested here only in the con- 
centration of atoms excited to resonance levels. 
We take into account the possibility of extinction 
as the result of kinetic processes. The time of 
flight of the photons will be neglected in compari- 
son with the mean lifetime 7 of the excited state 
of the atom. 


*The assumptions used in Secs. 1 and 2 can be used to 
obtain results for either an atomic or a molecular gas. How- 
ever, for simplicity we use arbitrarily the terms “atomic’’ 
and ‘‘spectral line’’ in these sections. 
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Using the previously developed theory of the 
diffusion of resonance radiation,” we find that the 
concentration of excited atoms ng (x,t) ahead 
of the shock wave front is given by the following 
equation: 


eat) sb es ES (até K (|x —8|) de 
Seta) |= + 5 (x) | +- B (x). (1) 
Here 
K(x—§\)= 5 Cepexp {hy Oe, (2) 
id 


where the x coordinate is measured from the front 
of the shock wave. The functions ¢«, and k, 
characterize the shapes of the emission and absorp- 
tion lines, respectively; o(x) is the probability of 
extinction per unit time, calculated for a single ex- 
cited atom; B(x) is the number of excitation events 
per unit volume per second caused by the absorp- 
tion of radiation coming directly from the shock 
wave. The shock-wave radiation, at least in the 
portions of the spectrum adjacent to the resonance 
lines, can be considered as black-body radiation. 
It is then easy to show that 

(ee) 
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B(x (3) 

The Planck function E,(T) changes slowly 
with frequency, compared with k,. Making use 
of this fact, we obtain 
[i—{ Kee) ae], 

0 

where n’(T) is the Boltzmann concentration cor- 
responding to the temperature T. This expression 
is valid for not too large values of x, i.e., whena 


n° (T) 
7 


B(x) = (4) 
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linear approximation of the function E,/hv is 
possible over the frequency interval correspond- 
ing to the absorption line of a layer of gas of thick- 
ness xX. 

The solution of the integro-differential equation 
(1) entails great mathematical difficulties, and can 
hardly be solved at all in the general form. At the 
same time it has been shown previously? that, in 
the case of integral equations with the kernel (2), 
good results have followed from the use of an ap- 
proximate method involving the introduction of the 
concept of an effective lifetime of the excited state 
of the atom 


Teff (x) = T/ 3) (Ga)ae (5) 


where @ (x) is the total probability that a photon 
emitted from the point x will reach the boundaries 
of the space under consideration without being ab- 
sorbed. In our case, 


co 


A(x) =1—| K xe). (6) 


Making use of the approximate method, we obtain 
instead of Eq. (1) 


Oaks 1) POh = VON, (x, t)./ Ox 


— Mq (X, t) [OA (x) /t-+ ¢(x)). (7) 
The solution of Eq. (7), with the initial conditions 
Ng (x, t)=0 for t =0, is the function 
t tH 
fie (x, t) — PONCE) \8 (x ut’) exp {- =\ ie) (x + vt") 


Tv 
0 0 


se igh(x ut"))0t"} dt’. (8) 


This function can be written in the somewhat 
different form 


Ra lant) = fa (x; oc) | — ; Ce 0) ue fo (9) 


where 
t 


f(x, t= \ [A(x + vf’) /t 43 (x ol) dt’, 
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(10) 
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@ (x, t) = n°(T) [3 — elle) | s(x 4 uf erhat) dt'|, (11) 
rt Z 
with 


Na (x, 00) = @(x, 0) = n9(T) [=| 3 (x + of) eft) dt'|. 
: 0 


2. DISCUSSION OF THE APPROXIMATE 
SOLUTION 


In certain special cases the expression (9) can 
be written in simpler forms. 
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fa (x; t= (T)[ — exp = =\ 0 (x -;- vt’) dt'| . (12) 


Consequently, in the absence of extinction, a wave 
of excited atoms is gradually formed in the cold 
gas ahead of the shock wave front, with a concen- 
tration equal to the Boltzmann value for the tem- 
perature T. This result holds for any value of 
the velocity v. 

The latter fact is explained by noting that the 
exciting radiation contains a great many photons 
corresponding to the “tails” of the absorption line. 
A finite fraction of these photons undergo their 
first absorption so far from the shock wave front 
that the excited atoms so formed cannot reach 
the plane x=0 within the time T. 


b. v=0, 0 #0: 
S no (T) 
na (x,t) =] To) 47) {1 exp {— [] 
+- 3 (x) tepp (x)] E ‘ceil : (13) 
As t—o we have the following distribution: 
Na (x, 00) = n°(T) / [1 + 9 (x) cet (X))- (14) 


The ratio of the extinction probability to 
1/Teff¢ (x), the effective probability of a radiative 
transition, serves as a parameter in expressions 
(13) and (14). As a criterion of the time t* re- 
quired to establish a stationary distribution, we 
may take the condition that the argument of the 
exponential function in (13) be equal to unity: 


O° = tepp (x) / [1 + 5 (x) tepp (x)]- 


Teff (x) increases with increasing distance from 
the wave front so that for constant o at large val- 
ues of x the quantity t* becomes of the order of 
1/o. When x is so small that o(x) Tef¢ (x) «1, 
the rise time is t* ~ Tegf¢ (x). 

c. o #0, v ~=0. In this case substantial sim- 
plification of expression (9) can be obtained only 
by choosing a specific form for the functions o (x) 
and @(x). It is natural to assume that the extinc- 
tion does not depend on the coordinates (o = const.). 
Then, bearing in mind that ®(x) decreases with 
increasing x, it is easy to show that Ng(x, t) is 
less when v #0 than when v =0, i.e., that (13) 
is the upper limit of (9). 

Furthermore, with constant o, the region of 
integration in (9) is restricted in practice by the 
exponential term exp (-—ot’). Hence for suffi- 
ciently large values of x the function @ (x+vt’) 
is very little different from ®(x). In this case 
Eqs. (9) and (13) lead to identical results, so that 


(15) 
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at sufficiently large distances the relative distri- 
bution of excited. atoms does not depend on the 
speed of the wave. It can be shown that as t in- 
creases, the function g(x, t) decreases. Thus 
in the course of time a stationary distribution of 
excited atoms builds up ahead of the shock-wave 
front. The build-up time will be shorter than the 
value determined from the equation 


P(x, 0) = 1. (16) 


If o is constant, then for any x and v the in- 
equality t* < 1/o holds. 


3. PROPAGATION OF A SHOCK WAVE IN AN 
ATOMIC GAS 


In the case of an atomic gas the interaction be- 
tween radiation and the atoms is characterized by 
linear absorption, whose form is usually deter- 
mined by the Doppler effect and shock or reso- 
nance interactions, the Doppler effect determining 
the intensity distribution in the central portion of 
the absorption line. The appearance of excited 
atoms at considerable distances ahead of the shock 
wave front is connected with the long free path of 
the photons corresponding to the tails of the spec- 
tral line. Therefore, assuming that the absorption 
line is of the pure dispersion type, we obtain a so- 
lution which to a good approximation applies to the 
general case. 

For a dispersion line 
k 
er Lie [2 Bato) TAvP’ 


where vo is the frequency corresponding to the 
center of the line and Av is the line width, 

cc exp {—ky |x| u/(1 + y?)} du 

\ | (T+ 9)? Page 
—col 


Substituting (17) into (6), we obtain an expression 


ates 


for @(x). If kgx =1, then to a good approxima- 
tion, 

@ (x) = (3V zhox) (18) 
When x=0, @(x) =0.5. Consequently Teff(0) = 


27. Making use of (18) and assuming o to be con- 
stant, we find 
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where ©&(z) is the probability integral. 
the first term tends to unity. 
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We now estimate the distribution of excited 
atoms in front of a shock wave in argon, starting 
with the wave parameters derived in the paper by 
Resler et al. (wave velocity = 18 M; temperature 
= 14,000°K behind the wave front and 300°K ahead 
of it; pressure = 10 mm Hg ahead of the front). 
The resonance lines 1049A and 1067 A correspond 
to transitions from the ground state to the excited 
states 3p° CPip) 4s and 3p° CPi) 4s. The os- 
cillator strengths for these transitions are equal 
to 0.2 and 0.05, respectively.° 

Under the above conditions, the intensity dis- 
tribution in the tails of the lines depends upon the 
resonance broadening, which gives ky © 1.5 x 10° 
em! in both cases (see reference 6). 

The extinction depends on the collisions of ex- 
cited argon atoms with molecules of air which are 
present as an impurity in the argon. The effec- 
tive cross sections for extinction of excited argon 
atoms by Ny and O, molecules are not to be 
found in the literature. Using data on the extinc- 
tion of other atoms, and assuming that the concen- 
tration of excited atoms does not affect the esti- 
mate, we obtain an effective cross section of 1074 
cm? for extinction. Thus, for an impurity content 
of 0.01%, o ~ 104 sec™!. 

The figure shows the concentration of argon 
atoms in the state 3p° (Ps »)4s as a function of 
the distance x ahead of the shock front, deter- 
mined from the above parameters. It will be seen 
that there is a noticeable concentration of excited 
atoms (~5 x 10!3 cm?) at a distance of one meter 
from the shock front. The excitation temperature 
is equal to 13,500°K, only slightly less than the 
temperature in the shock wave. The concentration 
of atoms in the state 3p° (?P3,,) 48 cannot differ 
essentially from that shown in the figure, since 
the lower oscillator strength is to a certain extent 
compensated by the higher statistical weight. 

Because of the relatively small energy differ- 
ence between the Py; and P3, states, direct 
transitions between them are possible as a result 
of interactions with unexcited argon atoms. Taking 
such processes into account should not seriously 
alter our estimates. 


120 L. M. BIBERMAN and B. A. VEKLENKO 


In estimating the concentrations of excited 
atoms we have used the approximate expression 
(4). As already mentioned above, the transition 
from (3) to (4) is valid if a linear approximation 
to the function E, (T)/hv is permissible over the 
frequency interval corresponding to the absorption 
line for a layer of thickness x. In our example, 
the limiting value of x is found to be of the order 
of hundreds of meters. 

The distribution shown in the figure was ob- 
tained without taking into account the effect of the 
shock tube walls. At distances less than the ra- 
dius of the shock tube, this factor can be neglected. 
At greater distances, two factors must be con- 
sidered: (1) the reduction in excited atoms due 
to the absorption of radiation by the walls; (2) an 
additional weakening of the quantity B(x) as x 
increases. The latter factor is connected with 
the decrease in the solid angle through which the 
primary incident radiation arrives from the shock 
wave. 

Polishing or chrome-plating the interior surface 
of the shock tube, which is usually done to elimi- 
nate contamination, greatly reduces the effect of 
the above factors. Furthermore, under our con- 
ditions the first factor is not serious, since the 
extinction due to impurities was an order of mag- 
nitude larger than the reduction in the number of 
excited atoms due to radiation absorption by the 
tube walls. 

In constructing the curves it was assumed that 
the extinction depended on the interaction of ex- 
cited atoms with impurity molecules, and there- 
fore did not depend on the coordinates. It must 
however be borne in mind that an appreciable num- 
ber of free electrons are formed as a result of the 
photo-ionization of argon atoms by short-wave ra- 
diation ahead of the shock front. The concentra- 
tion of free electrons, taking into account the mo- 
tion of the wave, will fall off with increase in the 
x: coordinate according to the law e~S®2X%, where 
s is the cross section for photo-ionization and n 
is the concentration of argon atoms in the free 
state. 

An evaluation shows that at distances x <1cm 
extinction by electrons is dominant. Since this 


form of extinction increases with proximity to the 
wave front, there is a possibility of a maximum 
occurring in the distribution of excited atoms. It 
is obvious that atoms excited to more highly en- 
ergetic states would also have a nonmonotonic 
distribution. ei 

Several reports have been given in the litera- 
ture of luminosity in the gas ahead of a shock 
front. In addition, in some cases a maximum has 
been observed in this luminosity.’ Up to the pres- 
ent time, this phenomenon has not had any theo- 
retical explanation. It is possible that this maxi- 
mum can be explained as a nonmonotonic depend- 
ence of the excited atom concentration ahead of 
the shock wave upon the x coordinate. The ab- 
sence of sufficiently complete experimental data 
prevents us from carrying out a quantitative com- 
parison of theory with experiment. 

In conclusion it should be mentioned that the 
presence of considerable numbers of excited 
atoms or molecules ahead of a shock wave front 
may lead to the appearance of secondary effects. 
Thus, for example, the formation of ions at con- 
siderable distances from the shock front appears 
to be the result of photo-ionization of excited 
atoms or molecules. In certain cases serious 


- energetic effects may arise due to the absorption 


of radiation from the shock wave by excited atoms. 
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It is shown that a change of the class of allowable variations in the Schwinger variation 


principle! makes it possible to include the spin variables in the general Lagrangian for- 
malism in both the nonrelativistic and relativistic cases. 


ee transition from classical mechanics to quan- 
tum mechanics is usually made by means of the 
correspondence principle, which consists of re- 
placement of the classical Poisson brackets by 
the quantum commutation relations. Despite the 
great generality of the correspondence principle, 
it has well-known limitations, owing to the re- 
quirement that a classical Lagrangian function 
exist for the system in question. Because of this 
limitation the spin variables, which, as is well 
known, have no classical analogues, are intro- 
duced into the general scheme of quantum me- 
chanics not on the basis of the correspondence 
principle, but by means of a formal increase of 
the number of components of the wave function 
and the requirement that under transformations 
of rotation these components shall transform 
according to some irreducible representation of 
the rotation group. 

Schwinger has proposed a Lagrangian formu- 
lation of quantum mechanics, based on the appli- 
cation of a variation principle to an operator ac- 
tion function.! Because of the operator character 
of the Schwinger variation principle, the existence 
of a classical (nonoperator) Lagrangian function 
is not a necessary condition for its use. In this 
sense the Schwinger variation principle is broader 
than the correspondence principle. 

Owing, however, to the limitations imposed by 
Schwinger on the class of allowable variations, * 
the spin variables cannot be included in this more 
general scheme. 

In the present paper it is shown that the limi- 
tations on the class of allowable variations postu- 
lated by Schwinger are not necessary (cf. also 


*Schwinger restricted the class of allowable variations to 
those commuting or anticommuting with all other operators. 
Such a limitation seemed to Schwinger to be necessary for the 
obtaining of the equations of motion from the condition that 
the action integral be stationary. 
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reference 2). A change of the class of allowable 
variations makes it possible to include the spin 
variables (for an arbitrary value of the spin) in 
the general scheme of the Schwinger variation 
principle, both in the nonrelativistic case and 
also in the relativistic case. The Lagrangian 
formalism for the spin variables in the relativ- 
istic case leads to a natural introduction of the 
proper time into the theory. 


1. THE NONRELATIVISTIC CASE 


In the nonrelativistic case we shall describe 
the spin variables by a vector s. We shall de- 
termine the equations of motion and the operator 
properties of the vector s on the basis of the 
application of the operator action principle to the 
following Lagrangian function: 


pee 


(1) 


where H(s) is an arbitrary function of s, which 
is the Hamiltonian of the system, § is the time 
derivative of the operator s in the Heisenberg 
representation, and the square brackets denote 
the commutator (we shall use a system of units 
in which h=1). 

The first term in the expression (1) corresponds 
to the kinematic part of the Lagrangian function. 
This term is uniquely determined from the condi- 
tion of invariance under rotation transformations 
and the requirement that the equations of motion 
for the spin vector be equations of the first order. 

We note that in the classical case, in which the 
components of the vector s are c-numbers and 
not operators, the scalar product ss is a total 
derivative with respect to time, so that the addi- 
tion of such a term to the Lagrangian function 
does not enable us to get equations of motion for 
the spin vector in the classical case. 

An arbitrary variation of the action integral 
for this Lagrangian function can be written in 


i[s, s] —H(s), 
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the form 
ds 


ts . 
bW, = 8\ Lae =| {i [8"s, s] — 8°H} dt 
ty ti 


[i {s, 2°s} = Loe] (2) 


According to the Schwinger variation principle! 
the variation 6W,, for fixed “external” parameters 
has the form 


8Wo, = G (t2) —G (ty), (3) 


where the operators G(t,) and G(t,) depend 
only on the dynamical variables referring to the 
times t,; and t,, respectively, and are interpreted 
as operators generating infinitesimal unitary trans- 
formations corresponding to the variations in ques- 
tion; that is, for a fixed time:* 


Ss (Gs; (4) 
where 
Gee — is, o°s] + Lot. (5) 
The last expression, which defines the explicit 
form of the generating operator G(t), is ob- 
tained by comparing Eqs. (2) and (3) under the 
condition that 
ts 
\ {7 [01S S| dt 0, (6) 
ty 
The variation 6*s in the formulas (2), (4), (5), 
and (6) does not contain the changes caused by the 


variation 6t. The total variation, including these 
changes also, has the form: 


bs = 8°s + sot. (7) 


(We note that in the interior of the region of inte- 
gration [Eq. (2)] the time t is not varied, so that 
the variation 6s coincides with the variation 6*s.) 
Using Eq. (7), we rewrite Eq. (5) in the form 


C= GREG. 
where 
Gs = ils, 6s], G,;= —H8t (5’) 
and 
6s — sdt = i[G, + Gi, S]. (4’) 


*The limitation to variations that commute or anticommute 
has the consequence that relations of the type (4) are not al- 
ways satisfied for the general case of quantum-mechanical 
variables, The difficulties that thus arise in the interpreta- 
tion of the derivatives of operators have been noted in a paper 
by Burton and Touschek.? The removal of these difficulties 
required the bringing in of additional nontrivial arguments.* 
The broadening of the class of allowable variations makes it 
possible to obtain a unique interpretation of the derivatives of 
operators, without the difficulties that have been mentioned. 


D. Vi VORKOV and Ss. Ve PRUE Pires! 


Because of the independence of the variations 
6s and 6t, the relation (4’) separates into two 
independent relations 


ds = i[Gsz, S], (8) 
s =i[H,s]. (9) 


The relation (9) defines the equation of motion for 
the vector 8. 

To establish the commutation relations between 
the different components of the vector s, let us 
consider the rotation transformation 


Si— Si-P ERiOnSs - 


(€;;7 is the antisymmetric unit tensor ). 
' We obtain the generating operator Gy for this 
transformation by substituting 


8S; = EjriWrS] 


in the general expression (5’): 


au 
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Go = — > iW €;p1 [Se, Si). (10) 


In virtue of (8), the commutator of the operator Gy) 
with an arbitrary vector function A(s) (under the 
condition that no “external” vectors are involved 
in this function) is given by 


[Ge, Az(S)] = — i&imi@pAr (s), 
or, since the vector w is arbitrary, we have 


[M:, An (S)] = isimtA1(s), (11) 


where 


i as 
M; = — = t&ini (Sr, Si]- 


(12) 


If we take as the vector A the vector M de- 
fined by (12), then Eq. (11) leads to the well-known 
commutation relations for the components of the 
angular momentum operator, 


(Mi; Mr} = isinsM1. (13) 


This also establishes the well-known connection 
between the operator for an infinitesimal rotation 
and the angular momentum operator, 


Go = oM. (14) 


The vector s is connected with the angular 
momentum vector by the relation (12). Using 
Eqs. (12) and (13) together with the relation 


[M;, Sp] = (2p 181, (15) 


which is a special case of Eq. (11) for A=s, and 
assuming that the operator s acts in a space with 


a finite number of dimensions, one can easily show 
that 


S=M, (16) 
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i.e., the operator properties of the vector s coin- 
cide with those of the angular momentum operator 


Si Sr] — {Sp 1S. (17) 


Thus the vector s actually describes the spin de- 
grees of freedom of the particle. 

In the derivation of the equations of motion (9) 
and the commutation relations (17), we have used 
only the properties of the generating operator G 
[Eqs. (4) and (8)]. We have established the explicit 
form of the operator G on the basis of the assump- 
tion that the variation of the action integral van- 
ishes in the entire internal region of integration in 
the interval between t, and t, [Eq. (3)]. 

A little later we shall show that this assumption 
is satisfied as a consequence of the equations of 
motion (9) if the variation 6s we are considering 
belongs to a definite class. 

For the definition of the class of allowable vari- 
ations, let us adopt the natural requirement that 
the operator 


Gs (t) —— +i [s(¢), os (t)] (18) 


is to be the generating operator for the change 
6s (t); i.e., that 
és (¢) = 1 [Gs (t), s (¢)] 


also for variations in the entire internal region of 
integration. 

Substituting Eq. (19) in Eq. (18), we get the re- 
lation 


(19) 


G, = — —[s, [Ge,s]], (20) 


in which, for brevity, we have omitted the variable 
t. To find the general form of the generating op- 
erator Gg compatible with Eq. (20), let us expand 
Gg in terms of the irreducible tensors Y'™(s) 

Gy ay," (s). 

lm 

Using the commutation rules for the vector 8s, one 
can easily show that 


[s, fs, Y’°"(s)]] =2(0+ 1) ¥'™ (s). (21) 


The relation (21) is compatible with Eq. (20) only 
for 1=1, from which it follows that the most gen- 
eral expression for the operator Gg has the form 
1 
>, AimY ” (S) = OS. (22) 
m=—1 ° 

Substituting Eq. (22) in Eq. (19), we get the general 
expression characterizing the class of allowable 
variations, 


8s; (1) = toy (t) Sp (¢), s;(t)] = EpiWp (t) ‘Si (ia)h (23) 
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where the w(t) are arbitrary functions of the 
time. 

We note that the variations 6s that we used 
for the derivation of the commutation relations 
also belong to this class of variations. 

We shall now show that the principle of sta- 
tionary action, which is the condition that the in- 
tegrai in Eq. (2) vanish, 


t 


\ {i [8s, §] — 8H} at = 0, 


ty 


(24) 


is satisfied for the class of allowable variations 
that we are considering. 
In fact, if the variation 6H occurs only on 


account of variation of the vector s, it can be 
put in the form 
6H = i[G@s,,H] =— —IIs;%s],. A]. (25) 


Using the operator Jacobi identity, we can write 
the last expression in another form 


6H = — = [s,[6s,H]J— = [¢s, [H, s]]. (26) 


For an arbitrary operator X we have as a con- 
sequence of Eq. (23) the relation 


5X 6S; == 8;XEs~n 10,81 = —0S;X Sz, (27) 


which enables us to transform the first term in the 
expression (26) to the form 


— =[s, [8s, H]] = — [8s, [s, #1]. (28) 


Substituting Eq. (28) in Eq. (26), we get the fol- 
lowing expression for OH 


6H = — [ds, [H, s]l, (29) 


and a corresponding expression for the integral in 
Eq. (24), 

lg 

| ilés,$ — 11H, s}] dé. 


a 


(30) 


It can be seen at once from Eq. (80) that the prin- 
ciple of stationary action for the class of allowable 
variations under consideration is a consequence of 
the equations of motion (9). 

The results of this section show that the infor- 
mation about the equations of motion and the oper- 
ator properties of the vector s obtained by the 
application of the operator action principle to the 
Lagrangian function (1) are internally consistent 
and correctly describe the properties of the spin 
variables. 


2. THE RELATIVISTIC CASE 


The Schwinger variation principle permits us 
to introduce the spin variables into the Lagrangian 
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formalism also in the relativistic case. 

As the natural relativistic generalization of the 
spin vector s let us consider the four-dimen- 
sional vector Ij,. We denote the coordinate and 
momentum four-vectors by xy and py, respec- 
tively. Relativistic invariance of the formulation 
of the theory can be achieved by the introduction 
of an invariant parameter 7, on which the dynam- 
ical variables Ty, Xy, Py depend, and which we 
shall call hereafter the “proper” time of the par- 
ticle.* 

The operator Lagrangian function, on the basis 
of which one obtains the equations of motion and 
the commutation relations for the dynamical vari- 
ables Ty, Xu» Py» is now chosen in the formt 


BG — “ arena | + ({Xu, pu} rig ike Pu}) ee dH, (31) 


where % is a certain function of Vy, Xy> Pus the 
dot denotes differentiation with respect to the proper 
time 7T, and the braces denote anticommutators. 
The kinematic part of the Lagrangian function is 
written in relativistically invariant form. 

The action operator corresponding to the La- 
grangian function (31) is given by 

ae \ £ (x) dr. (32) 

Varying both the dynamical variables and the 
proper-time parameter in the action integral, we 
get 


wee \ A(T [SP Pu) —— Oxan Pu} He Cpe. PO) 


vet 


+ G (%) — G (4), Ce, 
where 
G()= Gr + Gpp4G., °Grp= =i (ly, Ty), 

Gp = = ((8% us Pu} — (80u, Xu}), Ge = — Hb. (34) 


Just as in the preceding section, the equations 
of motion and the commutation relations for the 
quantities Ty, Xy, Py are obtained by means of 
the operators G that generate infinitesimal uni- 
tary transformations of the dynamic variables: 


i(G,T,] = 8, — 1,8, i [Gyxy) = 8%, — xd; 


(1G, pul = Spy — py se. (35) 


In Eqs. (34) and (35) Oly, Oxy, dpy,, are the total 
variations of the quantities Ty, xy, Py. 


*Wave equations with the proper time have been considered 
by Fock, Nambu, Feynman, and Schwinger, >"? but the La- 
grangian formulation for the equations of motion with the 
proper time was carried through, only for the classical case 
(cf., e.g., reference 5) and for the Klein-Gordon equation. ” 

tIn the present section we use a system of units in which 
he Cal 
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The allowable class of variations is defined by 
the requirement that (35) be compatible with the 
principle of stationary action, i.e., with the as- 
sumption that for arbitrary K the variation 0W9, 


of Eq. (33) have the form{ 
6Wo, = G (t2) — G ()- (332 


For the Lagrangian function (31) this class of vari- 
ations has the form 


Ol arene. OX = Auty + DusPys 
Spy = —AyPy + Cuvry, (36) 
where ‘ ; 
Suv =Cw=—ey, Bw= Ba= Br, Cw=Cw=— Cu, 
Aw = ee (37) 
for p, v=0, 252,38. “The matrices ec, Ay Base 


have arbitrary time dependences. 

Since the variations 67 and Oly, 6xXy, Opy 
are independent, Eqs. (34) and (85) lead to the fol- 
lowing equations of motion for the quantities Ty, 
Xu, Put 
T.=i(,, #1,  Pu=i Pe, 41, 

iy = 11 [xXy, H]. 

It can be seen from these equations that # plays 
the part of the Hamiltonian with respect to the 
proper time (and not with respect to the ordinary 
time, as in the nonrelativistic case). 

Let us now verify that with the class of allow- 
able variations (36) the principle of stationary 
action is satisfied in virtue of the equations of 
motion (38). 

Using Eqs. (36) and (37), by means of the gen- 
erating operator G[+ Gxp we can transform the 
variation 6 to the form: 


oH = orHt =F Opts 


(38) 


where 


spH = i[Gp, H] = +(l,, PE; HI, Spat =i [Cxp, Ht) 


a > i {xu [F, Pul} — > CPAP ately: (39) 


Substituting Eq. (39) in Eq. (33), we easily verify 
that the principle of stationary action in the form 
(33’) is in fact satisfied. 

Let us go on to the determination of the commu- 
tation relations for the operators of the dynamical 
variables. 

By Eq. (86) the variation oI, is independent 
of the variations OX, OPy> so that the first of 


tA detailed investigation of the class of allowable varia- 
tions will be made in another paper. Here we note only that 
the class of allowable variations preserves the invariance of 
the kinematic part of the Lagrangian function. 
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the formulas (35) can be written in the form 
M. =i (Gr,T.]= +p, 1), oP). 


Using the formulas (36) and (37), which define 
the allowable variations oly, we easily obtain 


the following commutation relations for the quan- 
tities Ty :* 


= Wy, Pus Pall = 8,0, — 8,0. (40) 


If we introduce the notation 


ii ile. Tal; (41) 
Equation (40) takes the form 
ilies Tur] = Ouelex a Onulbous (42) 


If follows at once from Eqs. (41) and (42) that 
ions Teal = Ouelan == Oyval bons — ON ae == Orlnee (43) 


Thus the 1, are the infinitesimal operators 
of the four-dimensional rotation group, and ac- 
cording to Eqs. (34) and (36) the generating oper- 
ator for four-dimensional rotations has the form 


Gp = G- = > 1Sial i: (44) 


The commutation relations between the Xy and 
Py are obtained by means of the generating oper- 
ator Gxp on the class of allowable variations (36) 
in the same way as the commutation relations for 
the Py, and have the following rather complicated 
form 


Wryty =F (Xu, (Xv, Pat}, — 2auPy = — i * [Pur (%a, Prt, 
Peep On Oi Prae Prt Tas (Pv, Pr), 
[Xu (%, MH) = 0, Sruty + Sut = — Tipu, (%, x}]. 

(45) 


These commutation relations are compatible 
with each other and with the usual commutation 
relations between xy and pp, 


(Pu, rom == 0, [Xu, Xl — 0, eSui6 ah | = domes (46) 


These latter relations can be obtained directly 
by means of the generating operators if we add to 
the Lagrangian function (31) the total derivative 
a(d/dr) {Xy, Put." 

The kinematic term of the altered Lagrangian 
function, depending on xy, Py, then takes the 


*The algebra of the matrices I", as defined by the commu- 
tation relations (40), has been studied in detail by Bhabha. 1° 
If we include in the kinematic part of the Lagrangian function 
arbitrary functions of the operators I” of the forms f@) Ty 
then Eqs. (42) and (43) remain unchanged, and Eq. (41) takes 
a more general form, which depends on the concrete form of 
the functions f (I). This corresponds to the passage to an 
algebra that arises in the consideration of general relativis- 
tically invariant equations (cf., e.g., reference 11). 


Sy. 
form 


+ (Ku, Du}- (47) 


It follows from Eq. (47) that the new generating 
operator Gxp is defined by the equation 


Gy = <. OKs Pu}. (48) 


The class of allowable variations for the altered 
Lagrangian function has the form{ 


SD ene ie 


u 6X =F, 5p, = 0. (49) 


With this class of variations the principle of 
stationary action in the form (83’) is also satisfied. 
From Eqs. (48) and (49) and the independence of 
the variations ol, and Ox, we get the following 
commutation relations: 


ee Pu) = 0, [%u, pv) a (oa, ie Py) =e 0. (50) 


If we add to the Lagrangian function (31) the 
total derivative -—4(d/dr){x,, py}, then ina 
similar way we get two new commutation relations: 


{Xu, Poll = 0, flies IS => 0, (51) 


Equations (42), (43), (50), and (51) are the final 
form of the commutation relations between Bie 
Xu» Pu- 

All of the operators considered in the present 
section are taken in the Heisenberg representation, 
in which the state vector ~ does not depend on the 
proper time T. 

In the Schrodinger representation, in which the 
operators do not depend on the proper time 7, the 
state vector satisfies the following Schrodinger 
equation: 


id (t) / Ot = Hb (c). (52) 


For a free particle the Lagrangian function 
must be invariant with respect to displacements 
of the four-vector Xp The only relativistically 
invariant combination that satisfies this require- 
ment and does not contain any dimensional con- 
stants is the quantity T'yp,. Therefore it is nat- 
ural to take as the function & for the case of 
free particles: 


Ge = —— ie Dia} (53) 


Then in virtue of the commutation relations the 
equations of motion (8) of the Heisenberg repre- 
sentation take the form 


DP, = 4tly.Py, io =—T,, Pu =. (94) 


The equations of motion and the commutation 


*These variations also leave invariant the kinematic part 
of the altered Lagrangian function (cf. footnote ¢, p. 124). 
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relations in the presence of an electromagnetic 
field are obtained from the Lagrangian function 
(31) with the Hamiltonian 


KH = —- (Pu, Tu}; Ty = Py— eAy 
and are 
Peat ti tee lag ty me eb ly, 
[Ty, Tr] = ieF yw, [sis Aol O ngs Ess ool == Ob 


55 
The commutation relations for the matrices ee 
Ty are those shown in Eq. (40). The Hamiltonian 
%C does not depend explicitly on T, so that there 
exist solutions of Eq. (52) in the form’ 


b(t) = eit, 
where 7 satisfies the equation 
Hy = mb. (56) 


For the case of free particles, Eq. (56) can be 
written in the form 


(Cp + m)>=0 (57) 


and coincides with the relativistically invariant 


equations studied by Bhabha!® (cf. footnote* Delon e 


In conclusion, the writers express their grati- 


tude to A. I. Akhiezer and P. I. Fomin for helpful 
discussions. 
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Through a transition from the energy operator to the S matrix the compensation equation 
for dangerous electron diagrams is brought into a symmetric form, which is expressed in 
terms of the usual Green functions. In the high-density electron gas approximation the 


summation of the Coulomb singularities in the kernel of the compensation equation is per- 
formed by the renormalization group method. In the lowest approximation the result of the 
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summation is the same as the formulas obtained previously by qualitative means. 


1. THE SYMMETRIC COMPENSATION EQUATION 


iS compensation equation for the dangerous 
electron diagrams in the theory of superconduc- 
tivity can [according to Eq. (5.19) of the book by 
Bogolyubov, Tolmachev, and the author! ] be 
written in the form 


0 


wR 
i) » 


bs eit (k) (+t dtdt’ = 0, 
Bes daz, (t) dag, ( 


c 


(1.1) 
where R is the energy operator 
0 
R= HT (exp { i | Hie (Oat}) ooo 


Qk,» Aik, are the creation operators for quasi- 
electrons, €(k) the energy of the single fermion 
excitations relative to the Fermi surface, and the 
index “c” indicates an average over the strongly 
connected diagrams (see reference 1). 

In a previous paper? we formulated a rule for 
going over from matrix elements of the variational 
derivatives of the energy operator R to the ma- 
trix elements of the variational derivatives of the 
Feynman matrix 


ania ae T (exp |- i \ Hint (#)dt]). 
According to Eq. (2.9) of that paper, Eq. (ud) 
can be replaced for small edie) aise. ethe imme- 
diate vicinity of the Fermi surface) by 


(eo) 

: 82S ee Ah 

i e ie (R) | dt =), 
4 ave (0) daz awe 


(1.2) 


*The main results of this paper were communicated at the 
Fifth All-Union Conference on Low Temperature Physics 
(Tbilisi, October 1958). 
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Going over to derivatives with respect to the 
electron-hole operators aks (just as this was 
done in references 1 and 2), we rewrite (1.2) in 
the form 


QE (k) ued, = (UR — V2) Dj Ue twQ(k, k’), (1.3) 
- 


where ux, VK are the parameters of the canonical 


transformation from a to a, and 
E(k) = E(k) —>d 
‘Cae aes 
ney, —ie (k) | t | 
ne i _ (0) dag, 7% 
ii wS | 
— | dt, 
See (0) 8a_y _ aes 
Q(k, BR’) = Qe(k, R’) + Qpn (R, F’), 
: q(k, k’) for k>kp 
On (RR) CMe (1.4) 
q(k, k') =i \ dedOdt exp (—ie(k) <= —8 —is(k') t} 
+ 34S, 
- Crs pO) 805 goo) BG, (t) BAR p= ee : 
: 2g? (q) © (9) , 
Ly — ree =a J k, k A 
Qn (h, &) © (q) + €(k’) +6 (k) ( 4) 
x (—k, =k’, —q), g=k—k (1.5) 


The details of this calculation are contained in 
reference 2. We abide also by the notation used 
in references 1 and 2. 

The vertex function A is defined by Eq. (38.15) 
of reference 2. It will be essential for us in the 
following that in the region of the infrared Cou- 
lomb singularity for gq? ~ 0 it has the form 
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co 


: YMFOS \ ap 
A(k, sq) =I FOS | at¥so(}- (1.6) 


Ss —ocOo 


Here v(q) is the kernel of the Coulomb interac- 
tion, 
4 4 
\ aoe, e(l+q) +e()) 
l<kp 


and Wg q(t) is the coefficient for the main part 
of the fourth variational derivative 

2 aS, 
a (=) BaF 4 (8) Baza g, 5 (0) day, 4 (2) 


= 91) 5 (2) 8 (¢ 0) Fs, 4 (2). a) 


2. THE PROBLEM OF THE SUMMATION OF THE 
COULOMB SINGULARITIES 


The expressions (1.5), (1.6), and (1.7) which we 
have obtained for the kernels Qg and Qph of the 
integral compensation equation contain fourth vari- 
ational derivatives of the Coulomb matrix Se, the 
expressions for which can be analyzed completely 
in the approximation of a high-density electron 
gas when the effective parameter for the Coulomb 
interaction v(kp)N/V is small compared to the 
electron energy at the Fermi surface ke /2m, 

i.e., when 


22 ke 
| ym 8 pes 
REV 2m T* 


(224)) 
Here a= (4/or)'3, and rg is a dimensionless 
interelectron distance expressed in units of the 
Bohr radius. 

In that case the Coulomb energy is small com- 
pared to the kinetic energy everywhere except in 
the region of small momentum transfers: 


eee ie 
q? <kr 


(2.2) 


the so-called “infrared region.” We can there- 
fore use the usual perturbation theory everywhere 
except in the infrared region. In the infrared re- 
gion, where the effective expansion parameter 
rgkt /g’ is not small, it is necessary to sum the 
infinite series of “main” Coulomb terms which 
are proportional to the powers (rgk% /q? yee 

We meet here with a situation which is well- 
known in relativistic quantum electrodynamics 
where, notwithstanding the smallness of the dimen- 
sionless coupling constant (the fine structure con- 
stant e*/47 = 1/137) in the so-called “ultraviolet” 
and “infrared” regions of the momentum variables, 
the actual expansion parameter is a product of 
e*/4r anda large logarithm. In quantum electro- 
dynamics there are several well-known methods 
that allow us to sum the infinite sequence of main 


terms. We have here in mind the method of the 
summation of the main diagrams by Landau, 
Abrikosov, and Khalatnikov® and the method of 
the renormalization group.’ 

There are also a few methods, proposed in 
quantum statistics, which give similar results. 
The procedure of summing the main Coulomb 
diagrams developed by Gell-Mann, Brueckner 
and Sawada? is, thus, essentially equivalent to the 
method stated in reference 3. The well-known 
method of approximate second quantization® in 
the problem of the high-density electron gas leads 
also to similar results.'*’ Finally, one can use 
for the summation of the Coulomb singularities 
in the Green functions the technique of the re- 
normalization group. (Such a possibility was 
first indicated in reference 8.) 

An important advantage of the renormalization 
group method is its regularity. It will be shown 
that the first approximation of the renormaliza- 
tion group method leads to the same equations as 
result from the summation of the main diagrams 
(similar to what happens in quantum field theory ) 
and to the equations of the method of approximate 
second quantization. 

The results of higher approximations in the re- — 
normalization group method may be of interest 
for a study of the problem of extending the re- 
gion of applicability of the high-density electron 
gas approximation. 


3. THE RENORMALIZATION GROUP IN THE 
PROBLEM OF THE COULOMB INTERACTION 
BETWEEN ELECTRONS 


The possiblity of using the method of the re- 
normalization group in the problem of the Coulomb 
interaction between electrons is based upon (see 
references 8 and 9 for more detail) the group 
character of a finite multiplicative transformation 
of the basic quantities: the one-electron Green 
function G, the two-electron (four-vertex) Green 
function [, and the dimensionless Coulomb inter- 
action parameter r [see (2.1)] 


G36 =2.G. PS =e 


(3.1) 

The meaning of the transformation (3.1) con- 
sists in the fact that the totality of the quantities 
(G’, ['’, r’) describes the same physical picture 
as the triplet= (Gil. a). 

The main instrument of the renormalization 
group method are the Lee differential equations. 
To get these we must first of all write down the 
functional group equations corresponding to (3.1). 


Cae 
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As a first step we must choose a representation 
of the Green functions G and I. 

For this purpose we go over to the symmetric 
energy-momentum representation of the electron 
operators (see, for instance, reference 10) 


s(P) = as (Do. B) = T= 0 elma, 5 (t) de 


rel ea, » (2) de. (3.2) 


The chronological pairing has the following form 
in that representation 

| 

a;(p) az (k) = i3(p —k) 8.cGo(p), 


8 (p — R) = 8548 (M9 — Ro), 


Go(p) = 1/[Po—\e(p)| + iasign e(p)]. 


(3.3) 


In the case under consideration we get for the 
total Green function, because of the definition of 
the renormalized energy €, 


<Tas(p) as (Rk) S>o/ So = i8 (p — R) 8scG (p) 


also 


G(p) =s(p)/{po—le(p)|+ia signe]. (3.4) 


The two-electron (four-vertex) Green function 
TI’ is defined as 


34S S 
Ba, (Pr) Ba,, (Pa) Ba (kx) BaF (ke)/ © 


= 8 (py + Pe — Ry — Ra) V's,5,6,0. (Pi, P2, Ry, Ro). 
Here 


eS (Pi, Pa, ky, Rg) 
oo 


= 4 drdt,dt, exp {— ipde + ikt, + ikts} 


ots 
» Ce 
da,. p1 | (0) 84,5, (7) 845, (¢1) S45 ke (42) 


P+ po=kitk, pitPpe=k +k. (3.5) 


The function I has a simple matrix structure 
De eicic: (Pi, P2, ky, Rg) = Oras (Ri, ho, Pry Po) 
085.054.) (Ry, Ro, P2> Py). 


In our case of the infrared Coulomb asymptotic 
behavior, the one-electron Green function G has 
no singularity, and we can thus put s(p)=1. If 
we also take into account that for the compensa- 
tion equation only the vicinity of the Fermi sur- 
face is of importance, we can restrict onks Sensis 
eration to the function I with k= kee ys = we = 0, 
LCs, 
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P (ky, ks, Pi, Po) 


co 


i 34S 
Sees d dt dt. Z 
Qn a i (0) Bay, t s oe 


oS Pi, + \ — (Tt) day — (¢1) vax, 4 (ta) 
(3.6) 
with p; +p) =k, + ky. Indeed, we get from Eq. 
(1.5) 
q(k, &') = —2el' (—k, k, k—g, q—k). en) 


On the other hand, it follows from (1.6) and (1 0) 
that 


A (k, k'; q) = {1—2aVF (q)T (q)}/V2V, (8.8) 


where I'(q) is the “main” part of the function 
I (2+q, k—q, k, 1) , in the limit of small q inde- 
pendent of k and l. 

In the lowest order of perturbation theory 


Ty (zk, l, + q, R—q) =v(q)/2rV. 

It is therefore convenient to introduce a new func- 
tion g defined by the relation 
DN (fepe ls ayia) 

a as, i! — 

= anv & re 5) aes q)- 
This function possesses the following important 
properties: 


a) It transforms under the transformation (3.1) 
as 


(3.9) 


g>g = 2483 (3.10) 

b) It tends to a constant in the limit of switch- 
ing off the Coulomb interaction. 

c) If it is written as a perturbation-theory series, 
it Coe terms proportional to powers of the ratio 
(rv skh / q°) 

In Reais a case it is not difficult to write down 
the functional group equation for the vertex func- 
tion g in the infrared region. To do this we shall 
introduce a normalizing momentum A and go over 
to dimensionless variables 


gq, kr,. Sates r) = E(Graene, 


The dots indicate here the unimportant momentum 

variables k’, I@, (k—J)*,... . We must also in- 

clude in their number the energy variables kg, qo, 

1). We can omit writing all these variables explic- 
itly, considering them as fixed parameters. Taking 
(3.1) and (3.10) into account we get 


RQ? dM, Re /M, 11) 
= af (@ 1M, RRR, 
Choosing the normalizing momentum A in sucha 
way that 


ke /?, r). 


r), yy = 2,f. (3.11) 


ry =), (3.12) 
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we go over to the functional group equation 
rif hy Ue) rOtieg Gra ae 


Differentiating (3.12) with respect to x and 
afterwards putting t = x we get Lee’s equation 


Fx, y, (3.13) 


Ch Ge Ur) 


_ tt, = r) ‘ 
ag ss Si (ee G3 r))s (3.14) 
where the function 
Oi (Ce, Bh, 
COU fp ee ee ae (3.15) 


according to the usual correspondence require- 
ments must be evaluated by perturbation theory. 


4, THE INFRARED ASYMPTOTIC BEHAVIOR 
OF THE VERTEX FUNCTION 


The perturbation-theory evaluation of the func- 
tion f which enters into the right-hand side of 
(3.15) must be performed with account of the mul- 
tiplicative arbitrariness of (8.11), which insures 
the satisfying of the normalization condition (3.12). 

In this way we get, up to terms of the third 


order, 
pert. th. (%, Y, 7) = 1 —ar(4 1) or (4 1) 
aU 
ot(E— 1) + fe 


where a, b, and c are certain numbers (which 
may depend on the above-mentioned parameters ). 
Substituting (4.1) into (8.15) and (3.14) and evalu- 
ating the quadrature, we get successively 


Dy, r) =ary + cry, 


df j ax 
Peri ejay = OF aa? 
c a+ ref =F se Me pa 
MG In (a + re) ee ary(1 ): Ce 


We obtain here for : a transcendental equation 
which can be solved by successive approximations, 


taking into account the fact that r is small. This 
gives 
4 
F(x, y, r)={1 + ary(>—1) 
ee | 1+ary(4;x—1)+re/a |) 4. 
rae a In| 1+treja } i = 


We note that the constant b in (4.1) does not 
enter into Eqs. (4.2) and (4.3). The point is that 
this constant is not independent. Expanding (4.3) 
in a power series in r and comparing it with 
(4.1), we find that 


b=a’. (4.4) 


We must now still perform the transition to the 
usual unnormalized function f), which depends on 
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the observed value of the coupling constant r=Yrg 
and which does not contain the normalization mo- 
mentum A. 

Perturbation theory gives for fy 


‘e = kip ; \ 2 ys ke 
perth (gn, ri) = 1 — ary (ge +d) + ars Ged) 


2 Fi 
—Crs re (4.5) 


9 


Here d is aconstant, justas a and c. 

To perform the above-mentioned transition we 
use a standard method (see Sec. 42.3 of reference 
4) based upon the property of the invariant charge 


Tek 
FE (g?) 2 hr) 1) en ge eee 


Putting Q? =)? in (4.6) we get for r the ex- 
plicit expression 


(4.6) 


r= Fie sia (X35. Riesuiks): 
Substituting this value into the left-hand side 
of (4.6) and taking (4.3) into account we obtain, 
after some simple calculations, 


ke 
Cae ie —- af; (— +4) 
ke —i 
sare Sa (een lee (4.7) 
One. can easily verify that (4.5) is just the ex- 
pansion of (4.7) in powers of small rg. 


5. DISCUSSION OF THE RESULTS 


Let us discuss Eq. (4.7) which we have obtained 
and which describes the behavior of the Coulomb 
four-vertex function in the infrared region. 

Recalling that according to (3.9) 


7 2 i 
P(g) = set fo lg, 5) =ppoafolg’s 1), 6.1) 
we consider the expression 
= il 5 2 
*= Falolg?s rs) = |g? + ark + qPared 
c aoe Re \y—1 
Teite aic In(1 + ars Zz )] : (5.2) 
In the limits of small rg and q? we get 
Q2 4 anes! 
gare gt +q2’ (5.3) 


where qd, = 0.814 VK, is the inverse Thomas- 
Fermi screening length. 

In the lowest approximation (in powers of rg), 
Eq. (5.2) leads to the well-known formula of the 
Coulomb screening. We have thus shown that the 
results of the summation of the main Coulomb 
diagrams by Gell-Mann, Brueckner, and Sawada® 
can be obtained by the renormalization group 
method by far simpler means. 
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We note also that substituting (5.3)into (5.1) and 
into (3.8) and taking into account that 


lim q?F (q)¥(q) = qi, 


G0 
we get* 


1 q5 { 2 
A@ =| sree een ett) 
V 2V P+qg) VVe+a 


s 


(5.4) 


Equations (5.3) and (5.4) are the same as the 
results of Sec. 6.2 of reference 1 obtained there 
by qualitative arguments. 

The significance, however, of Eqs. (5.2) and 
(4.7) and also of the possibilities of the renormal- 
ization group method in the problem of interacting 
electrons is not exhausted by this. The renormal- 
ization group technique gives us a regular method 
to improve the asymptotic properties of the expan- 
sions of the usual perturbation theory. This fact 
is well-known in quantum field theory. The pres- 
ent investigation illustrates this fact for quantum 
statistics. 

Equations (4.7) and (5.2) appropriately general- 
ized to the case where the energy arguments are 
not equal to zero are thus the second approxima- 
tion to the results of reference 5. A further gen- 
eralization of these equations to higher orders can 
very simply be performed by means of taking 
higher terms in powers of rg into account in 
(4.1). 

Such a generalization can be of interest, for 
instance, to make the criterion for superconduc - 
tivity (see Sec. 5.4 of reference 1) more precise 
and also to make the expansions for the correla- 
‘tion energy more precise in the region of not-very- 
small rg. 

We note in this connection that at the last mo- 
ment we learned of the thesis by Dubois’? in which 
there is an attempt to make the formulas of ref- 
erence 5 more exact by summing the main dia- 
grams of the second order. Without going into a 
detailed comparison, we note that the structure of 
the expressions obtained by Dubois!” [ Eqs. (2.7), 
(2.5), and (A.3) of that paper] correspond at first 

*This formula is in agreement with the result of refer- 
ence 11. 


sight to the following substitution into (4.7); 


; ke 
(H F 2 
we In (1 1- Af 7 ) > 1sC 


which is valid only for small rg and not too 
small q?. 
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The results of experimental measurement of the surface impedance of superconductors at 
various frequencies are compared with the new theory of superconductivity. Satisfactory 
agreement with the experiments has been found for all frequencies excluding the very lowest 
ones. At low frequencies the experimental values for the real part of the impedance near the 
critical temperature are several times larger than the theoretical values. 


lise properties of superconductors in a high- 
frequency field have been discussed by the present 
authors! and by Mattis and Bardeen.? In this paper 
the theory will be compared with experimental re- 
sults on the surface impedance of superconductors. 

We first derive formulae for the surface imped- 
ance in various limiting conditions, which are ap- 
propriate for making comparison with experiment.* 
It is usual in experiments to measure the ratio of 
the impedance in the superconducting state Z(w), 
to the real part of the impedance in the normal 
state, Ryn. This ratio is given (in the Pippard 
limiting case) by the formula 


Z (@)/ Rn = — 2i (rw / AQ (w))*. (1) 
The complex function Q(w) is given by 
toe re 
Q(@) =z \ tanh = ele ies ads 
max(1, © —1) ; Ve =e ere) 
Caer: o-1 (o—e)+1 
— ind (o—2) { tanh £4 —— d 
Shige r Vea) ~ 
: (e+ @) A 
= {tanh Se 
A e(e+)+1 
—tanh } (2) 
TV V (1) (e+ A) ' 


te 0) me 
TO 2 Ol 100 NG 


*We take this opportunity to point out that in Eq. (14) of 
reference 1 the real part of Q(w) was incorrectly calculated. 
This error affects some limiting expressions for the impedance 
derived in reference 1. The present nomenclature is the same 
as in reference 1. 


132 


The magnitude of 2A gives the energy gap at 
the given temperature. 

According to Eq. (1) the frequency dependence 
of the impedance is given by the expression 


Z (w) E70) v/s (ee net -1ImQ 

Rn =2| a0 | ysin (5 tan Reo 

pee 4 -1 ImQ 
1CcOS me tan Re a) : (3) 


For T=0 the function @ has the values 


a OLN who 
nE (—-] Oe? 


[ae (2) -S$=4x(2) 


+ne-afse(V—5)) 
—-2«(Vi{=))]. © > 2. ns 


Here E and K are complete elliptical integrals. 
Figure 1 shows the dependence of Z/Ry = R/Ry + 
iX/Rn on © at T=0. 

The temperature dependence for temperatures 
other than absolute zero will be analyzed for vari- 
ous frequencies: 

a) w<A(0). At the lowest temperatures 


Q(e; 0) == 
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there is a region where T < w <A in which 
Eqs. (8) and (4) apply. After the region where 
T~w wearriveatwx<T«< A, and the vari- 
ation with T is given by 


a= ai) (-.)"44 sinh sal () Boehh'tir 
aL 4 + (a ih geet, (a earl ‘3 


On increasing T further we first have w <A 
~ T and then the small region where w <A <« T. 
Here, until A/T > w/A, Q is little different from 
its value at T=0, and we then obtain 


Z (o) o el 9 © — 
R, 2 bn tanh ar | a T sinh(A/T) !9 (2 (Was 


10) 


etl A 
as fe | coth el) 


PP (Fz) othe —ifI+t(Zr}, © 


where the function P(x) is the integral 


co 
de cosh xe — coshx 


P(x) = e2—1 (coshxe+1) Cosh x + 1) 


at 


Se KDPGES mikeyen ce Sal 
™~ \(7/2n2)C(3) x; for. x<1. (6’) 


When this condition does not hold, one can obtain 
the following formula by making use of the fact 
that A is small: 


Z()/Ra = —2i(—i- 


b) w~A(0). It is much more difficult to com- 
pare theory and experiment in this case, since in 
most of the temperature range 0<T<Te, A, w’ 
and T are of the same order of magnitude. The 
expression for Q(w) can only be simplified at 
low temperatures, such that T«<wwv~A. There 
are then two possibilities: w<2A(0) and w > 
2A (0). In the first case Q(w) is little different 
from the value of Re Q(w) at T=0, equal to 
27E (w/2A), and the impedance is given by 


nA? / 2Tw)-”, (7) 


ZA) ee Pies: Ome - eT A/T 1 “ae 
a 2 | SaEerER) | 3E (w/ 2A) V er G 7 3A) 
d ok ee 1 1 \ 
a E cease (oea) Ve lees —%)| (8) 


For w>2A(0) both parts of Q(w) are of com- 
parable magnitude, and it is simplest to use the 
general formula (3) with Q(w) given by 


Oo, T) = Qo, 0) = Qre—(@-AV/TY xT (1/24 — 1 /@) 
—2QrieAVaT|V1/o+1/2A 
Sey ON al es). (9) 


With increasing temperature we pass the region 


where w~ A~ T and reach the region A « T 

~ w. Here we can make use of the fact that the | 
limiting value of the impedance for w >A is 
independent of temperature and corresponds to 
the normal metal. Equation (9) can, therefore, 
be used for extrapolation purposes without appre- 
ciable error. 

c) w >A(0). In this case only the relation be- 
tween T and A varies, while w is always large 
compared with them both. Bearing in mind that 
the real part of Q(w) is small compared with 
the imaginary part, we obtain 


Z(@) A \2f 2 2005), T 
R, =14(5 Esra be8 q I 


— V3 Ff a (3 In ES BV ue (10) 

The formulae we have derived make it possible 
to compare theory with the many experimental re- 
sults in detail. 

For this comparison we have used the data of 
several authors.?~® 

There are no experimental data for very high 
frequencies w >A(0). The largest “effective 
frequency” w/Tg = 3.04 was used in the meas- 
urement of R for aluminum.’ Since A decreases 
on approaching Te, we may assume that the con- 
ditions for the applicability of Eq. (10) are approx- 
imately satisfied for 1-T/Te < 0.9. Figure 2 
shows the comparison between this equation and 
the experimental data, and it can be seen that 
near Te there is agreement (the full curve is 
the theoretical curve for w >A, T). 


ag 


lp, 
O75 08 885 09 095 417%, 


lakes, 2 


In Khaikin’s work‘ the surface impedance of 
single crystals of cadmium was measured at 
temperatures between 0.1° and Te = 0.56°K ata 
frequency w=0.9Tg (A =0.985°K). In practice, 
the whole temperature range, except near Te, is 
covered by Eq. (8) (w~ A). The theoretical 
curves for R/Ry and X/Rpy are shown in Fig. 3, 
and the experimental data are plotted with the er- 
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ror limits indicated by the lines. The agreement 
between theory and experiment is quite good. It 
must be borne in mind that the effects of aniso- 
tropy, which may influence the results, are not 
considered in the theory. 

The situation is worse when we analyze the 
low-frequency data of Pippard?® and Prozorova. 
There is considerable disagreement between the 
results for mercury (w=0.014Tc.) andtin (w 
= 0.0155 Te in reference 55 w=0.11T¢ in ref- 
erence 6) and the theory, near the transition tem- 
perature. 

At these low frequencies we are, near Te, in 
the region where A/T <1, but the condition 
A/T >»w/Ais not satisfied. For example, for 
mercury° the two conditions hold at T-—Te ~ 
10-8°K, Equation (7) then simplifies to 


6 


iz 0.019 ( rie Ve AS =).80 eae 


Ro eels 
eslil gy R, 


n 


A =~ 3.06 7-(1 —77T.)*. 


These equations for T near Te could have 
been obtained independently of the previous calcula- 
tion, as can be seen from Eq. (7), which can really 
be considered an interpolation between a supercon- 
ductor at w=0 and the normal metal. 

Equation (6) must be used for temperatures 
further away from Te. 

The following results come out of the calcula- 
tion. R/Rn at T/Te~ 0.6—0.7 for Hg at 1200 
Mes,° calculated according to Eq. (6) is just half 
the experimental value. This discrepancy increases 
on approaching Teg, and where Eq. (11) is applic- 


(11) 
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able, for T—Tg ~ 0.01°K, the value of R/Rn ob- 
tained from Eq. (11) is one sixth of the measured 
value. The discrepancy for tin measured by Pip- 
pard is even greater. We may note that at these 
frequencies tin, unlike mercury, is not a clear 
example of a Pippard metal, but is, rather, an 
intermediate case. 

A similar discrepancy is found between the 
calculated values and Prozorova’s results for tin 
at higher frequencies, w ~0.11Tg. At T/Tc ~ 
0.75 the experimental value of R/Ry is only 
30% higher than the calculated value, and this 
difference increases to a factor of 3 or 4 near Te. 
Both curves, naturally, agree at T=Te with the 
normal metal. Comparison with the experimental 
data for X shows somewhat better agreement. 
The experimental® and theoretical values for 
|Xn—X|/Rn do not differ by more than a factor 
Of 2s 

The reason for the discrepancy between the 
experimental data and the impedance calculated 
according to the new theory of superconductivity 
is at present not clear. We should point out that 
for mercury, near Te—T ~ 0.1-—0.005°, the data 
fit the relation R/R, ~ (1-T/Tg)7”. This range 
is also described by Eq. (6) in the region A ~ T, 
where the discrepancy with experiment is less. If 
the ratio R/Ry were calculated on the assumption 
that for this range of temperature and frequency 
the metal were of the London type, which is justi- 
fiable for tin, then the temperature dependence 
would essentially be R/Rp ~ (1-—T/Tg)?. As 
can be seen, this does not agree with Pippard’s 
experimental results. 


! Abrikosov, Gor’kov, and Khalatnikov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 265 (1958), Soviet 
Phys. JETP 8, 182 (1959). 

2D. C. Mattis and J. Bardeen, Phys. Rev. 111, 
412 (1958). 

3 Biondi, Garfunkel, and McCoubrey, Phys. Rev. 
108, 495 (1957). 

4M. S. Khaikin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
34, 1389 (1958), Soviet Phys. JETP 7, 961 (1958). 

°A. B. Pippard, Proc. Roy. Soc. A191, 370, 399 
(1947). 

SO ag, Prozorova, Thesis, Institute for Physical 
Problems, Academy of Sciences, U.S.S.R. (1958). 


Translated by R. Berman 
Zo 


DPOVIE DT PHYSICS JETP 


VOLUME 37(10), NUMBER 1 


JANUARY,. 1960 


ON THE CALCULATION OF THE INTERACTION CONSTANT IN A NONLINEAR THEORY 


Ya. I. GRANOVSKII 


Institute of Nuclear Physics, Academy of Sciences, Kazakh S.S.R. 


Submitted to JETP editor, February 6, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 192-196 (July, 1959) 


The coupling constant is expressed in terms of the proton mass in the second approximation of 
the Tamm-Dancoff method. The formulas obtained can be used in the case in which the Lagran- 
gian is an arbitrary linear combination of the five basic invariants. 


OMAR of various physical quantities in 
the theory with the Lagrangian 
L=byvud +2? Y CaN (GOnb- GOn) (1) 


requires a knowledge of the coupling constant l. 
Various methods exist for its determination: from 
the meson-nucleon interaction,! from the mass of 
the  meson,’?? and so on. In the present paper we 
shail determine it from a calculation of the mass of 
the nucleon.? 

The equation for a Fourier component of the 
nucleon wave function, 


b(p) = \ <0] b (x) | BY e-!Pxd4x (2) 


can be derived in the same way as in the paper of 
Heisenberg, Kortel, and Mitter.® It has the form 


4 
$(p) == sR F(P) UCmCuOm | dtqdtr 


<{G (p + g —1) OnS(q) OnS (7) 

— G(p + g—r) Sp OnS (J) OmS (7) 

+ S(r) OnS (9) Om G (p + 9 — 1) 

— S(r) Sp OnS (q) OmG (p + q —1) 

—S (r)OnG(p +q—1)OnS (— 4) 

+ S(r) Sp OnG (p +4 —1) OmS (r)} On (P): (3) 


In this integral the path is taken around the poles of 
the Green’s function 


, (Oca da fe ‘S 
CEI) toga — +a ia) 
and the propagation function 
ual fy ) 
S(q) = Gt) [> pagal 
x3 A . 
= Pere (@—4) 2) 


as prescribed by Feynman’s rules. 
Using the identity*® 
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(0,MO,;)ap =Oo~M 3 Ose 
=+Mys>) A,.0°%,0%, = +2 AmOZsSp MOE, (6) 
k 


we can reduce all the terms of Eq. (3) to calculations 
of traces: 
a, én] 


x (EE On SO: Sp(O =) Ont RE 0, 


[4% 4 
b(p)=— 3 (ane G (p) ei CnCn(G Ang 


Om (Ri— 1) OpSp(O ay OnsOn 

+ Om (R — i) Ox Sp SOm(Q + i) Ox} 4 (p) 

Sy no G(p) Ce \4 ae d(Z Ank— Pn) 

x aes OrQO mk —iSp se — i Sp Og QOm 

— Sp 0:09) + On(R — 1) OnlSp.0100,.5 — iS piGeO ms 

+ i Sp OpSOm + SpOrSOmQI} $ (p)- (7) 


Here we have for brevity introduced the notation 


Ni =(p + q—17 FY +e) 7 (P+). (8) 


The calculation of the traces is based on the fol- 
lowing observation: since the trace of any of the 16 
Dirac matrices, except the unit matrix, is zero, 


SpOky,,Omy, is different from zero (and is then 
equal to 4) only if O, = Yy OmYp = Om, . Thus we 
have 


Sp OO. = Spm, (9) 


Owing to the factor dkm, the sum over k can be 
found; in doing so we must keep in mind that Anm, 


= Anm: Thus we have 
Dare (; Ank— nk ) Oz Sp OxQ0m R= (4 Dias Sam) Ay Om. QuRy 
k 
— (Anm arr 48 m)ROmQ- (10) 


Similarly, 
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where the index m’ comes from the matrix om’ - 
o™y,,. Multiplication of the matrix O™ by y, 
transfers it from one class to another, the corre- 
spondence being 


CES Vig tle a 
Cm NC) tamer: A 


In Eq. (7) the first and fourth terms in each set 
of square brackets give traces of the first type; all 
the other terms give traces of the second type. Ap- 
plying Eqs. (10) and (11), we reduce the sum over k 
to the form 


(Anm— 48nm)[OmSROmQ —OmSOm + Om(R— i) SOmQ 

+ Om(R = i) QOmS] — (Anm' — 48am’) [—tOmSROm 

= Os), Ol ion (= 1) SOn eNO nk OS | C12} 

The expressions in square brackets can be sim- 
plified if we use the formulas 

Om SOm+ OmPSO m= 2(RS) OmOm = 2(RS) Ams, 

OmSOm =S Amv (13) 

and note that the momentum integrals in Eq. (7) are 
invariant under the interchange q =-— r, which 


makes QR — RQ. This enables us to use here the 
equation 


= (QR). 
Thus Eq. (12) can be reduced to 
(Anm — 48nm) [2Q (RS) Ams + S (QR) Ams — SAmv 
— 24 (QS) Any] — (Anm’ — 48nnv) [— 2i (RS) Ams 
— 21 (QS) Amv — SAmv + SAns] 
= a,8 + 2a,i (QS) + b,8 (QR), 
where 


Q=— Amv(Anm =e A8nm) = (Amv Say Ams) (Anm’ aad AS, m’)- 
by = 3Ams (Ann a, Aon m)- 


(14) 


(15) 


(16) 


Here we have used the equality of the momentum 
integrals with integrands S(QR) and Q(RS), and in 
some terms have made the interchange q =~—r. 

Substitution of Eq. (15) in Eq. (7) gives 


$ (p) = — soap F (P) 
— ut “ [aS + 68 (QR) + 2ai (QS)] H(p), (17) 
with 
a= 2a GEC, [Aa (tyme) 
+ (Amv —Ams)(Anm'— 48nm’)] 
2 2Cn [— BnAmv + Bm (Amv — Ams)], (18a) 
Pee GC LOing (Ain = 4h) 3UCn Bynes” pile} 


m,n 
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As is clear from the derivation, the terms in 
dnm have come from the terms in Eq. (3) that con- 
tain traces. A characteristic peculiarity of Eq.(17) 
is the presence in it of only two (and not three) in- 
dependent quadratic combinations of the coefficients 
Ch: 

It is well-known that the way the Lagrangian is ss 
written in Eq. (1) is not the only possibility .* Inter- 
change of two operators y in the expression under 
the sign of the normal product, followed by applica- 
tion of Eq. (6) brings the nonlinear term to the pre- 
vious form, but with different values of the con- 


stants: 
a 7 ») CrAnk- 
n 


A consequence of this is the fact that of the five pos- 
sible invariants only three are linearly independent. 
It can be verified that the expressions (18) for 
the quadratic forms a and b are invariant with re- 
spect to the transformation (19). This property is 

possessed by the linear combinations 


(19) 


|B 2c (Agi—40x1) = —} XC Ankr (Art — 45x72) 


J CAG ee (20) 


(the orthogonality of the coefficients An; has been 
used). Writing Eq. (19) in the form 


Cy = —1L Be—Cr, (19a) 


we see that this transformation brings the quadratic 
form (18b) to the form 


bf = —$ DB, A ms—82CmBm Ams 


aPa $2 BinAms—6. (21) 
It can easily be shown that the first term in this 
formula is twice the second, so that the invariance 
b’ = b holds. Along with this, Eq. (21) makes it pos- 
sible to give for b the obviously invariant expres- 
sion 


6=— $ UBiAms 


= 2 (Bs BABI 6B nae 4 Bae (22) 


The quadratic form (18a) can be handled in a 
similar way; for this purpose it is convenient to 
rewrite it in the form 


Go XC (Bre — Bn) (Any Ane be ae 


The first term of this expression is also changed 
by the transformation (19a) into two terms, one of 
which is twice as large as the other. We get fin- 
ally 
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Wie Fy = x By, (Bin: — Bm)(Anv— Ams) — 6/3 


1 
ob yby. 6B, Bp BAB ace + BpBp) — 6/3 (24) 
Here 
Bre Bre — Bra. (24a) 
The values of the constants a and b for the pure 
interaction types are given in the table. 


Inter- 
action a b (4 /x1)2 

type 
S 3 —9 2.897 
V —12 —72 5.078 
di 0 —108 4.738 
A 20 —72 7.644 
le —1 —9 1.665 


The further treatment of Eq. (17) consists of the 
calculation of the momentum integrals. For this 
purpose let us introduce the following invariant 
functions of the momentum p (private communica- 
tion from H. Mitter). 


es PM 5s) 
\ =" 8 (QR) = — Fel (—4), 
| (es) = —S n(—4) (25) 


With these and the relation G(p) = f/p*, we rewrite 


Eq.(17) in the form 
b(p) = (Fe) | oM(—4)+0L(—#) 


= )] $(p)- (26) 


+ 2aix x N{ 


Squaring this equation, we bring it to the scalar 
form 


3 Ge) [am (—4) + 64 ‘ 
+2 2 n( e\|= (27) 


Since p is the momentum of the proton, 


p> = — mp, (28) 


and from Eq. (27) we find 
(Se= 5 [em $e) +00 ($2) 


Lier )]- (29) 


From this it is clear that the value of the constant 
(4r/x1)* depends essentially on the choice of the 
quantity kK appearing in the propagation function. 
Values of the constants for k = Mp are shown in 
the table. 

In conclusion I express my sincere gratitude to 
Prof. W. Heisenberg and Dr. H. Mitter for their 
interest in this work and for supplying numerical 
data omitted from their paper.? 


'Z. Maki, Prog. Theor. Phys. 16, 667 (1956). 

eave Polubarinov, Joint Institute of Nuclear 
Studies, Preprint P-177, 1958. 

3Heisenberg, Kortel, and Mitter, Z. Naturforsch. 
10a, 425 (1955). 

4H. Umezawa, Quantum Field Theory (Russian 
transl.), Moscow 1958 [ North-Holland, Amsterdam, 
1956 } 

5ya. I. Granovskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 37, 442, 1959, Soviet Phys. JETP 10, 
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A general method is presented for the solution of the equations describing the nuclear- 
cascade process in the atmosphere for initial conditions prescribed at an arbitrary depth. ~ 
The fraction of energy expended by nuclear cascade showers as a result of the 7—~>yw+vp 


decay is estimated. 


eeeore experimental data show that, in the 
development of air showers, a considerable frac- 
tion of the energy of the primary particle is trans- 
ferred to the ~.-meson component of the shower.’ 
The large role of decay processes in the develop- 
ment of showers in the depth of the atmosphere as 
well follows from the results of reference 3. 

The method of solution of nuclear cascade equa- 
tions, taking into account the decay processes for 
an event where the initial conditions are given at 
the top of the atmosphere, was found in the form 
of a method of successive generations.4~> The 
fact that in experiments on atmospheric showers 
the energy of the primary is not measured directly 
leads to the necessity of calculating the development 
of showers, assuming certain initial conditions in 
the depth of the atmosphere. However, the usual 
method of successive generations is not adaptable 
for the solution of such problems. 

Let nucleons and 7 mesons take part in a nu- 
clear cascade process. The effective cross section 
for nuclear collisions for nucleons and 7 mesons 
is assumed to be identical. In such a case, it is 
convenient to measure the path of particles and the 
depth in the atmosphere not in units of g/em? but 
in units of the mean free path of particles Ag. If 
the atmospheric depth, measured in g/cm’, equals 
z, then, in the new units, the depth corresponds 
to x =Z/Ay, where Ay is expressed in g/cm?. 

We shall consider the initial conditions to be 
prescribed at the depth x). The number of nucle- 
ons and mt mesons with energy in the interval be- 
tween E, E+dE atadepth x) is N(E, x))dE 
and Il (E, x,)dE respectively. 

The kinetic equations can be written in the form 


138 


ON (E, x) _ 
ome) NE, *) 
+\t N (E’,x) Wyn (E’, E) +T1(E', x) Wan (E’,E) dE’, 
0 
eS hee oe 
Ge : ( Bx 


+\ [N (E’, x) Wwe (E’, E) 


0 
+ I(E’, x) 


where Wynn; WnN7, Wan, Waa are the energy 
spectra of particles corresponding to the second 
index produced in a nuclear collision with a par- 
ticle of energy E’, denoted by the first index; 
Eq = Mezo/Top (Zz) = 1.4 x 101! ev is the critical 
energy of m+ mesons for which the probability of 
a nuclear collision and of decay at the depth x = 1 
are the same; p(z,) is the air density in g/cm? 
at depth Zp. 

We represent the solution in the form of the 
series 


Wan (E’, E)) dE’, (1) 


N (E, x) = e-%-*) >) Ni (E, x), 


Z=0 


Liz, x) = e—(#—%) >) Ine, Mi) 


v6) 


(2) 


Substituting these series in Eq. (1), we obtain 


=> GOE, x), 


ON (E, x) 
see 
t=0 c=0 


OIL,(E, x) Be 2 “ 
S Ox =-IE, x) ge + GI (E, x), 
i=0 


= = 


where 


(3) 
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GME, x) =) (MEY, 2) Waw(E', B) 
E 


+ IL (E", x) Waw(E’, E)) dE’, 


loo) 


GO (E, x) =| [N:(E’, x)Wwa(E’, E) 
ie 
+ Th;.(B’, x) W on (CMs E)) CUE Y. (4) 


Equations (3) are identically satisfied if we require, 
for i= 0: 


ON,(E, x)/dx =0, 
oll, (E, x) /Ox = —Tly(E, *) En/ Ex, (5) 


where 


Nig {EoXo) = N (Es x9), Wo (Bo) TLE, 3%), 


and for i> 0: 


ON; (E, x)/dx =G{Y(E, »), 
OM, (Es x)/0x = — I1,(E, x) En / Ex +6 (E, x), (6’) 


where 


Nea 0, lB 0. 


Equations (5) corresponds to the physical rep- 
resentation of successive generations. 

The solutions of Eqs. (5) and (5’) are elemen- 
tary. For i=0: 


No(E, = N (E, x), UWo(E, x) = T(E, %)(%o / x)Ex/; 


Ore 1. > Os 

x 

N.(E, x) =| GWE , &) dé, 
Xx 
n(E, »=\ (4) GRE, oa, 
Xo 

where the integration over é for any generation 
can be carried out in final form. In the particular 
case X)=0, the solutions become the well known 
solution of the successive generation method. 

In our solution all the terms of the series are 
positive. The series is always convergent when 
the total energy of particles at x) is finite. The 
solution, however, is more complicated than for 
the case x,=0, since, in order to obtain each 
i-th term, it is necessary, in general, to inte- 
grate i times. 

However, for several cases which are of inter- 
est for the interpretation of experimental data, the 
role of the cascade process can be taken into ac- 
count in a much simpler manner. We shall esti- 
mate the fraction of the energy of the nuclear- 
active component present in showers at the level 


of the Pamir station that is lost in the production 
of « mesons and neutrinos in its further passage 
through the atmosphere. 

According to experimental data, the form of 
the energy spectrum of nuclear-active particles 
in showers depends little on the depth, and can be 
represented by a power law with a differential 
spectrum exponent close to 2. We shall assume 
that the absorption of all particles in showers fol- 
lows an experimental law with a mean free path 
of about 200 g/em?. Furthermore, in the depth 
of the atmosphere, the air density varies slowly 
with depth, and can be assumed to be constant, 
corresponding to a certain effective depth xXeff. 

The number of m+ mesons of given energy de- 
caying per unit length is equal to 


(oll (E, x) / 0X) dec = (Ex / Exe¢e) I(E, x), (6) 


where Xefg is the effective depth in the atmosphere. 
The energy lost by decay of a mesons of given en- 
ergy per unit path is equal to 


— E (OW (E, x) Ox) Gos = (Be/ Neg) LCE) 
Under the assumptions made above, we have 
UE CES aX) al GE ea ae (8) 


and the total energy lost by the nuclear cascade 
because of the —-uw+v decay on the path from 
Xo to x, is equal to 


co 


1B, 
ES (Ye Wee NN TLE 
al a (ME, He, (9) 


Guy (Xo, x) — 
0 
where xeff for u~(x—xX)) >1 should be taken from 
the relation 


Xeff = Xo + In oi its (10) 


Thus, the energy lost by the cascade in the de- 
cay process on the path from x, to x is deter- 
mined by the total number of 7 mesons present 
in the shower at the depth x), in consequence of 
which the problem reduces to the finding of II (E, 
Xo ) . 

In order to carry out a numerical estimate, we 
assume, according to experimental data, that nu- 
clear-active particles in the shower are essen- 
tially nucleons, the number of which at the depth 
x and in the energy interval E, E+dE is equal 
to 


N (Ey sd Be Act COE, “dB 1 By ele Ge ae lay 


If we assume a mean free path of nuclear-active 
particles in the air equal to Ay = 80 g/cm’, then 
the absorption mean free path of the shower A = 
200 g/cm? corresponds to the value 
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uw = 0.4. (12) 


We assume further that W7N(E’, E) =0, i.e., 
we neglect the production of fast high-energy nu- 
cleons in nuclear collisions of 7 mesons. 

Substituting Eq. (11) into Eq. (1), we obtain 

Ey 

tees —| (E/ E’PWww(E’, E) dE. (13) 

E 
Equation (13) satisfies the value yp = 0.4 in the 
region* E < E, if, in the collision of a nucleon 
of energy E’ with the nucleus, the energy spec- 
trum of secondary nucleons can be described by 
a homogeneous function of E/E’, and if the en- 
ergy of secondary nucleons amounts to 0.6 E’. 
In particular, the equation is satisfied if we as- 
sume that WnNN(E’, E)dE = 6(E-0.6E’)dE, i.e., 
that the colliding nucleon conserves the fraction of 
energy equal to 0.6 of the primary energy, and that 
no additional nucleons are produced.® We shall as- 
sume that, in nuclear collisions of nucleons, 0.4 E’ 
is transferred on the average to 7 mesons, and 
out of this energy, of goes to m mesons. Sub- 
stituting the solutions for N(E, x) and II (E, x) 
written in the form 


N (WW MG) =wN CES Xo) E(x Xe) | 
LCEy ey) = CB wo eaten 
[which corresponds to Eqs. (8) and (11)] into the 


second of Eqs. (1), we obtain an integral equation 
from which we find II (E, x): 


Ey 
Al , / 
IN 0) Tat EP Ey se 
+ T(E’, %9) Wan(E’, E)| dE’. (14) 


We have carried out a numerical estimate of 
the energy fraction of the nuclear-active compo- 
nent of the shower lost in the m—yp*++v decay 
in the lower third of the atmosphere (from the 
depth of 655 g/cm? corresponding to the altitude 
of the Pamir station to sea level). To explain 
the dependence of this fraction on the mechanism 
of the elementary act of the nuclear interactions, 
the calculations were carried out for different 
assumptions regarding the character of the ele- 
mentary act and, consequently, the form of the 
functions Wn and W,.,. In the first approxima- 


*Since Eq. (13) cannot be correct in the range where the 
condition E <E, is not satisfied, the absorption coefficient 
will, in fact, depend both on E and on x, increasing with 
both E and x. However, in calculating the energy lost be- 
cause of the 7» 1 + v decay, neglect of the dependence of 
j. on E and x leads to an overestimate of this energy by 
certainly not more than 10%, as has been shown by check 
estimates. 


tion, which is more in line with present ideas, the 
assumed model has been close to the statistical 
model of Fermi-Landau. In the second assump- 
tion, a substantially lower multiplicity was as- 
sumed. 

The energy spectrum of the nuclear-active 
component at the altitude of 655 g/cm? was as- 
sumed in the form E “dE for the energy range 
from E,; to E,, and the estimates were carried 
out for different values of the upper limit of the 
spectrum E, of nucleons in the shower. The 
lower limit of the energy spectrum of nucleons 
was assumed to be equal to E, =3 x10’ ev. All 
produced particles were assumed to be 7 mesons, 
out of which one third were 7’ mesons. Thus, 
two variants were considered. 

1. It was assumed that the total multiplicity of 
produced mesons in a collision between a nucleon 
of energy E’ with the nucleus of an air atom is 
equal to 


_ 


n(E’) = 4(E’ /2Mc?)'* (15) 


A total of 40% of the energy of the incident nucleons 
is transferred to the meson in the collisions. The | 
energy spectrum represents two monoenergetic 
meson groups, and one quarter of the mesons ob- 
tain 0.75 of all energy, while the remaining three 
quarters obtain 0.25 of the total energy transferred 
to mesons. In collisions of mesons with the nu-- 
cleus, the number of produced mesons is deter- 
mined by the same relation (15), but the whole 
energy is transferred to mesons. The energy 
spectrum of meson-produced mesons has a form 
analogous to the spectrum of mesons produced by 
a nucleon. 

Thus, it was assumed that 


Wan (E", E) aE = 2 (gha)* [a (e — 20-048) 


+E Samael 


at EAE = 2 (GE) (6 UE 


OMSE2 
+ 38(E— Tapa (16) 
The calculation of the energy spectrum of mesons 
according to formula (14) by means of successive 
approximations gives fast convergence. 

2. In addition, a calculation was carried out 
under the assumption of an essentially different 
mechanism of m-meson production. It was as- 
sumed that the multiplicity of meson production 
is constant: n(E’) = 3. The production functions 
WNx and Wy, were assumed to be of the form 
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Wwe (E’, E)dE = 28(E —0.4E'/3), 
Wan (E’, E)dE = 23(B — £'/3). (17) 


The calculation was carried out only for E, = 
10’? ev. The results are given in the table for both 
variants. The number in the table gives the rela- 
tive fraction of the energy lost for the m—p+v 
decay in the passage of the shower from zy = 655 
g/em? to z = 1033 g/cm’, i.e., 8yp(x—xp)/Ep, 
where ¢,, is given by Eq. (9) and 

Es 
E,= \ EIN (Emeril (2: x )de. 
Ey 

At an intermediate stage of the calculations we 
obtained the fraction of all nuclear-active particles 
consisting of t mesons. This fraction clearly de- 
pends sharply on the energy range. For the energy 
of 5 Bev and for different variants it amounts to 
11 —13% increasing, in the energy range of 100 
Bev, to 30 —40% (slow increase with increasing 
Eo). 

Thus, as a result of the calculations, it was 
found that, for the energy spectrum of the nuclear- 
active shower component of the type E “dE at 
mountain altitudes, a considerable fraction of the 
energy of that component (of the order of 50%) 
should be lost for the production of » mesons 
and neutrinos, and thus, were lost for the devel- 
opment of the cascade. Such a conclusion, clearly, 
is almost independent of the mechanism of the ele- 


mentary act of nuclear collision, which is indicated 
by the similarity of results of the calculations of 
the first and second variants. 


'Dobrotin, Zatsepin, Rozental’, Sarycheva, 
Khristiansen, and Eidus, Usp. Fiz. Nauk 49, 185 
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2k. Greisen, Progress in Cosmic Ray Physics, 
(North Holland Publishing Co., Amsterdam, 1958 ) 
Vol. 3. 

3S. I. Nikol’skii and A. A. Pomanskii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 618 (1958), Soviet 
Phys. JETP 8, 430 (1959). 

4G. T. Zatsepin and I. L. Rozental’, Dokl. Akad. 
Nauk SSSR 99, 369 (1954). 

5U. Haber-Schaim and G. Yekutieli, Nuovo 
cimento 11, 172 (1954). 
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Concepts of molecular optics are extended to photonuclear reactions. The consequences 

of the existence of tensor polarizability of atomic nuclei, not yet discovered experimen- 
tally, are discussed. Various models of tensor polarizability are examined and estimates 
are given for the magnitudes of the effects that could be observed with present experimental 


capabilities. 


1. INTRODUCTION 


li preceding studies!»* it has been shown that the 
cross section for the interaction of y-ray quanta 
with nuclei can depend substantially upon the spin 
orientation of the nucleus with respect to the wave 
vector of the photon and that the detection of such 
dependence would furnish proof of the existence 

of a tensor component in the electric dipole polar- 
izability of atomic nuclei. As already pointed out,’ 
a possible model for such polarizability is con- 
tained in the successful interpretation of the giant 
resonance widths, given by Okamoto? and Danos;‘ 
in addition, other models of tensor polarizability 
are also possible. 

The study of this new property of asymmetry 
in the electromagnetic radiation of atomic nuclei 
possesses indubitable interest. The object of the 
present work is a systematic formulation of the 
theory of the electric dipole polarizability of 
atomic nuclei, a discussion of experiments by 
means of which it might be possible to obtain in- 
formation about the tensor component of the elec- 
tric polarizability, and an estimate of the magni- 
tude of the effects with the aid of two different 
nuclear models — the independent-particle model 
and the collective model.**4 

A theory of the polarizability of atomic nuclei 
can be constructed by analogy with the theory of 
molecular polarizability.’ It should be remarked 
that, in general, many of the methods of molecular 
optics can be applied to photonuclear reactions. 
Thus, for example, it would undoubtedly be inter- 
esting to study the combination scattering of y - 
ray quanta by nuclei or the effects of the depolar- 
ization of scattered radiation for the purpose of 


securing a series of important nuclear parameters. 


The scope of this article does not comprise the 


broad extension of the theory of the interaction 

of light with molecules to the interaction of y-ray 
quanta with nuclei. We shall consider only the 
elastic scattering of y-ray quanta by nuclei and 
the photonuclear reactions (total cross section 
for the absorption of dipole y-ray quanta by 
nuclei). 


2. GENERAL CONSIDERATIONS 


As is well known, electric dipole absorption 
plays a principal role in the interaction of y-ray 
quanta with nuclei in an energy range up to ~ 20 
Mev. We shall therefore confine ourselves to 
this part of the interaction. 

The possible existence of tensor polarization 
in nuclei signifies that the scattering amplitude 
may depend upon the spin of the system, i.e., the 
induced dipole moment of the nucleus can depend 
upon the orientation of the nucleus with respect 
to the electric field. The most general formula 
for the scattering amplitude, as a function of the 
nuclear spin operator J and of the polarizations 
of the incident photon A and the scattered photon 
A’, is written in the form 


R = RJA) (52) + RO (52) Ga) + RO (NR) ET (2/2), (1) 


where T = wZ’e?/27TAM is the amplitude of Thom- 
son scattering, which may make a substantial con- 
tribution (we assume that h =c =1 everywhere).* 
The amplitudes, R“’, R®), R®, being functions 
of the photon frequency, are proportional to the 
polarizability of the system. Thus, if only scalar 
polarizability of the system is present (R“) = R®) 
=0), we have R®) = —(w3/27)a(w), where a 
is the electric dipole polarizability, through which 


*Of course, we neglect Delbriick scattering and scattering 
by the magnetic moment. 
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the Rayleigh cross section for scattering by a 


small particle (nucleus) is expressed in accord- 
ance* with 


ds / dQ = w*| a (w)|2(4'2). 


The expression (1) can be simplified. In molecu- 
lar optics the case usually considered is that for 
which the polarizability tensor is Hermitian, or 
R* =R. This case is of little interest for the nu- 
cleus, since its energy levels have large widths, 
owing to the strong interaction between the con- 
stituent particles. Therefore, R®), R®@, R® 
have real and imaginary parts over a broad fre- 
quency range. 

We shall utilize the invariance of the S-matrix 
under time reversal, which gives R) = R®), 
Thus, (1) may be rewritten in the form 


R=Rt 


mercy (14) 2) + ay (GJ 4 Para} 


+ (RS + T) (A’2). (2) 


The expediency of introducing RT and RS will 
become clear in the sequel. In accordance with 
references 1 and 2, we shall call aS = — 


and al =-— (217/w*) RT the scalar and tensor po- 
larizabilities. Obviously, they are complex pa- 
rameters. The imaginary and real parts of these 


parameters are not independent, but connected by 
dispersion relationships. 

In order to express the imaginary part of the 
amplitude, we make use of the unitarity of the S- 
matrix: 


(eh) eR, (3) 


We shall take the matrix element of matrix equa- 
tion (3) for the state (wmj) 27/w, where m is 
the projection of the nuclear spin on the z axis 
and j is the vector projection of the photon polar- 
ization, while q@ represents all the remaining 
quantum numbers of the nuclear ground state; we 
get 
i (2m / cw)? [(m'j’a| R*| amj) — (m'j’a|Rj amj)| 

= (22 /w)? >) (m'j’a|R| N)(N | R*|ajm). (4) 

N 

The summation includes all the states permissible 
from the viewpoint of the law of the conservation 
of energy. We define the cross-section operator 
6 as that for which the mean value corresponding 
to the polarized state of the target nuclei and the 
incident photons gives the cross section 


3 == Sp ps 


*We stress the fact that we mean everywhere not the local 
polarizability, but the polarizability of the whole particle. 


(217/w*)RS 


(here p is the density matrix). 
into (4), we obtain 


Substituting (2) 


4n2 


m2 


3 , 4 na A” AA 4. dees 
er (m'|—- (dirdj+ Jip) — -g- J?8jp| m) Im RT 


+ 8;7ImRS} = (m' j’| 5 | mj). (5) 
Thus, the imaginary parts of R! and RS are 
simply related to the absorption cross section. 

At the same time Eq. (5) leads to a more general 
dependence of the absorption cross section upon 
the nuclear spin. For instance, let the polariza- 
tion of the photon be given rigorously, i.e., the 
density matrix expressing the polarization state 

of the photon has the form p = 0jzOj’z (the z 

axis is oriented along the photon polarization). 
Then the cross section of the photon absorption 

is expressed in the form 

ay +P 
(J—1) lig aa) 


o= Sppo= 2 — | Im RT + ImRst ; 


(6) 


and for the unpolarized photon beam we get 


58 ER [— aiiglina tina}. a 


2 


Here ays is the mean square of the spin projection 
on the wave vector of the photon. 

For unoriented nuclei [pm’m = 6m’m/(2d3+1)] 
the terms with RI! in formulas (6) and (7) vanish. 
Therefore, as evident from (6) and (7), to prove 
the existence of the tensor part of the polarizabil- 
ity of atomic nuclei it is necessary to demonstrate 
the dependence of the cross section for photon ab- 
sorption upon the orientation of the nucleus. 

From formula (7) it is easy to derive that 


(w / 27)?(o 


where oj and o|, are the total absorption cross 
sections for y-ray quanta when the nuclei are 
completely oriented parallel to the wave vector 
of the photons and perpendicular thereto, respec - 
tively. Having determined the imaginary part of 
R!, itis possible to find its real part by using 
the dispersion relationships. 

As noted earlier,! the influence of the R! ef- 
fect must be especially strong both on the abso- 
lute magnitude of the cross section for scattering 
by unoriented nuclei and on the azimuthal asym- — 
metry of scattering by oriented nuclei. We pre- 
sent here more detailed estimates. 

Let us find how the cross section for the elastic 
scattering of y-ray quanta by nuclei depends upon 
the parameter R! introduced by us or upon the 
tensor polarizability, which is proportional to 
RI. We denote 


Im RT = = 


pon): 
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Then the scattering cross-section operator is 
written 


 injg= (Qe /@) (Ren + R’Siel [RP Fig + ROiql- (8) 
Here R’=R°+T. 

Let us find the cross sections for scattering by 
unoriented nuclei. For this purpose we average 
(8) over the state pm’m = 6m’m/(2J +1). The 
mean value of the product €j,€jq must have the 
form 


+ Indi) — 


Sip eiq= Ay8in5jq + Aol oiqdej +42q9c;]- 


Finding the convolutions for the right-hand and 
left-hand parts of the tensors, first with respect 
to the indices i=k and j=q, and then for 
i=j and k=q, and utilizing the commutation 
relation for the components of the spin operator, 
we readily obtain 
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The mean value of €j, is equal to zero. The final 
result for the cross section, averaged over the ori- 
entation of the nuclei, but for a definite orientation 
of the polarization of the photon in its initial and 
terminal states, has the form 


ae TEE 93 (J-+4) (2S + 8) 
do ar iRTP 0 —1) J [i+ 


+ (WA) 
+|R'P aay. (9) 


Averaging over the photon polarizations in the 
initial state and summing over the final states, we 
get for the angular distribution of the scattered 
photons 


en 3 
Fh oF RTP a (13 + cost) 
(10) 


+ |R’P (1 + cos?) 


Thus, as already pointed out,’ the existence of the 
tensor polarizability can be revealed by the mag- 
nitude of the cross section for elastic scattering 
and by the angular distribution of the scattering 
(the existence of a large isotropic component in 
the angular distribution ). 

The elastic scattering of y-ray quanta by ori- 
ented nuclei has been discussed earlier.! 
the existence of tensor polarizability brings about 
azimuthal asymmetry of scattering. The greatest 
asymmetry occurs when the nuclei are oriented 
perpendicularly to the wave vector of the incident 
photon. The angular distribution in the plane nor- 
mal to the incident beam has the form (in the no- 
tation of the present article): 


As shown, 
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24 2 (R™R + R'R’)| sin’ ¢ 
(11) 


do /dQ = (2n®/w*) ({£| R’ 

4 [4[R7 P—2(RTR + RR) + R")- 
Formula (11) has been derived from classical con- 
siderations and is valid only for J + ~. Quantum 
corrections for it arevery substantial. For J = 0 or 
J =4, the azimuthal asymmetry vanishes in general. 

Apart from the effects mentioned, the existence 
of tensor polarizability can be disclosed by meas- 
urements of the static polarizability and of the 
quadratic fluctuation of the dipole moment in the 
ground state for oriented nuclei on the basis of 
the application of the summation rules. These 
effects have been discussed previously.” 

Thus, there are many effects upon which ten- 
sor polarizability can exert an influence and which 
can be fully observed by existing experimental 
means. To estimate the measureability of the 
effects under discussion, it is necessary to cal- 
culate RT and R® on the basis of models. 


3. MODELS FOR TENSOR POLARIZABILITY 


Tensor polarizability models have been dis- 
cussed in part before.” By analogy with molecular 
optics, we introduce the concept of the “internal” 
tensor polarizability, i.e., the polarizability in a 
coordinate system: rotating together with the nu- 
cleus. In the coordinate system affixed to the 
nucleus, let the tensor part of the polarizability 
have the form 


tik = 2 ag (if, — > Siz). (12) 


We have assumed that this tensor has axial sym- 
metry; nj is the component of the unit vector 
along the axis of symmetry. Generalization to 
the axially unsymmetric case presents no par- 
ticular difficulties. In addition, we assume that 
n coincides with the direction of the nuclear- 
surface symmetry axis, along which the nuclear 
spin is directed in the ground state. Under these 
assumptions there is a direct analogy, on the one 
hand, between ad and al, and, on the other 
hand, between the “internal” and the spectroscopic 
quadrupole moments. Hence we have 
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Thus, the amplitude RI of photon scattering 
by the nucleus in the laboratory system of coordi- 
nates is expressed through the “internal” polar- 
izability by the following formula: 


(er Os 
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Og = 


(14) 


i.e., the tensor polarizability vanishes for nuclei 


with spins 0 or 3. 
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A model‘of tensor polarizability is contained 
in an extension of the hydrodynamic model of di- 
pole vibrations of nuclei to nonspherical forms 
(Okamato® and Danos!). These authors have 
called attention to the fact that in a deformed nu- 
cleus the fluctuations of the densities of the neu- 
tron and proton liquids must take place with two 
neighboring characteristic frequencies. The order 
of magnitude of the ratio of these frequencies fol- 
lows from the dimensional consideration, namely 
w,/wW, ~ Re/R;, where R, and R; are the 
smallest and largest radii of the nuclear surface. 
A detailed hydrodynamic analysis yields Ww, /Ws = 
0.91 R,/R; if the surface is an ellipsoid with small 
eccentricity. This idea enabled the two authors 
mentioned to reach the conclusion that the experi- 
mentally observed giant resonance corresponds 
not to one characteristic frequency, but to two. 
Hence followed the successful explanation of the 
“line broadening” in the giant resonance for de- 
formed nuclei. .From this model it also follows 
that the wave of the fluctuations of the density 
differences of the neutron and proton liquids is 
propagated in the direction of the electric field 
of the photon. The latter inference signifies that 
the frequency w, is excited when the electric 
vector of the photon is directed along the radius 
R,, and w, when the electric vector is directed 
along R,. We do not adhere to the hydrodynamic 
model, but use the results of molecular optics 
and consider the nucleus as an aggregate of 
three linear oscillators, arranged perpendicularly 
- to each other, with the oscillation frequencies w, 
and W», = W3, and the damping ratios y, and 
Y2 = 3. In this case the scattering amplitude in 
the coordinate system affixed to the nucleus is- 
expressed by 

oe — o2 + iy io 
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(15) 


The expression for the amplitude in the laboratory 
coordinate system follows from Eqs. (15), (14), and 


(2). The imaginary part of the amplitude determines 
the cross section for the absorption of y-ray quanta 


by the nucleus in accordance with (6) and (7). From 
formula (15) it is seen that with w,;—W,2 ¥j,2 the 
tensor polarizability for frequencies within the 
range of the giant resonance can exceed the scalar 
polarizability twofold, whence it follows that the 
above-mentioned effects can be observed fully. 

As seen from (10) and (14), in comparatively 
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simple experiments with elastic scattering by un- 
oriented nuclei (RJ) the tensor polarizability 
will be manifested only for nuclei with sufficiently 
high spins. Thus, for example, in the case of 
In!45 | which has a spin of UE the ratio of the con- 
tributions by the first and second components can 
be expected to reach 0.5. In this connection, as 
evident from formula (10), the anticipated angular 
distribution in elastic scattering is of the type 

a + cos? 6, where a=1.5, not 1 (the latter 
value corresponds to RT = 0).* 

The quantities y,, w,, Y2, Wg, and the oscil- 
lator strengths f,; and f, are of substantial im- 
portance in all the estimates. 

Perhaps the most thorough hydrodynamic es- 
timate of w,, w, is that by Levinger,® who uti- 
lized a summation rule similar to the known 
Kramers -Heisenberg formula, 

4 \ o AG 


a= =, \— 
2r2 \ w 


and evaluated the static polarizability of the nu- 
cleus in the coordinate system affixed to the nu- 
cleus. The results coincided with the calculations 
by Okamoto and Danos: w, ~ 1/R, and wy, ~ 1/R». 
With regard to y,; and vy, it is impossible to say 
anything definite at the present time.. Experiment 
appears to indicate that y,; and yz, are substan- 
tially different. This circumstance cannot be ex- 
plained within the framework of the simple hydro- 
dynamic model. In view of this, a consideration 
of other models is warranted. 

Soga and Fujita’ calculated the one nucleon elec- 
tric dipole transitions in deformed nuclei, using 
the shell model, and showed that the transitions 
are grouped around the two frequencies w,; ~ 1/R,y 
and w, ~ 1/R,. Of course, such an approach em- 
ploys many detailed assumptions about the form of 
the wave functions for the ground and excited states 
of the nuclei. We shall show that in the independ- 
ent-particle model the conclusion that w, ~ 1/R, 
and wW,. ~ 1/R, follows from very general notions 
about the nucleus, without recourse to the men- 
tioned assumptions. 


*Recently E. Fuller and E. Hayward (preprint and private 
communication from D. Levinger) made an attempt to interpret 
their data on the elastic scattering of y-ray quanta from Ta 
from the viewpoint of the existence of tensor polarizability in 
this nucleus (on the basis of the Okamoto-Danos hydrodynamic 
model). However, they used classical averaging for the nu- 
clear orientation. Our Eqs. (10) and (14) differ from theirs, by 
the factor J(2J—1) (2J+3) (J+). Inclusion of this factor will 
substantially change the result of their analysis. The author 
avails himself of this occasion to thank D, Levinger and 
E. Fuller for the interesting information. 
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We consider the summation rule 


ce \= do = 47? <0 a2) 0) (16) 
in a coordinate system affixed to the nucleus; d= 
Se ejrj is the nuclear dipole moment operator and 


i 
|0> represents the ground state of the nucleus. 
The right-hand part can be written 

[2 0> =e? <0) D1 (4? — 479) +5 <0| 


l 


—<0[)} 2123 — 471 )| 0. (17) 


tej 

As can be seen without difficulty, in this expres- 
sion the first term is proportional to the quadrupole 
moment of the nucleus, the second term to the first 
moment of the cross section o_, for unoriented 
nuclei, and the last term is connected with the 
positional correlations of the protons in the nu- 
cleus. As is well known, the basic sources of 
correlation of the type interesting to us are the 
relationship SD rk =0 (where r_~ represents the 
coordinates of both protons and neutrons) and 
Pauli’s exclusion principle. We shall take these 
effects into account and estimate the last term. 
To take the relationship >)r;,=0 into account, 
we introduce, as usual, the effective charges Cp = 
eN/A for the proton and en = —eZ/A for the 
neutron; and since Pauli’s principle imposes a 
restriction only upon similar particles, we dis- 
card terms associated with proton-neutron cor- 
relations: 


e-*<0| d2|0> = (N/A)? <0, (22— 477) lo 
+ (Z/A)? <0 ps (2—4 r)|0> + o| Bt [22 — + rir\|0> 
+ <0|>), f22i— brn ~ +1<0}d?|0), (18) 
isj 


where De eie) 


protons (or neutrons) in the nucleus. 

To estimate the correlations associated with 
Pauli’s principle, we employ a method first ap- 
plied by Khokhlov’* to an analogous problem. We 
introduce a function expressing the distribution 
of the coordinates of two protons 


indicates summation over all the 


, 4 
TA Mist a ey, a 


£08 (r—rp,) 4 (r’ —rp,) | O> 


*The author is grateful to Yu. K. Khokhlov for pointing 
out that the effect of the correlations connected with Pauli’s 
principle can be easily estimated by this method. 
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(the summation extends over all the protons in 


the nucleus ). 
We shall define 


eer , / 


\ r2n(r) dr, Ah \n (rabies (19) 


u 
where ry is manifestly equal to zero. Inasmuch 
as the dimension a of the region in which the cor- 
relations due to Pauli’s principle make themselves 
felt is much smaller than the dimensions of the 
nucleus, it is possible to adopt the following ex- 
pression for n(r’, r) 


nie ot) Ser ae) 
r)n (" - : ) 


and to consider that this function is the same for 
neutrons as for protons. The quantity Q ~ (a/R)? 
can be found by using the actual form of the wave 
functions of the nucleus. However, as will be 
shown below, for our purposes the value of this 
quantity is generally insignificant. If the expres- 
sion (20) and our definitions (19) are employed, 
then, as easily verified, Eq. (18) assumes the 
form 


ule (ks n(r)n(r’)] (20) 
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e~2 (0 |d2| 0) = [(N / A)?Z + (Z/ APN] (2 


4+ (Zi APN (N=)? 73 (21) 
Hence we find the dependence of o-_; on the angle 
between the electric vector of the photon and the 
symmetry axis of the nucleus: 
1 Se 4 ql as 

ar t= F(Z, A, ) [57 Q(cosp— +)+—+ P|, (22) 
where F(Z, A, 2) is a general factor the form of 
which follows from (21) and Q° is the “internal” 
quadrupole moment of the nucleus. 

From (22) it is easy to get for oriented nuclei 
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where Q denotes the spectroscopic quadrupole 
moment of the nucleus. As already’ pointed out, 
formula (23) is exact for deuterium, with F = 1.* 


(23) 


*The static tensor polarizability of the deuteron was cal- 
culated by Yu. I. Bregadze. The ratio of the tensor part of the 
polarizability to the scalar one came out equal to ~ 1.5%. 
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From (22) we obtain 


(ot) — 3@))/ 9°, = 3Q0/ 277 ~5Q°/2ZR%. (24) 


Here of) is the greatest value of Geq, alata —.0,) 


while o@ is its least value (at B= 1/2); On 
is the moment of the cross section for unoriented 
nuclei, and R is the radius of the nucleus. 

If, as usual, the “position of the maximum” of 
the giant resonance is defined as 


ie \ odo I\ oe dw, 


then the width of the maximum for the giant reso- 
nance follows from (24): 


(0) — W®) / Wy = 5Q° / 2ZR*. 


Comparing this formula with the results secured 
by Okamoto and Danos, we find that the results of 
a calculation based on the independent-particle 
model agree, accurate to a numerical factor, with 
those obtained on the basis of the collective hydro- 
dynamic model. 

Analogous calculations with the aid of formula 
(23) yield an expression for the “shift of the max- 
imum”? for completely oriented nuclei: 


(@) — 1) / ~ 5Q/ 4ZR?. 


Here Q is the spectroscopic quadrupole moment. 
It must be emphasized that essentially we have 
made use here of the assumption about the absence 
in the nucleus of any correlations other than those 
with a radius much smaller than the nuclear di- 
mensions. * 

Thus, the use of various models and very gen- 
eral assumptions yields one and the same result, 
w, ~ 1/R, and w,~ 1/R,. The calculation of the 
widths y,; and vy, on the basis of the independent- 
particle model requires special investigations. 


4. DISCUSSION 


An examination of the various models of the 
nucleus shows that it is hardly possible to doubt 
the existence of tensor polarizability in atomic 
nuclei. In any event, it can be affirmed that ten- 
sor polarizability exists in the nucleus of deuter- 
ium. \ 

The theory of the polarizability of atomic nuclei 
ensues as an extension of the theory of molecular 
polarizability. Its non-Hermitian character is 
an important distinguishing feature of the tensor 
polarizability of atomic nuclei in comparison with 


*We note that our results will not be altered if the exist- 
ence of strong neutron-proton correlations with a small radius 


is assumed. 


that of molecules. Another distinction of the the- 
ory of nuclear polarizability is that the effects 
considered correspond to the experimental meth- 
ods of nuclear physics. For example, one of the 
basic methods for the investigation of molecular 
polarizability — the study of the depolarization 

of scattered radiation — is hardly likely to be 
applied to the investigation of nuclear polarizabil- 
ity in the near future. 

It seems to us that experiments with oriented 
nuclei must be considered the principal source 
of information about the tensor polarizability of 
atomic nuclei, although experiments with the elas- 
tic scattering of y-ray quanta by nuclei might 
compete with this method. At the same time it 
is necessary to consider the possibility of an ex- 
perimental study of Raman scattering of y-ray 
quanta by nuclei. This method might yield a 
great deal of valuable information about nuclear 
parameters. A recently initiated study’ of (y, y’) 
reactions (which are equivalent to “nuclear lu- 
minescence” in the terminology of molecular 
optics ), may also furnish many very valuable 
facts about the tensor polarizability of atomic 
nuclei. However, the interpretation of these ex- 
periments is rather ambiguous (it is not clear 
how many and what kind of transitions have oc- 
curred before the nucleus reaches its metastable 
level). 

Quantitative estimates of the order of magni- 
tude of the effects follow from Eqs. (2), (7), (10), 
(14), and (15). As can be seen from (15), at y1,9 
Aw, the value of Re exceeds R® twofold in 
the frequency range w ~ w,, whereas in the fre- 
quency range w ~ w, the value of RE is equal 
to R®S but is opposite in sign. Hence comes the 
very peculiar dependence of the difference of the 
cross sections o, —o for the absorption of y - 
ray quanta by completely oriented nuclei [see for- 
mulas (7) and (8)]. For nuclei with spins > 7, this 
difference is of the same order of magnitude as 
the cross sections themselves. This effect is 
certainly measurable even if the degree of nuclei 
orientation has been established meagerly and un- 
reliably, since the energy dependence of the quan- 
tity RT is of prime interest. 

In the experiments on elastic scattering, the 
effects are also large (see text for estimates). 
These conclusions are almost independent of the 
models used. Identical values of the two Okamoto- 
Danos frequencies, w, ~ 1/R,; and wy ~ 1/Rg, 
were secured from very different models. A dis- 
cussion of the remaining parameters of formula 
(15) on the basis of the models is difficult at pres- 
ent because of the lack of experimental data. 
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At any rate, the investigation of tensor polar- 
izability will provide more precise and more com- 
plete information about the shape of the nucleus 
than any other existing methods. In addition, ex- 
perimental data on the quantities y,; and y, can 
help substantially in understanding the mechanism 
of the absorption of y-ray quanta by nuclei. 

It must be emphasized that the effects under 
discussion can be observed only with nuclei pos- 
sessing large spins. In this regard we point out 
once more the necessity of exploring the experi- 
mental possibilities in the study of Raman scatter- 
ing, which is not subject to this restriction. 
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Stationary convective motion of a conducting fluid between vertical parallel plates in a mag- 
netic field is considered. An exact solution of the magnetohydrodynamic equations is ob- 


tained for the case of a constant vertical temperature gradient. 


The critical value of Grass- 


hof’s number is determined for the case when the temperature of both plates is the same. 


i . The free convective motion of a conducting 
fluid between vertical plates maintained at a con- 
stant temperature in the presence of an external 
magnetic field was studied in detail by Gershuni 
and Zhukhovitskii.!»? In this paper we shall gen- 
eralize the results referring to stationary flow 
to the case when the temperature varies in the 
vertical direction. We shall also discuss the 
problem of the superposition of free and forced 
convection, thereby generalizing the well-known 
solution due to Hartmann.? 

We consider the case of stationary convective 
motion of a fluid between vertical infinite plates 
x =+6, whose temperatures are respectively 
T_(z) and T,(z). We take the flow lines to be 
parallel to the plates, i.e., to the z axis. An 
external homogeneous transverse magnetic field 
Hx = Hy is applied to the plates. 

We write the general equations of magnetohy- 
drodynamics:* 


0 Jel? 2 
3 + WV)v=—LV (p+ So) 4 wv +E (HV) H— per, 
(1.1) 
H a” 2 
Ae (Ves (1.2) 
ea cals (1.3) 
Givave—= Uses editvs Ei 0: (1.4) 


where T is the temperature, p is the pressure, 
v and H are the velocity and field vectors, p, », 
U, Oo, a, B are, respectively, the density, the kine- 
matic viscosity, the magnetic permeability, the 
conductivity, the thermal conductivity, and the co- 
efficient of thermal expansion of the fluid. The 
problem under consideration has an exact solution 
Oltpe fOr Vx = Vy = 9, VZ=V (x), Hx = Hx(X), 
Hy = Onn zx). © = E(x, 2), PD SV OO, PANE 

If we take the positive direction of the z axis in 
the opposite direction to the force of gravity vec- 
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tor g, we obtain from Eqs. (1.1) — (1.4), the sys- 
tem of equations 
Tee Centre LT oe, 
i" um coy (1.5) 
Ug He 5 a a a aa ; re) 
oe, (1.7) 


where Hx =const, which follows from the equa- 
tion divH=0; g=-—-g,. 

Since the component of the field normal to the 
boundary must be continuous at x =+6, we have 
Hx = Hy. On substituting T from (1.5) into (1.7) 
and on differentiating the resultant equation with 
respect to z we see that when v const we nec- 
essarily have (0°/8z?)(p + wH2/87) = const and, 
consequently, 9T/8z =A =const (see reference 
5). From this it follows that T = Az + Ty (x). 
The expressions for the given plate temperatures 
may now be written in the form 


T,, (2) = Az + To(—?). 


For the sake of definiteness we assume T_(z) < 
T,(z). Then, on taking T)(0) as the reference 
point on the temperature scale, we have 


(Wea C) iad ON CA) Vea aad ly 
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where Ty, + Tw is the temperature difference 
between the plates which remains constant along 
the z axis. We shall subsequently use formulas 
(1.8) as the boundary conditions for the tempera- 
(NOWAS). 
Over the boundaries (at x =+6) the conditions 

of absence of slipping and of the continuity of the 
tangential component of the vector H must also 


T_(z) = Az+T (+ 9), 


(1.8) 
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be fulfilled, and reduce to the equalities 


Use) == 11, (£0) == 0. (1.9) 


In addition we shall assume that the flow of 
fluid over the cross section of the gap between the 
plates is specified 


8 
Om \ v (x) dx. (1.10) 
5 
If Q=0, then Eq. (1.10) will be the condition 
that the lines of flow are closed, and the flow is 
free, since it will be due only to the force of buoy- 
ancy. However, if Q #0 then the flow will be 
mixed, and forced convection will be superimposed 
on the free convection. 
We now introduce the following dimensionless 
quantities 


SSS /Oy 16/0, SOO VOT 
q=pe/pv, %9=T/AdS=—{ + 6(6), 

P=v/a, Pm=4nov/c?, M = (nH d/c)V >/py, 

G = BgAs*/v?, (1.11) 


where P and Py are the ordinary and the mag- 
netic Prandtl numbers, M is the Hartmann num- 
ber, G is the Grasshof number. In terms of these 
new variables, the equations and the boundary con- 
ditions of our problem assume the following form 


0q* 
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Ou 1 Oh 
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uae =p AQ, (1.14) 
iy 
u(+1)=h(+1)=0, Q* = \ 4) dé, 
a 
GE, I)=C—O,,, 9(,—1)=C+ be, (1.15) 
where 
q = q 5 MM? (h? + 1)/ DIP. Oey —— Deeseyk Aé, O; = Q/v. 


Further analysis of our problems will be based on 
the system of equations (1.12) — (1.15). 

2. In order to solve the system of equations 
(1.12) — (1.15) we substitute the expression @ = 
€+6)(€) into the first equation of (1.12) and into 


(1.14). We then obtain 
og’ , & M2 oh | 
0 = a 4 = bape fe + .GC +.G0,, (2.1) 
1 00, 


On the one hand, since u and h do not depend 
on ¢, it follows from (2.1) that Gg -8q*/8E =D= 
const and 
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gq = G?/2— Dos Dd, ()s 
The second equation of (1.12) immediately shows 


that D, = const 


g° (C) —q" (0) = GV /2— De. (2.3) 


On the other hand, on eliminating the unknowns h 
and 6), from Eqs. (2.1), (2.2), and (1.13) we obtain 
the equation 


ul¥ — Meu" + GPu=0, (2.4) 
whose general solution is 
u = C, coshm € + C, sinhmé + C, coshn€ + C,sinhn€, (2.5) 


where m, n are in the general case complex 
parameters: 
m = (M2/2+-V M4/4— GP]*, 


n= [M?2/2—V M*/4—GP]". (2.6) 


Now with the aid of Eqs. (1.13), (2.1), and (2.3) 
we obtain in turn 


h=— Pp (CSR +c, SE CE 

+ C22" _Cg—C,); (2.7) 
ee = (Cn? coshmé + Can* sinh mé + Cym* coshné 

+ Cum? sinhn€— M?C, — D). (2.8) 


For the derivation of the last formula we made use 
of the obvious equality m? +n? = M?. 

On satisfying conditions (1.15) we obtain seven 
equations for the determination of the constants 
Ci Go 527. sO) ands. 

Let us dwell on certain pecularities of this 
system, which are connected with the boundary 
conditions of the initial problem. 

a) In the case of free convection with the two 
plates unequal in temperature, i.e., for Q* = 0, 
Ow,+ Ow, #0, the system has a unique solution 
for all values of M and G. 

b) In the case of free convection with the tem- 
perature of the plates the same, i.e., for Q*=0, 
Ow, + Ow, = 0, the system has a solution only when 
a definite relation exists between G and M. The 
smallest possible value of G characterizes the 
threshold of convection. 

c) In the case of mixed flow, i.e., for Q* «0, 
the system has a unique solution for arbitrary G 
and M. 

We shall now discuss each one of these problems 
separately. 

3. In the case that Q*=0 and Ow, + Owe 22 (9). 
we first find that C,;=C3;=C;=D=0, so that the 
temperature distribution is expressed by means 
of an odd function. Therefore for the case of free 


—_ 


ON CONVECTIVE MOTION OF A CONDUCTING FLUID 


stationary convection we should take Ow, = Ow, = Ow 
Then on finding the constants Cy, Cy, and Cg we 
obtain the following formulas for the velocity, for 


the induced field component, and for the tempera- 
ture: 


sinh n& \ 


G8, sinh me 
cen m sinh ry 


u = —— 
m2 — n2 


ESB) 


coshn — cosh n€ 


> n sinhn ) (3.2) 


REGO, = = coshmé 
m sinh m 


Pesta) 2c (ie Gs ee nies) 


ee 5 : 
m nh sinh m sinhn 


From these formulas it is possible to obtain the 
well-known result of reference 1 by means of a 
limiting transition for A—0, when m—M and 
n— 0, taking into account the fact that G@w = 
Beto) i Moreover, by noting that in the case 
where the ratio M‘/4|G|P increases without limit 
we have m/M—1 and n—0, it can be easily 
shown that in this case the values of u(é), h(é) 
and 6)(&) approach asymptotically the corre- 
sponding expressions found by Gershuni and 
Zhukhovitskii. Therefore when M,/4|G|P >1 
their conclusions with respect to the existence of 
a boundary layer, the behavior of the thermal flux, 
and of the induced field are approximately valid. 

If the ratio M*/4GP is close to unity, then by 
means of a limiting transition with m—n itis 
possible to obtain from (3.1) — (3.3) the following 
approximate formulas: 


? 


GO 


uz Paseo €cosh n€sinhn — sinhn€ coshn), (8.4) 
P_ G0 
Mi =e perro aa n — €sinhn€)n sinhn 
— (cosh n — cosh n€)(sinh n —n coshn)], (3.5) 
e418 n €cosh n€& sinhn — sinh n€ cosh n 
at a ( 2 sinh?n 
ne sinh n€ (3.6) 
sinhn / 


On investigating Eq. (3.4) we find that the extrem- 
um points of the velocity profile satisfy the equa- 
tion 


né tanh nt =n cothn—1, (Sag) 


whose solution tends to £ =+1 when n—~». This 
proves the formation of a boundary layer also in 
the case of comparable values of M‘ and GP. 

4, When the temperature of the two plates is 
the same and 6y=0, free convective motion is 
possible only when a certain relation holds be- 
tween M and G. This relation consists of the 
vanishing of the determinant of the system of 
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. equations with respect to Cj. and D. By bring- 
ing it to diagonal form we obtain 
(m° — n*)sinh m sinh n (cosh m=" —coshn we = 0. 
: (4.1) 


The only family of solutions of this equation which 
leads to a nontrivial solution of the problem is 
n=ikrw (k=1,2...), where G must be negative. 
Thus, if G>0, when the temperature increases 
in the direction of positive z, the equilibrium 
of the liquid at rest is always stable. In the oppo- 
site case, when G <0, the equilibrium is stable 
only for |n?| <7’, i.e., for |GP| < 2? (M?+72). 
In the case GP = —7°(M?+7°), stationary lami- 
nar flow is possible, characterized by the formulas 


== Cr since, i= OP (COStaeieul)s 


2 IAG oe ke 
0 = €——sinzé, (4.2) 


where C is an arbitrary constant. 

The formula obtained above for the dependence 
of the critical value of the number G on M con- 
firms the fact that the presence of a magnetic field 
significantly postpones the beginning of instability 
of the equilibrium. This result naturally applies 
only to the case of plane motion. 

5. Finally, we consider the case of mixed flow 
when the quantity Ow, a Ow, is arbitrary, while 
As ze @, 

In accordance with this, the solution of our 
problem, based on Eqs. (2.5), (2.7), and (2.8), 
assumes the following form 


mnQ* (coshm coshn€ — coshn cosh mé) 
u= 


2(m coshm sinhn — n coshn sinhm) 


. G (Orn + 6,5) (sinhn sinh mé — sinhm sinhné) 


aati : Sal 
2 (m? — n?) sinhm sinhn ( ) 
P Q* (m coshm sinhn€ —ncoshn sinh mé ) 
k= — ee ee ee 
a 2(m coshm sinhn — n coshn sinhm) 
' - “ (ai 
G (6, -9,9)( sinhn coshm€é — m sinhm coshné ) 
| 2 
a 


2 mn (m* — n*) sinhm sinhn 


QE GF Ou + 90) 


2 2 (m? — n?) mn 


(n coth m — m coth 0) so ADA) 


$=C+ > 


4 | mnQ* (m? coshm coshn€ — n? coshn coshmé ) 
2 (m coshm sinhn — n coshn sinhm) 


G (O41 + 949) (n? sinhn sinh mé — m? sinhm sinhn €) 
2 


2 (m? — n?) sinhm sinhn 


ee oo 


an (m? — n?) Q* 
D2 


2(m tanhn — n tanhm) a 


(5.3) 
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When G—0, @ywi—0, the formulas (5.1) and 41. D. Landau and E. M. Lifshitz, 
(5.2) reduce to the well-known solution of Hart- JNEKTPONMHAMMKA CIMOWHbIX Cpeg (Electrodynamics 
mann’s problem.? of Continuous Media), Gostekhizdat, 1957. 
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A study is made of the invariant angular operators in terms of which the scattering matrix for re- 
actions of the type a+ b — a’ +b’ +c’ can be expanded, and which are convenient for angular and 
polarization analyses of such reactions. The angular operators are obtained in explicit form for 
reactions in which the spin of the system does not exceed unity, and also for analogous reactions 


involving y-ray quanta. 


1, INTRODUCTION 


Ir is convenient to carry out angular and polariza- 


tion analyses of nuclear reactions by means of the 
invariant angular operators in terms of which the 
scattering matrix or scattering amplitude can be 
expanded. We have previously! studied and con- 
structed such operators for reactions of the type 
a+b—a’+b’. Ciulli and Fischer’ have construc- 
ted the first few angular operators for reactions 
of the type a+ b— a’ + b’ + c’ in which the spins 
of the initial and final system are equal to ‘4. In 
the present paper the angular operators are con- 
structed for reactions a+ b— a’ +b’ +c’ in which 
the spins of the initial and final systems do not 
exceed unity, and also for analogous reactions in- 
volving y-ray quanta. 


2. GENERAL REMARKS 


The initial and final states of the system in the 
reaction a+b— a’ +b’ +c’ are defined by the 
momenta Pa, Pb and py, PE Po of the particles 
a, b and a’, b’, c’, and the spin coordinates a@ and a 
of the spin of the system. The momenta of the par- 
ticles are connected by the relations 


P,+P,=P, +P;+P,=P: 
|Shee bre ay op a Dt 2h 


(1) 


where E, = (p3, + m3) h is the energy of particle 
a, and so on, and E and P are the energy and 
momentum of the system. In the center-of-mass 
system (P = 0) we can introduce, instead of the 
momenta of the particles, the momenta 

(2) 


=D, Ys 


? 
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and (cf. reference 3) 


P,=P,—P» P,=—(P, +P.) =P,- (2’) 
To the momenta p, pj, pp there correspond the 
orbital angular momenta 1, ],, l, (1 is the orbital 
angular momentum of the system a+b, 1], that of 
the system a’ + b’, and l, that of particle c’), and 
the total angular momenta J, J’ of the initial and 
final systems are connected with these orbital an- 
gular momenta by the relations J =1+5S, J’ = 

1, + 1, + 8’, where S, S’ are the spins of the initial 
and final systems. Using the momenta (2) , (2’) 
and the relations (1), we can see without difficulty 
that, as the independent variables of the initial 
system, we can choose the quantities 


lit ehaar, (3) 


where k = p/p, and as the independent variables of 
the final system the quantities 

Ey pon Ki, Kon os (35) 
where k, = pi/p;, ky = p2/Pe- 

In the center-of-mass system the scattering 
matrix S for the reaction a+ b— a’ + b’ + c’ de- 
pends on the variables (3) and (3’); it is a matrix 
(operator) in the spin variables a, a’ and a func- 
tion of the remaining variables. We shall be in- 
terested in the dependence of the scattering matrix 
on the variables k, a and kj, ky, w’. Therefore we 
shall write the S matrix in the form S(k,k,a’; ka) 
= [S(kik); k)]qq’, omitting the variables E, pg. If 
the matrix S is invariant with respect to rotations 
and reflections, it can be expanded in a series in 
the angular operators invariant with respect to ro- 
tations and reflections, Ly, +1,(k, Kg; k): 


SU kdeai lk) srs relay wl has Baek (4) 
Jy’ 
The coefficients Sj,,/,, in this expansion are func- 
tions only of the total energy E and the absolute 
value p% of the momentum of particle c’. 

The angular operators are scalar products of 
the J vectors dyppp(k) and vymy’ (kik) of the in- 
itial and final states: 

Lyyy (ki ks; k) = >) dimv (kik, 2) Pray (Kk). (5) 

M 

The numbers J, M, v denote respectively the total 
angular momentum, its projection, and a set of 
eigenvalues of operators commuting with the total 
angular momentum, for example the spin of the 
system, the orbital angular momenta, etc. The gen- 
eral properties of the operators (5) are the same 
as in the case of the reactions a+ b— a’ + b’ (cf. 
reference 1). In particular, these operators are 
Hermitian: 


Lies (kik; k) = Liw (k; k,ks), (6) 
are orthogonal and normalized: 
dk; dks 
\ Ears (Kaleas k) Lav, (Kako; ko) Se 
= Oyyr Oy (Lp (k, ko), (7) 
\ Low (ky ky; k) Li (kakesk) 
BN) Ogu fy (Ri Kas KK) (7’) 


and have the property of completeness: 


Di Live (a kk Ptah sk kh, (8) 
Suey, eo dk 
Di \ Lavy (Kika: k) Livy (ky ka; k) 
-= 5 (k, — ky) 3 (ky — kp), (8’) 
where 
\8 (k’— k) dk /4x = 1 and so on 
Since 


Spit kek i= (20-1) oy, 
Sp \ Lin (Kako: a esl acer =a by mea Se no 


the coefficients Sj,-, of the expansion (4) can be 
calculated by the formulas 


= 1 ._ ¢ dk, dko 

eS ot Sp \ ae Ly. Jv (Ky Ko: ;k)S (kyk,; k); (9) 
{ - dk dk, ¥ 

Siwy = spy SP \ Tee (kako; k) Livy (Kiko; k), i = 1.2. 


(9”) 


RITUS 
We shall describe the system a+b by the J 


vector 


Py atrs (k) ral 2 Cia a Y im— (k) Qsus (10) 


where Y7m(k) is the orbital function and Qs, the 
spin function of the system; J =1 + S. We shall 
describe the system a’ + b’ + c’ either by the J 
vector 


UM—wv'; Sn! lilo 
aay (ki ks) = > Cim ; Di iw! (k,k,) Qs'u's 
a 


_ 


Dir = CHEV 1m (ha) Yon). (11a) 
where S’ is the spin of the system, 1, l, are the 
orbital angular momenta, I’ = 1; + l, is the total 
orbital angular momentum, and J =I’ +S’ is the 
total angular momentum, or else by the J vector 


ae (kik s) = — 2 Coes i Yor Mesa (k,) Dizn (k,), 
Ditn (ky) 5 Gree i Y um—u' (ki) Qsu’s (1 1b) 


where S’ is the spin of the system, 7;, l, are the 
orbital angular momenta,* j=1,+ 8S’, J=j+h. 

By means of Eqs. (5), (10) and (11) one can con- 
struct the angular operators Lyp ’p)(kiky; k). For 
this purpose it is convenient to use the coordinate 
system with its x, y and z axes along the vectors 
[k x ky] « k, [k x k,], k and the invariance of the 
angular operators. 


3. THE EXPLICIT FORM OF THE ANGULAR 
OPERATORS 


We shall present first the form of the angular 
operators (polynomials) for spinless particles. 
Case S =S’ = 0: 


es (k,k,; k) 
= V2 = WOE HCP) (Cnr, Avene 


es: L,—m; lm “(G=—m)! (lg — m)! 
2 y Cr (4-++ m)! (l2-+ m)! 


m->0 
Xan Pi Peale (12) 
where 
a? = = + {(X1Xg— X1_ — t ([ky x ke] k))” 


“+ g (X1X%_— Xe + 7 (ky x ky] k))'"}, 
Hy = (KK), 2% = (Kk), Xin ae (Ky KS), 
qa (—lete Pl = dP, | dx: (13) 
-*We shall not consider here the coupling j=1, +S’, J=j 


+1,, since it is equivalent to the coupling yo ‘S' J=j+1, 


and the notations p, =—(pa + p,) = pe, Py = Pa —P,, instead 
of Eq. (2’). 
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q=+1 or —1, corresponding to conservation or 
change of the intrinsic parity of the system in the 
reaction. The angular polynomials (12) satisfy the 
conditions 


Litt (Ky kg; k) = (— 


(iit yf oes 


ees ootkek yk) 


nest ets 
1) V Spo Lite (kk; ky) 


2i+1 
2ly + 4 


Lig,t, (kky; ky) 


a (— 
Ay Coupling 141, =, ’ +S’ =J 


(14) 


We now note that the angular operators 
Lyjv’v(k’, k) for the reaction a+ b— a’ +b’ can 
be represented in the form of a certain invariant 
differential operator Oj,-,(L’, T), which depends 
on the orbital angular momentum operator L’ = 
—i[k’0 /ok’] and the vector matrix T in the spin 
space of the system, and acts on the angular poly- 
nomial for spinless particles: 

ees Wie Or76 8 (L al ily (KK): (15) 

Starting from Eqs. (11a), (10), and (5), we can 
show without difficulty that the angular operators 
for reactions a+ b— a’ + b’ + c’ can be repre- 
sented in the form 


DALE eT Ye Bo aed Doce al ee oe ee 155 


Lavins’ts (Ki ke; k) = Osvsus (L’, T) Lie (Kiko; k), (16) 


where Ojy’s’is is the same operator as in Eq. (15), 
L’ = L, + Ly, and L1,1,1/(Kike; k) is the angular 
polynomial (12) for spinless particles.* With re- 
gard to Eq. (16) we note the following. Since parity 
is conserved in the reaction a+ b— a’ + b’ 4c’, 

the quantity 7; + 1, — 1 is either even or odd, de- 
pending on whether the intrinsic parity of the sys- 
tem is conserved or changes in the reaction. There- 
fore the angular operators Lyyp’,)(k;k); k) are either 
scalars (if the Sarees parity is conserved and the 
quantity gq = (—1) Eich Iya is equal to +1) or pseu- 
doscalars (if the intrinsic parity changes and q = 
-1). As for the angular polynomials Lj,],1’ and the 
operators Ojjrg7j7g that appear in Eq. (16), they can 
be either scalars or pseudoscalars, independently 
of the conservation or change of the intrinsic par- 
ity in the reaction; namely, Lj,],/’ is a scalar 


(pseudoscalar) if q’ = (-1)41 +1l,-lis equal to 
+1(-1), and Ojy'g7g is a scalar (pseudoscalar) 
: l’ — 
Hobie (ee! 
A = God" - 

We Shall give the explicit forms of the opera- 


tors Ojy’s’7s(L’, T) for the cases in which S and 
S’ do not exceed 1. 


is equal to +1(—1). We note that 


Case S=S = A: 
4 4 m3 | 
Oseyiy (L's 8) = sopep [J ty H(— DIOL) | go + 1) + o— 1) (0k); (17) 
Casessi= 0, S’ = 1: 
Aad 
Pane pater | LT [kx L') (V+ Fz) (TH) |, fae (18) 
Osi (L’, T) = 
Vian) Ie (19) 
Case S=1, 9’ =0 
‘ ie ie we | 
wav J oem ta Fa) cm], f= Pee aa, (20) 
Ovi (L’,T) = 
RO ean) Ghee J=l=1 (21) 
Casey StS =e. 
a) do = +1, 
| : ee eke e 
Pai gs L’) (SL’) eta d, 
(20+ 1) (J +4/2-F"/2) aie ty Fa) [t+ (SE)]+(SE’) (SL’)¢ 
2 4 
i (41 VIT+D y =2 Y 
Osan (L’, S) = \ <8) , Se 
4 (S [kx L’) |(sky + ( Rn : J Aen 
Tea +1) = (SL (SE'D, yeaa (22) 


A é . a 
*A similar representation for S= S' =% is used in reference 2. 
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b) qo =-1 
1 / Dice fener tien een 
(+1) (Fee Va) Se earGi + 2 Fz) (sk) 
BGS [k x1") | (SL’), prey ae ie 
Osi (L’,S)= j ; == 
1 / oy eae fae 
QP+ 1 T+ eP)Y J+ %2t%4e [+ (7+ ig x) IS ee 
= (34545) (SL’) (Sk) + i (SL’) (S lexi’). J=l=VH+1. (23) 


B. Coupling* 1, + S’ =j,j+th= 

If, on the other hand, we use the formulas (11b), 
(10), and (5), then for integral S and S’ the an- 
gular operator for the reaction a+ b— a’ + b’ +c’ 
can again be reduced to a certain invariant dif- 
ferential operator acting on an angular polynomial 
of the form 1Lyj7,5(kiky; k) [Eq. (12)]; we have 


Ly jns't.ts (ky ke; k) = Ojns:, sis (L, Li, T) Ljz,7 (Kika; k). (24) 
In particular, we get for the operators 
Oj1,8"; JIS 
Cases S= O, S¥ = il aitcl S = il, Sy = Oe 
Ojta = (Oj2, (ki,L1)T), O14 = (07, L) D3 (25) 
CASS Si S¥ ale 
Oji,1; 3 = (Orr (K, L) O72, (Ki, L1)) 
— (O71 (k, L) S) (Oj2, (ky, Li) S), (26) 
where 
Oy741(k, L) 


: Bs 1 4) 
~ VOED I+ ete) [—itkxL) (J+ >4 ZK, 


Oriel) a 
SS eres (27) 


If, on the other hand, S and S’ are half-integral, 
the angular operator can be constructed directly, 
as in Eq. (12). In particular we have: 

Case S=S’ =}: 


Cae eattalia/e (k,k,; k) 
ayy (s+ 4h) ent 


x (atm + 2) PI (04) Fi (@ kx ky) PY” (xh 


1 f(j—m)\( lo—m-+1/2)! le 
aa (j+m)(2+m—")2)! 


BF j 


+ (1 [(— m+ F)( + m+4)[" 


Soya ei aie jm: i(o[k, Y key (x2). 


x adn, (oh) abc} {ORM PEE (a) 


(28) 


The signs + correspond to j =1, + 4. 
We note that for the reactions +N — 27’ + N’ 


*Cf. footnote *, page 154. 


and N, + N, > Ni +N$+ 7’ the formulas more 
convenient in practice are Eqs. (28) and (24), and 
not Eq. (16), since in this case the quantum num- 
bers 1,, j describing the final system correspond 
to the quantum numbers 1’, J describing the final 
system in the reactions 7+ N — 7’ + N’ and 
N, + No > Nj + NS. Therefore if the matrix ele- 
ments SJq1fSh1)S, are important for the reactions 
1m +N— 7 +N’ and N; +N, > Ni + N§, it can be 
assumed that an important part in the expansions 
(4) for the reactions 7+ N — 27’ + N’ and N,; + Ny 
— Ni + NS +7’ is played by the matrix elements 
SJjl, 91,18 for which j = Jp, 11 =1h, S565 f= bos 
= Sp. 


4. REACTIONS INVOLVING y-RAY QUANTA 


The wave function (ep ”) (k)) of a photon with 
momentum k, angular pac prentain l, polarization 
e, and multipole character A (A = 1 or 0 for mul- 
tipoles of electric or magnetic type, respectively) 
is connected with the function Y7m(k) of a particle 
of spin zero by the relation 


(ein (K)) = Fame (© ae) Vim (ki, 


parity =(— 1)’, 


(eD\ (k)) = (é[k xe] 5-) Yim (k), 


FTES 


(ys 


parity = (— (29) 


Therefore the construction of the angular opera- 
tors for a reaction involving a photon reduces to 
the application of the “polarization” operator 


1 
[Z(1 + 1)] “hea /ak) or [l(1+ 1)] “A ink x e]d /adk) to 
the angular operators of the analogous reaction, 
in which the photon is replaced by a scalar or 
pseudoscalar particle with spin zero (cf. reference 
1). That is, if one has to construct the angular 
operators Lyp+y (Kiky; k) for the reaction y +b 
— a’ + b’ + c’, one must construct the angular op- 
erators oy, y (Kika; k) or Ly, dike: k) for the 
reaction a+ b— a’ +b’ +c’, where a is a scalar 
or pseudoscalar particle with spin zero, and then 


1 
apply to them the operators [l(1 + 1 2(e9 /dk)* or 


[Ui + 1) rich (i{k x e]8/ok)*, respectively: 


_ 


ANALYSES OF REACTIONS -OF 
Livy, (kk; k) 
os (l(c + 1)}~/(e d/dk)°L%9) (kiko; k), rA=1, 
uae 1)\~” (i [k xe] 0 / 0k)" LI (lake; k), 2=0, (30) 
Similarly, the angular operators Ly yp’ py (Kike; k) 
for the reaction a + b — a’ + b’ + y’ are connected 
with the operators Di), sik: k) and LD (ke ykys k) 
of the reaction a+ b— a’ + b’ +c’, where c’ isa 


scalar or pseudoscalar particle with spin zero, by 
the relations 


IONE & (k, ky; k) 


{lle (lo + 1)J~? (€0 / Oke) LY, (kik; k), M4, 
\[e (lg + 1)? (i [ke x €7] 8 / Oke) LT 9 (kaka; k), 2’ = 0. 
(31) 

Here it is assumed that the angular momentum and 
momentum of the photon are ly and py. Finally, 
the angular operators Ly,,)/,,, (Kika; k) for the 
reaction y+b— a’ +b’ +y’ are obtained by ap- 
plying the operators 


[ls (lo + 1) L(+ 1)]-“ (e’0 / Ok) (e 0 / Ok)* 
and [ly (l. | 1) L (0+ 1)}~" (i [ke.x e'] 0 / Oke) (i [kx e] 0 / Ok)” 


to the angular operators for the reaction a+ b— 
a’ + b’ +c’, in which the particles a and c’ have 
spin zero and the same parity and by applying the 
operators 


[lo(lo+ 1) L(0-+ 1) }7 “(e’0/Aks) (i[k x €]0/Ok) * 
and [lo(/24-1) U(1+1)]~ ° (fk, x e’] 0/0k2) (e0/0k)* 


to the angular operators for the reaction a+ b> 
a’ + b’ +c’, in which particles a and c’ have spin 
zero and opposite parities. 
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5. CONCLUSION 


The angular operators completely determine 
the angular distribution and polarization of the 
particles in the transition Jv — Jv’. Since the dif- 
ferential cross section do/dQ and the polariza- 
tion of the scattered particles (i.e., the mean values 
<Q>’ of certain spin operators 2) are connected 
with the scattering amplitude T = S — 1 by the re- 
lations 


ds/dQ=Sp(TpT*), — <Qy’ = Sp(QTpT*) Sp (ToT), 


where p is the density matrix of the incident par- 
ticles, by measuring do/dQ and <Q>’ experimen- 
tally and using the expansion (4) for the scattering 
matrix, one can find the coefficients Sj, (E, pg), 
i.e., carry out the phase-shift analysis. 

On the other hand, if the scattering matrix obeys 
some known equation, the problem of finding this 
matrix is made easier if, by means of the expan- 
sion (4), one effects a separation of the angular 
and spin variables from the variables E, pj, and 
reduces the problem to that of finding the 
SJv’v (E, pe), which depend only on E and pé. 

The writer is grateful to I. E. Tamm, who 
stimulated this research, and also to J. Fischer 
and S. Ciulli, who made their work available be- 
fore its publication. 


'V. 1. Ritus, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 1536 (1957), Soviet Phys. JETP 5, 1249 (1957). 
*S. Ciulli and J. Fischer, Nuovo cimento (in 

press). 
3E. Fabri, Nuovo cimento 11, 479 (1954). 


Translated by W. H. Furry 
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An investigation is made of the small oscillations of a plasma sphere of infinite conductivity. 


Vexsiert and Knox? have called attention to the 
possibility of using ac electromagnetic fields for 
the stabilization of hot plasmas. 

Below we consider a uniform gaseous sphere 
with sharp boundaries located in a quasi-stationary, 
spatially homogeneous electromagnetic field 


Hy, = Hy exp (iQ#t), Ex = Eyexp (iQst), (1) 
(k = x, y, 2) where the frequencies oft and of 


are all assumed to be different from each other. If 
the skin effect is large the ac field does not pene- 
trate the plasma, the electrical conductivity of 
which is assumed to be infinite. The time-average 
of the pressure at the surface of a weakly deformed, 
ideally conducting sphere in an ac field (1) has been 
determined in reference 3: 


Shan OMG EY hee al ea) 
pe, = 327 [1 "ip ) ie | 2 2/+1 
Soe 
pik 470+ 1) Be ; rm + * | 
x ( l a peed H ) im i (v, ?) | (2) 


Here the QJm are the coefficients in the expan- 
sion, in spherical functions, for the radial deviation 
from a sphere of radius ry of points at the surface 
of the plasma: 


or (3, ¢) | aay y Onn i "(9, ©). 


ie =) m=—L 
For equilibrium the internal gas kinetic pressure 
at the boundary of the plasma must be equal to the 
electromagnetic forces: 


(QHG /32n)(1 —2E77 H) = p>. 


Since there is no electromagnetic field inside 
the bunch, in analyzing small deviations we start 
with the usual hydrodynamic equation (neglecting 
viscosity). Then, a monochromatic component of 
the displacement potential 


ae vy, myers == VW ie %, ¢) plot 
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of an individual particle obeys the following wave 
equation in the linear perturbation approximation: 


wD + ?2AD = 0, 


where the adiabatic velocity of sound is c? = yp/p. 


The particular solution 
Dim (r, 9, 9) = const rAd py, (or /c) YT (9, @), (3) 


in which the frequency w is still arbitrary, must 
satisfy the boundary condition 


; OH? (oy yg =a be 
== iP {div Shr =n aa — Oy) ae Meh ro ine ( = 2), 


41(1+4) £5 


[ACORN ess (a He’ (4) 


which states that the Lagrangian variations of the 
hydrodynamic and electromagnetic pressures at 
the surface of the perturbed sphere must be equal. 
Converting from the displacement amplitude to the 
potential in Eq. (4) we obtain the dispersion rela- 
tion 

Vie 


Us J p41),(ro/ ¢) 


oie C2 


2l1—1)(l1—1 
ie = ss 18, (0) = Sor {Pro us 


2t+ 1 


d J p43, (wr / c) 

ee ier pee 
For radial spherically symmetric oscillations of 
the sphere (/=0) and reciprocating displacements 
of the sphere as a whole (J =1) the internal pres- 
sure remains unchanged. Consequently we have 
the boundary condition 


x a (5) 


PS 


Jiguan (Or, / Cc) = 0, es Oth, (6) 


The roots of the transcendental equations (5) and 
(6) determine the spectrum of eigenvalues w7 for 
a given perturbation (3). The absence of solutions 
with w?<0 for positive fj] indicates that the 
bunch is stable against perturbations character- 
ized by wavelengths A, = 27r)/l along the surface 
of the sphere for which f7(Ey)/H)) > 0. Instability 
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is possible for a perturbation characterized by 

f7 < 0. In this case the solution with w* <0 sig- 
nifies random deviations which increase exponen- 
tially in the course of time. In the particular case 
Ey =0 and f7=1 a spherical plasma has internal 
stability against arbitrary perturbations. The lim- 
iting case c ~~ in Kq. (5) gives the simple 
formula 


2 


DOr U1)! 5 
WET Je 


32m 5-2 
Pry 


which characterizes the dynamics of a highly con- 
ducting incompressible fluid.* The equilibrium 
criteria formulated do not apply when Ag be- 
comes comparable with the skin depth (for large 
values of 1) since a perturbation of this kind is 
not compatible with the original assumption of in- 
finite conductivity for the deformed sphere. 

We have discussed here the behavior of a 
plasma sphere when the pressure of the external 
electromagnetic field is constant (time average). 
In order to calculate the effect of the alternating 
component of the high-frequency field we consider 
rapid motion of a plasma produced, for example, 
by the z component of the magnetic field (Ey is 
assumed to be zero). As before we assume that 
Aim K 1. The magnetic pressure 


3H 


Us 
Pu, (3, Gg, t) as ery [1 = View : co >» A intinY ? | ’ 


f=2 m=—1 


— m?®) + 22 (I? — 3m?*) — 181 (/? 
(20 + 3) (22+ 1) 1 (21— 1) 


3H 2 [oe) 
z 


m?) + 10/2 — 9m? 
(7) 


is computed in the same way as for (2). In Eq. (7) 
we separate out the harmonic time component 


Pu, (% 9 1) =$[1—Y3 


1 
23, AimtimY 7 (9, 2) | cos 20,t, 


pas 


and, in the acoustic approximation, obtain the 
boundary condition for the displacement potential 
t(r, 3, g, t) = VW, which is governed by the wave 
equation c2AwW = 0°W/at?: 
COS Ose LOGE 0: 
(52 5 NV OF) 
Ys$cos 20,¢ — (gs cos 2.1 - s) o ir hee 
FOr ise 2 i Us 
elie Ay eat Or 
Ue 1. ( Sat ) { } 


for’ l= 2, m=£0; [> 3. (8) 


3y ia aa 
era Of Sr=r, 


*The lowest limiting frequency found (w,) is approximately 
the same as that determined by Eq. (5) in the general case of 


a compressible fluid. 


or r=r, 


Whence we find the solution for 1 =0: 


Crt On Me whe tV von ava Oy 
ro 7 3x0 Js), (vo) ie ie rat Yo es wee 
where the following notation has been introduced: 
ZO Ti Cy I 2O IF C aay, 


An investigation of the other equations (1 = 3; 
1=2, m #0) by the method of successive approxi- 
mations shows that the oscillations are stable for 
frequencies characterized by Qz > w]. Unstable 
solutions are possible close to the values Qz = 
wy /n, where n =1, 2, 3,... (parametric reso- 
nance). In the region of stable solutions for spher- 
oidal perturbation (l= 2, m=0) the motion of the 
sphere boundary is given approximately by the ex- 
pression 

Cr (ro, 4) 5 Fy (2Q,) 


ee ee AOS) =H, Y2(, ¢) cos 29,1, 


Fy = n? (2Q,)2. 


By proper choice of the frequency Q, it should be 
possible to meet the requirements for small in- 
duced surface oscillations with respect to simple 
Yq and 1 -deformation. For example, with x» 

> 1 the oscillations of the volume and the shape 
of the plasma are insignificant tr," Hon Yosat ners 
<«K 1] if the inequality |v) cot v»-1| « v2 is sat- 
isfied. 

If we assume that the plasma is incompressible 
the boundary conditions in (8) reduce to Mathieu 
equations (with a right-hand member in the case 
of a spheroidal deformation ) 


daa 2p cos 27 
ae + (az + 16 gay COS 21) a9 = 302’ 
a? im 9 
Ft ete (Q; + 160i, COS!27) jp, =O ob 2, 0: ieee 


where 


t=O-t, a= wi / Q3, qin = LA mp [ 48pQ21%. 


The motion of the surface of an incompressible 
liquid is stable with respect to the first three har- 
monics (l= 2, 3, 4) for example with 2 ~ p/3pr?. 
In general, with increasing values of m and J the 
instability zones become smaller. 

The stability criteria for high frequencies in 
the presence of an electric field may be obtained 
in a similar manner if, in place of-Eq. (7), we use 


es 


©o 
ie 5 Sum imY ae (9) 


l=2 m=—I 


6B) cota ar 
Pe 0=—a [a4 


where 
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= _ 48 (22 — m?*) + 82 (2 — m*) —1 (2 —5m*) —6 (PF? —m*) —1 , 


=in = 


(27— 1) (20 + 1) (2f + 3) 


We can now consider the qualitative features 
of the physical results. First we consider the 
mechanism for stabilization of a plasma by a mag- 
netic field. The application of one field (for ex- 
ample Hz) causes, in addition to the anisotropic 
pressure p (#) = 3H} (1-Y})/327, an instability 
for perturbations characterized by m=l1 [cf. 
Eq. (7)]. In these deformations the magnetic force 
lines which bend around the sphere along the merid- 
ians, are, (without twisting) spread apart at pro- 
truding regions of the surface and concentrated in 
regions of indentation; as a result a magnetic 
pressure differential is created, which tends to 
increase the deformation. With m #7 another 
effect predominates; this is the increase in the 
magnetic pressure as a consequence of twisting 
of the force lines, which provides stability for all 
simple perturbations. A rapid change in the direc- 
tion of the field, realized above by superposition of 
three fields, breaks up the correlation of the mo- 
tion produced by the instability with m=J/, and 
the field configuration; rotation of the field leads 
to a time average dynamic stability with respect 
to a weak perturbation.* The application of elec- 
tric fields only weakens the stability of the spher- 
ical shape. This is because the electric force 
lines formed at the induced surface charges are 
concentrated in surface regions of high curvature 


*The containment of a plasma by a rotating magnetic field 
has also been considered by Butler et al.* 


VV. Via VANBOM 


and any deformation leads to an additional nega- 
tive électric pressure which tends to increase 
the deformation [cf. Eq. (9)]. 

In an inhomogeneous magnetic field a plasma 
of infinite conductivity is diamagnetic; in an in- 
homogeneous electric field it behaves like a pure 
dielectric. Thus, the average force acting on the — 
sphere is given by 


F = rigrad (2E? — H?)/4, 


By satisfying the stability requirements of the 
position of the sphere as a whole as well as those 
for volume and shape it is possible to make an 
isolated plasma stable in a given region of the 
external field.. 

The author is indebted to M. S. Rabinovich for 
valuable discussions of the present work. 
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A previously developed theory! of the molecular forces of interaction between solid bodies, 

the surfaces of which are brought to very small distances of one another, is extended to the 
case where the space between the bodies is filled with a liquid medium. It is shown, in par- 
ticular, that two identical bodies always attract one another whatever the “layer” between 


them. 


We have obtained general formulas for the thermodynamic quantities (chemical potential ) 
of the liquid film from the knowledge of the spectral properties [the dielectric constant 
€ (w)] of the liquid and the solid substratum. We have found limiting laws for the dependence 
of the chemical potential on the film thickness. The problem of the stability of films is con- 
sidered and different possible cases of instability in well determined ranges of film thick- 
ness are noted. The possibility of the existence of very small, but non-zero, contact angles 


is noted. Liquid helium films are discussed. 


1. INTRODUCTION 


W: have developed earlier! a theory of the at- 
tractive molecular forces between solid bodies 
separated by a narrow gap. This theory was mac- 
roscopic in character, and in it the interaction be- 
tween the bodies was considered to be caused 
through the intermediary of the fluctuating elec- 
tromagnetic field. The attractive force itself was 
then evaluated as the appropriate component of 
the Maxwell stress tensor of the electromagnetic 
field at the surface of the body. 

In reference 1 it was assumed that the space 
between the bodies was a vacuum, so that the 
evaluation of the Maxwell stresses was carried 
out using the usual formulas for the field in vacuo. 
A generalization of the theory to the case where 
the gap between the bodies is also filled with some 
medium was difficult because there were no for- 
mulas for the stress tensor in a variable field in 
absorbing media. 

This difficulty is now no longer present, thanks 
to the fact that recently” there have been obtained 
general formulas for that part of the thermody - 
namic quantities (including the stress tensor ) of 
an arbitrary absorbing medium which is due to the 
fluctuating electromagnetic field with wavelengths 
X >> a a being the interatomic distance). This 
field corresponds exactly to forces that have the 
same nature as the van der Waals forces between 
individual molecules large distances apart. 
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A general formula for the tensor of the stresses 
arising from the fluctuations of the electromag- 
netic field in an absorbing medium is given in 
Sec. 2. We shall see, however, that it is unnec- 
essary in practice to use it again for explicit cal- 
culations, since it turns out to be possible to ob- 
tain the required formula for the interaction force 
between bodies separated by a “layer” through a 
simple transformation of the formula for bodies 
separated by a vacuum. 

Different cases which may occur when two 
bodies interact are analyzed in Sec. 3. The in- 
dices 1 and 2 distinguish in all equations quanti- 
ties referring to these two bodies, and the index 3 
identifies quantities referring to the medium fill- 
ing the gap (of width 2) between the bodies. Al- 
though in all this we have assumed the gap to be 
plane-parallel, we must nevertheless bear in mind 
that in reality, for a correct statement of the prob- 
lem of the interaction force between bodies, we 
must consider that at least one of them has finite 
dimensions and is surrounded on all sides by the 
medium 3, and we must determine the total force 
acting upon it. In view of the very steep decrease 
of molecular forces with distance, this resultant 
force can, in actual fact, be completely attributed 
to the forces acting across the narrow gap between 
the two bodies. 

If one of the media 1 or 2 is replaced by a vac- 
uum we then have the case of a thin film on the 
surface of a solid body. The thermodynamic quan- 
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tities (the chemical potential) of a film are evalu- 
ated in Sec. 4, which also includes an investigation 
of the stability of films of different thicknesses. 
Liquid helium films are considered separately in 
Sec. 6. 

In the case of a vacuum gap between bodies, the 
forces of the interaction between them can com- 
pletely be reduced to the forces described by the 
fluctuating electromagnetic fields. When, however, 
the gap is filled with a liquid medium, there are 
forces of yet another origin, which are connected 
with the energies of the acoustic sound vibrations 
in that medium. Moreover, fluctuating surface 
vibrations at the interface of different media can 
also lead to a definite contribution. The same holds 
also for the evaluation of the chemical potential of 
the film. In actual fact, however, these additional 
contributions are small (as will be shown in Sec. 5) 
compared with the contribution from the electro- 
magnetic fluctuations, i.e., from the van der Waals 
forces. 


2. THE STRESS TENSOR IN A LAYER OF AN 
ABSORBING MEDIUM 


It was shown in reference 2 that the additional 
stresses arising in an absorbing medium in which 
there is a fluctuating electromagnetic field can be 
expressed in terms of temperature Green’s func- 
tions Oj, (r, r’; yn) of the electromagnetic field, 
which depend on a discrete imaginary frequency. 
These functions were introduced by Gor’kov, Abri- 
kosov, and Dzyaloshinskii and by Fradkin® and are 
Fourier expansions of the well-known temperature 
Green’s functions of Matsubara.‘ 

The general formula for the stress tensor of a 
fluctuating electromagnetic field has the following 
form:* 


Oe 3 
o Sek (© 19 a Di, (r, rT; En) 
, 1 
+ Die (t, 63 En) — = SieDir (0, 65 En) 
A Din (Er En) —~d:5 0. (1) 


Here €=€(Yr, ié,) is the dielectric constant of 
the substance as a function of the imaginary fre- 
quency w=ié; the summation is taken over the 
values ) = 2mT/h (where the term with n=0 
is taken with a factor $); T is the temperature; 
p is the density of the substance; pp = py (p, T) 

is that density which would be present in the me- 


*It must be understood that we have removed from this ex- 
pression the divergent part that is connected with the equilib- 
tium heat radiation in a homogenous medium. 
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dium if there were no field for the given values of 
p and T. The functions OF and DH play the 
role of the average values of the derivatives of 
the corresponding stress components of the fluc- 
tuating field, and are connected with the tempera- 
ture Green’s functions jk which play a similar 
role for the vector potential of the field through 
the relations 


OF (r, 0’; &n) = — ED (F, 075 En), 


Of (r, £’5 En.) = curly curlem Dim (ty t's En) (2) 
The latter Green’s function satisfies the equation 


e629, (r, 0’; &n) + curlzcurl mDma(t, 1’; €n) 
= — 4nd (e—r’) 8p. (3) 


At the interface between two media, the compo- 
nents of Oj, must satisfy boundary conditions 
corresponding to the continuity of the tangential 
components of the electrical and magnetic fields 
(it is unnecessary to write these out explicitly 
here ). 

Let body 2 be separated from body 1 by a gap 
of width 2 and be surrounded on all sides by the 
medium 8. The total force acting upon body 2 can 
be evaluated as being the total momentum flux 
flowing from the medium 3 into the body, i.e., in 
the form of an integral p oikdfk of the stress 
tensor in the above mentioned medium taken over 
the surface of the body. From the condition that 
the chemical potential should be constant in a me- 
dium in equilibrium we have, however, (see ref- 
erence 5, §15)* 


ET CRA teDegNe 
Por ae > a ip ®),=const. (4) 
n=0 


Because of this condition, part of the stress tensor 
turns out to be a uniform pressure which is con- 
stant in the medium and which does not contribute 
anything to the total force acting upon the body. 

To determine this force it is, thus, in fact suffi- 
cient to write the stress tensor in the medium 3 

in the form (compare a similar derivation in 
reference 5, §16) 


SY fo [2k— 4 sun] + [2h —4 snofi]}. 
(5) 


This expression differs from the one which would 
be valid for a field in a vacuum only by the factor 
€3 in the first term. This fact enables us to re- 


*This condition assumes, in this form, that one may ne- 
glect the change in density of the medium itself under the 
influence of the field; taking this into account would lead 
to quantities of higher order in the field. 
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duce the problem to the case considered in ref- 
erence 1, where the bodies were separated by a 
vacuum, through a simple transformation. 

To do this we perform a coordinate transfor- 
mation r=Tr/Vez, at the same time introducing 
new © functions by Oj, = Dik Vv € ; then, because 
of the definitions (2), we have 


saya = yy eit, as = Dies, 
so that 
h co, hs Wee OM 
Sik = — > >) 8 [Bin ae Di 4 +94— Tr nt | . (6) 


One sees easily that for the new functions Dik in 
the new coordinates we obtain equations of the same 
form as Eq. (8) in the regions 1, 2, and 3, where 
€,;/€3, €,/€3, and 1 play, respectively, the role 
of € in these equations. The interaction force 
between two bodies with dielectric constants «, 
and €) separated by a gap of width 7 filled with 
a medium e¢€3 can thus be obtained from the ex- 
pression for the interaction force of two bodies 
separated by a vacuum region an multiplying each 
term of the sum over n by ef and by replacing 
in allterms e¢€, and €, by Ve and €)/€3, re- 
spectively, and 1 by Pieces 


3. THE MOLECULAR INTERACTION FORCES 
BETWEEN SOLID BODIES 


One can usually neglect the influence of the 
temperature on the attractive force (compare 
reference 1) for those distances IJ which will be 
considered in connection with the problem under 
consideration. We then get a general formula 
for the attractive force F (per one cm? surface 
area of the body) by means of the above men- 
tioned transformation from Eq. (2.9) of reference 
1. This formula has the form 


bal | reer EER oo (B17) —1| 
ol 


2538 (s1 <5 p) (Se — p) 
— [(si + per /€s) (Se + pes / €s) 2pe als -1 ine) 
; [ee per / 2) (S2— Pen / es) end Ve) , i 
where 
S; <= Ve So —— V cafes — l + p 


and €, €, €3 are functions of imaginary fre- 
quency w=ié. 

It will be remembered in this connection that 
€ (ig) is a real function, monotonically decreas- 
ing from the electrostatic value ¢€) (when é = 0) 
to 1 (when =~). If the function e”(@.)" (the 
imaginary part of the dielectric constant for real 
frequencies w) is known from experiment, the 
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function ¢ (ig) can be calculated from the for- 
mula (see reference 5, Sec. 62) 
° be ( we" (@) 
B(CE) am | ==\ 2 + ga 40 (8) 
0 
The transition to the limiting cases of “small” 
and “large” distances takes place in the same way 
as in reference 1. We thus get at small distances 


hi ({ aa/tubebete os 1)" anas (9) 


~ 16n28 x (€1 — €g) (€2 — €3) 
0 0 


At large distances, on the other hand, 


Pesta) af 


; ke ++ peio / £30) (S20 + pe20 / €30) et 


' L(si0 — pero / €30) (S20 — pezo / E30) 


(S10 + P) (S20 + Pp) ex 
(S1o — P) (S2o— p) 


—1]" 
ba ‘ee dp dx, 


io Va Te pe ag ey Se 


where €49, €29, €39 are the electrostatic values 
of the dielectric constants. If both bodies are the 
same (€19 = €9)), one can put Eq. (10) in the form 


hic 7 €19— €30\?_ /e 
fae Vee ee sf ? e : 
where ¢ (x) is the function the numerical values 
of which are given in Fig. 4 of reference 1 for ar- 
guments ranging from 1 to ~; in addition we men- 
tion that y (0) = 0.52. 

With an accuracy which is completely sufficient 
for practical purposes, we can write Eqs. (9) and 
(10) in a simpler form by neglecting within the 
square brackets the quantity 1 compared to the 
terms with e*. After this, the integration over 
dx is elementary, and there remains only a single 
integral* over dé or dp. We get thus instead of 
Eq. (9) 


(11) 


co 
where w = \ 


0 


(12) 


ees Gi ; (€2 — €3) de. 


(2 + €3) 


82/3 ? 


The quantity |@| plays the role of some frequency 
characteristic of the absorption spectra of all three 
media. 

When €3)9 — «, expression (10) tends to zero. 
This means that when the gap between the bodies 
is filled by a liquid metal, the interaction force 
varies (at “large” distances ) as a higher power 


*The accuracy of such a simplification is connected with 
the fact that an integral of the form 


n! 


co 
ae (R Sakake 
a ae*—1 
does not change appreciably when a changes from ~ to 1; it 
changes from 1 to 1.2 if n = 2, to 1.08 if n = 3, to 1.04 if 
n = 4, and so on. 
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of 1/1. To consider this case it is necessary to 
turn to the original Eq. (7) and to take into account 
the actual law according to which the dielectric 
constant of a metal increases when the frequency 
is decreased. 

The variation of €(w) of a metal in the infra- 
red region of the spectrum is given by 


s(w) = — 4ne?N / mo”, 


where N is the number density of the free elec- 
trons. When we substitute €3 (ig) = Ate*N/mé? 
into Eq. (7), the exponential factors in the denom- 
inators of the integrand take on the form 


exp {(2pl /c) V 4ne2 / Nm}, 


i.e., & disappears from them, and since p =1, 
we are led to the conclusion that the contribution 
to the force F from the region of frequencies 
under consideration decreases exponentially with 
the distance l. 

But the main contribution to the interaction 
force is given in this case by the region of even 
smaller frequencies where ¢€(w) is connected 
with the usual electrical conductivity of the metal 
o by the well-known formula 


©(@) = 4ris/o. 


Substituting ¢€3 (ig) = 4703/é into the integrand in 
Eq. (7) (in the exponents and in the factor ey?, 
in other places it is sufficient to put €3 = ©), and 
introducing the variable x = 4plV m03£/c? instead 
of the integration variable &, we get 


co 


ee ae al ( _ (= a a 1] + Sle: dx. 


2d: Vp—i—p 
The value of the double integral (evaluated by the 


method mentioned in footnote* of page 163) is 13.5 
and, as a result, we obtain 


F = 0.0034- tc? / o9l5. (13) 


The force of molecular attraction thus goes, in the 
case of a metallic “layer” between bodies, from an 
1 law at “small” distances to an 1° law at 
“large” distances; the beginning of the latter is de- 
layed, though, by the occurrence in Eq. (13) of a 
small numerical coefficient. 

Returning to the general Eq. (7), we note that 
if both bodies are the same (€; = €,) the integrand 
in Eq. (7) is always positive* and decreases mono- 
tonically with increasing 7 for all values of p 
and é. It follows hence that both F>0 and 
dF/dl< 0, i.e., identical bodies attract one an- 


*This is easily checked if we note that fors = VE —1+ p? 
(where p 2 1) the inequality €p > s > p holds if € > 1, and 
Ho Gey K joy Hee 1 
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other whatever the layer is between them, and the 
force F decreases monotonically with increasing 
distance.* 

If, however, the bodies are different, the force 
acting between them can be either attractive or 
repulsive. It is clear from Eq. (12) that if the 
differences €,—¢€3 and €,—€3 have different 
signs in the essential frequency region, we have 
F <0, that is, at “small” distances the bodies 
repel one another. At “large” distances, however, 
the character of the force is determined by the 
relative magnitude of the electrostatic values of 
the dielectric constants: if the signs of the differ- 
ences €4)9—€39 and €9)—€39 are the same we 
have F>O, andif they are different F < 0. More- 
over, since the relative magnitudes of €49, €9, 
and €3) are, generally speaking, not connected 
with the behavior of the functions ¢€, (ig), €, (ig), 
and ¢3(ié) in those frequency regions which are 
essential for the given bodies, it is possible, in 
principle, that there are cases where the function 
F(Z) changes sign for some l. (This is dis- 
cussed in more detail in Sec. 4.) 


4, A THIN FILM ON THE SURFACE OF A 
SOLID BODY 


We can also apply Eq. (7) to evaluate the ther- 
modynamic quantities of a thin liquid film on the 
surface of a solid body (Fig. 1). We assume here 
that the thickness J of the film (as the gap width 
in the previous case) is large compared with in- 
teratomic distances. 


PlGean /) 


We consider a film on a solid wall situated ver- 
tically in the gravitational field. The condition that 
the chemical potential be constant in the film 
(medium 3) (which is in equilibrium) is expressed 
by Eq. (4), where we must add in the left-hand side 
aterm pgz (where z is the height). One other 
condition must express the fact that at any free 
surface of the film a constant pressure, the black- 
body radiation pressure acts from the direction of 
the vacuum. The oxx component (x is the nor- 
mal to the surface of the film) of the stress ten- 
sor, Eq. (1), evaluated in the film, must therefore 


*This statement was already made by Hamaker,® based upon 
an assumption about the additivity of molecular forces (which 
in actual fact does not take place). 


ye 
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also be constant (independent of z). Combining 
these two conditions we get 


Sxx + pgz = const, 


where ox x is the component of the “truncated” 
stress tensor, Eq. (5). However, oxx in medium 
3 is none other than the quantity F(l) evaluated 
above, so that we have 


F (Ll) + pgz = const. (14) 


Equation (14) is nothing but the condition that 
the chemical potential be constant in the system, 
so that F(l) is that part of its chemical poten- 
tial » which depends on the film thickness. (We 
define yp here as the thermodynamic potential 
referred to the mass p; we consider the liquid 
density to be constant.) Thus u=p)+F (J), 
where py is the chemical potential of the “bulk” 
liquid (compare reference 7, Sec. 141). If we 
measure the chemical potential from the value po, 
we can simply write uw(l) instead of F(l).* 
Measuring also the height z from the surface 
of the liquid in the vessel, the constant of Eq. (14) 
vanishes, so that 


v(L) + pgz = 0. (15) 


The function yp (1) determines all the thermody- 


namic properties of the film; it is defined by Eqs. (7) 


to (10), in which we must put €, =1 (the medium 2 
is vacuum ).f We must also introduce an “effec- 
tive” coefficient of surface tension a at the bound- 
ary of the phases 1 and 2, taking into account the 
existence of a liquid film between them. This can 
be done by formally using the well-known formula 
from adsorption theory y = —(9a@/8u’);~ where y 
is the surface concentration of the adsorbed sub- 
stance (number of particles per em”) and yp’ its 
chemical potential (defined as the thermodynam- 
ical potential referred to one particle; see, e.g., 
reference 7, Sec. 139). When we use the definition 
of uw given here this relation can be written 


1 = — (0a/dn)r, (16) 


‘ which is applicable both to macroscopically thick 


(“wetting”) films and to adsorption films of “molec- 


ular thickness,” in the latter case, finally, 7 has 


*For a convenient comparison we note that the quantity 
p defined in this way is the same (with the opposite sign) as 
the ‘‘separating pressure’’ P used in the papers by Deryagin 
and his collaborators (see, e.g., reference 8). 

tRegion 2 is actually filled with the vapor of substance 3 
which is in thermodynamic equilibrium with the liquid in the 
vessel and in the film; in view of the rareness of this medium, 
we can fully consider it to be a vacuum in the electrodynamic 


sense. 


only a formal meaning as a quantity proportional 
to the surface concentration (l= ym/p, m being 
the mass of a molecule). Integrating Eq. (16) and 
taking into account that as 1— © the function 
a(l) must go over into a 43+ Q3. (the sum of the 
surface tensions at the boundaries of the “bulk” 
phases 1, 2, and 3, we get 

lee) 

a(t) =\t aH dl + tuys + tap. (17) 

l 
As 1—0, a(l) must tend to the surface tension 
at the boundary of the “pure” phases 1 and 2, so 
that 


ie di 
\! dl = ayy — 049 — a9. (18) 


0 
We recall also that the necessary condition for 
the thermodynamic stability of the film is that the 
inequality 


(dn./0l)7 > 0 (19) 


be satisfied, or (da/81)~ <0 (compare reference 
7, Sec. 139). If that condition is satisfied a film 
will be in equilibrium with the vapor if its thick- 
ness is such that w(l) =pyap (for a saturated 
vapor Hyap = 9, for an unsaturated vapor pyap 
<0). If there are more than one such values of 

l the film with the smallest value of q@ will cor- 
respond to the stable state; a larger value of a 
will then correspond to a metastable state. 

We shall consider some typical cases that may 
occur, depending on the character of the function 
u(l). It is necessary to bear particularly in mind 
that the function uw (l) may change sign and may 
not be monotonic; this is already clear from the 
fact that the signs in the limiting expressions for 
u(l), for large and for small J, are practically 
independent of one another (compare the end of 
Sec. 3). 

a) If w(l) is a monotonically decreasing, ev- 
erywhere positive function (Fig. 2a), the liquid 
will not, in general, wet the solid surface; hence 


b 


LE 
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no film is formed at all. We emphasize that we 
are dealing here just with macroscopically thick 
films, to which the whole of the theory developed 
here refers. As regards adsorption in the narrow 
sense of the word, this always takes place to some 
extent as is well-known. This corresponds to the 
fact that whatever the behavior of the function 
u(l), in the region of molecular distances (not 
depicted in Fig. 2) it ultimately tends to —« 
according to the law py ~ Inl, which corresponds 
to a “weak solution” of the adsorbed substance on 
the surface. 

b) If w(l) is a monotonically increasing every- 
where negative function (Fig. 2b), this will nor- 
mally correspond to a liquid which fully wets the 
solid surface and (depending on the vapor pres- 
sure above it) forms a stable film of arbitrary 
thickness. In particular, there will be formed on 
a vertical wall a film with a thickness which tends 
to zero as z—~; the decrease goes at first as 
1~z-¥4 and later as 27/8, 

However, also in that case, the liquid may turn 

‘out to be nonwetting if the behavior of wy (1) in the 
microscopic region is such that it leads there to 
a smaller value of the surface tension @; a mo- 
lecular adsorption film, and not a wetting film 
will then be the stable one.* 

c) w(l) goes through zero and possesses a 
maximum as shown in Fig. 2c. With the same 
reservation as in the case b), we shall have here 
a case of wetting, but with formation of a film that 
is stable only for thicknesses less than a well- 
defined limit. A film of finite thickness corre- 
sponding to the point A is in equilibrium with the 
saturated vapor. This state is separated from 
another stable state —the equilibrium of the solid 
wall with the “bulk” liquid —by a metastable region 
AB and a region of total instability BC. 

A yu(l) curve of such a type must lead to in- 
teresting features in the formation of a contact 
angle @ of drops of liquid on a solid surface. In 
this case a drop will be in equilibrium with a film 
of finite thickness lmax (Fig. 3), and from the 
usual elementary formula we have 


cos 8 => [a (Lmax) — %13] / X3, (20) 


where @(Zmax) [with a(l) from Eq. (17)] plays 
the role of the coefficient of the surface tension be- 
tween phases 1 and 2. Since the first term in Eq. 
(17) is a small quantity, we get from Eq. (20) 


co co 


2 dp Sasa 
eee \ 14 di = = \ ud. (21) 


Umax lmax 


*Such behavior may occur as a high “bump” on the (J) 
curve in the molecular region of “thicknesses.” 
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/ 
7, 


v4 / 
htt max 


fl <1 


FIG. 3 


Interpolating between the p ~ 1? andthe p~ lee 
laws, we get as an estimate 


@~(1/10max)V blo) fogs (22) 


with @ from Eq. (12). Thus if fw ~ 10 ev, 
20 erg em™, and Imax ~ 5X 107° cm we get 
sce a0 De 

In our case the contact angle must thus have a 
finite, but very small, value (in contradistinction 
to the value @=9 for complete wetting and 6 ~ 1 
for the usual cases of nonwetting). Such a state- 
ment has, of course, a really specific meaning 
only if the thickness of the drop is large com- 
pared to the thickness of the film, i.e., if LO > 
lmax, where L is the size of the drop (Fig. 3). 

d) A curve of the type depicted in Fig. 2d cor- 
responds to a film which is not stable in a well- 
defined range of thicknesses. The straight line 
BF which cuts off the equal areas BCD and DEF 
connects the points B and F with the same values 
of qa [for identical yp; this can easily be seen 
from Eq. (17)]. Stable films correspond to the 
branches AB and FG; the range CE is completely - 
unstable, and the ranges BC and EF are meta- 
stable. 

Both limits of the region of instability (the 
points B and F) correspond in this case to mac- 
roscopic film thicknesses. Instability in a range 
from some macroscopic thickness to a molecular 
one would correspond to a curve of the type de- 
picted in Fig. 2e. (This curve tends to —“ as 
Z1—0, as did the curve of Fig. 2b.) In reality, 
however, such a curve will most likely lead sim- 
ply to a case of nonwetting. Indeed, the limit of 
stability would correspond to such a point on the 
branch BC that the horizontal intersect would cut 
off equal areas under the upper and above the lower 
parts of the curve. The latter area, however, is 
connected with van der Waals forces and would be 
small compared with the former one, which is con- 
nected with the appreciably larger forces at mo- 
lecular distances. This means that the surface 
tension on the whole of the branch BC will be 
larger than the one corresponding to molecular 
adsorption at the surface of the substratum, and 
a film will thus be metastable. 

The phenomenon of film instability in well- 
defined ranges of thickness has been observed by 
several authors, in particularly clear form by 
Frumkin, Deryagin and their co-workers.?»!9 


Qo3 ~ 
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Frumkin? had already long ago considered differ - 
ent kinds of a(l) curves (without explicitly dis- 
tinguishing between absorptive and wetting films ) 
in order to interpret these phenomena phenomeno- 
logically. We should like to emphasize here the 
connection of these curves with the properties of 
the van der Waals forces, and through them with 
the spectral properties of the liquid and of the 
solid substratum. 

We note, in particular, that the sign of the func- 
tion uw(l) for sufficiently large film thicknesses 
is determined by the ratio of the electrostatic val- 
ues €4) and €39:* in this region u>0 if €g) > 
€y9, and w<0 if €3) < ey). The sign of u(Z), 
however, in the opposite limiting case of suffi- 
ciently small 7 is the same as the sign of 


a (es + 1) (€3 + €1) 


0 


Py (exo (co— 1) gp 
A violation of the monotonic behavior of (Jl) in 
some range of l -values is, generally speaking, 
connected with the change in sign of the differ- 
ence ¢€3;—€, in the wavelength region A ~ l. 


5. FORCES OF NONELECTROMAGNETIC ORIGIN 


We shall estimate the contribution of forces of 
nonelectromagnetic origin to the chemical potential 
of a film. 

Acoustical fluctuations (in an acoustically non- 
dispersive medium) contribute pac ~ fu/I* 
(where u is the sound velocity) to the chemical 
potential at the absolute zero.t This must be com- 
pared with the electromagnetic part te.m. ~ fic/l 
for, 2>>%) 0 fem. ~ hc/x for 1<«K.r>y) (% Is 
a characteristic wavelength in the spectrum of the 
absorbing body). It is clear that tac K ve.m. for 
all distances large compared to atomic dimensions, 
and this precisely is the only region where the 
whole theory given here is applicable. 

At nonzero temperatures the opposite limiting 
case, where the influence of the temperature is 
the dominant factor, holds, generally speaking, 
for Hac. The appropriate criterion is the ratio 


*Provided that no important dispersion of the dielectric 
constant occurs at very long wavelengths (as, for instance, 
in water). 

tThis expression is analagous to the expression py ~ fic/l* 
for the electromagnetic part (in a nondispersive medium). One 
can obtain it, for instance, by evaluating the energy of the 
acoustical zero-point vibrations in the gap (of width J) in a 
way similar to the one used by Casimir’' for the electromag- 
netic zero-point vibrations. We note that the result of Atkins’? 
who obtained for p,, 2 different dependence on the film thick- 
ness (~/7~?) is due to an incorrect way of cutting off the diver- 


gent integral. 


IxT/hu (where x is Boltzmann’s constant); if 
this ratio is large fae ~ KT/E [similar to Eq. 
(5.5) in reference 1].* This quantity is compared 
with Ye.m, only at distances 1 ~ fic/kT, which 
are so large that u becomes very small in any 
case. 

The same is true of the contribution of the sur- 
face oscillations. The dependence of the frequency 
on the wave vector for capillary oscillations on the 
surface of a liquid layer of thickness 1 is given 
by the well-known formula 


w? = (ak? /0) tanh ei, 


where a is the surface tension (see, e.g., refer- 
ence 13, Sec. 61). Ona deep liquid (l—% we 
have w* = ak?/ p. Evaluating the energy of the 
zero-point oscillations (subtracting the same en- 
ergy for 1— ©) we find that at the absolute zero 
the corresponding contribution to the chemical po- 
tential is 


eu bo) ples 


In actual fact, however, the opposite limiting 
case, is realized, when (n/kT)Va/p 3? <o1% 
i.e., the condition for classical physics is satis- 
fied. Calculation by the general rules of statis- 
tics leads then, of course, to a contribution of the 
same order of magnitude, usurf ~ KT/E’, as in 
the acoustical case.f 

To explain the properties of helium films sev- 
eral authors also introduced mechanisms con- 
nected with the inhomogeneity of the density dis- 
tribution of the liquid along the thickness of the 
film. In its roughest form, the corresponding 
calculation is performed by considering the helium 
in the film to be a perfect gas, with particles 
whose wave functions possess nodes at the wall 
and at the film surface. Such a model leads to a 
strongly inhomogeneous density distribution with 
a maximum at the center and to a contribution to 
the chemical potential , proportional to 1°. 
Such a consideration is, however, totally unac- 
ceptable (as was already stated by Mott!4), since 


*The condition /kT/fiu > 1, like the condition JkT/fic > 1 


in the electromagnetic case, is essentially the condition for 
classical physics to hold (iw « xT with w ~ l/u or @ ~ I/c). 
It is thus clear a priori that the corresponding contribution to 
. cannot contain fi and the expression xT//’ follows therefore 
from dimensional considerations. 

tWe always give estimates without numerical factors, but 
one must bear in mind that in reality the expressions for pw. ,¢ 
and 1,,, Still contain (as is shown by a more detailed analysis) 
small numerical coefficients, as do the expressions for the 
electromagnetic part up, ,,- The occurrence of relatively small 
numerical coefficients is generally a feature of the theory 


given here. 
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the interaction between the atoms will, in actual 
fact, smooth out the wave function of the ground 
state of the system, and the inhomogeneity in the 
density will extend (into the liquid) only over 
distances of the order of interatomic ones. The 
contribution to the chemical potential connected 
with this inhomogeneity decreases with the film 
thickness according to an exponential law. 

The contribution connected with the specific 
properties (superfluidity) of helium below the 
X point decreases according to the same law. 
Only in the immediate vicinity of the A point, 
where the density of the superfluid component is 
very small, will the inhomogeneity in the distri- 
bution of the latter lead to an appreciable effect 
(see reference 15). At a distance of about 0.01° 
from the A point, however, the decrement of the 
exponential decrease becomes comparable with 
interatomic distances. On the other hand, the 
result of Franchetti, '® who obtained a contribution 
to the chemical potential proportional to SNS 
due to the fact that the model he used of noninter- 
acting elementary excitations in helium was in- 
adequate. 


6. THE LIQUID HELIUM FILM 


We shall consider separately liquid helium 
films to which a great deal of literature has been 
devoted. 

The general Eq. (7) can be appreciably simpli- 
fied for helium films if one uses the fact that the 
dielectric constant of liquid helium is very nearly 
equal to unity, i.e., that the difference e€3 (ig) -—1 
is small. Performing the appropriate expansion 
in the integrand of (7) we get 


= h re Sia aay 2 EUS 
uO =—gan) \ eset Pe 
OR: 


X (€3 — 1) Be—27&//dp dé, 


Sy = Ve,(i2)—1+ p® (23) 


The calculation, however, even with this simplified 
formula, is made difficult by the necessity to know 
the form of the function e¢ (ig) for liquid helium 
and for the solid wall in a wide range of frequen- 
cies, particularly in the extreme ultraviolet re- 
gion. In the integral (23) the region of wavelengths 
x ~ 1 is the important one, and actual thicknesses 
of the helium film are of the order of 107° em. 

A reasonable approximation is a further sim- 
plification of Eq. (23), based on the fact that the 
main absorption region of helium lies in the ex- 
treme ultraviolet, whereas the main absorption 
of the solid wall (metals, quartz) is at appreciably 


LIFSHITZ, and PITAEVSKII 


lower frequencies. In other words, we assume that 
the function ¢€3 (ig) is practically the same as the 
electrostatic value €3) in the whole range of ~ in 
which the difference ¢€, (ig) —1 [and with it the 
whole integrand in Eq. (23)] is not yet too small. 
One can then remove ¢€3;—1 from under the inte- 
gral sign and proceed with the remaining integral — 
as in the limiting case of small thicknesses / 

(1 is small compared with the wavelengths %o in the 
main absorption regions of the solid body). Thus, 
introducing the integration variable x = 2pél/c 
instead of p and taking into account that the val- 
ues of x ~ 1 correspond to large values of p, 

we replace the curly brackets in Eq. (23) by 

2p? (€;-1)/(e€,+1), and obtain as a result 


u (1) = — 8 (E39 — 1) / 1627/3, (24) 
where we have introduced the quantity 
nlf Pee 
o=\—war ® >) 


0 
which is some average frequency that is charac- 
teristic of the given solid body. 

We note that the function [e (w)—-1]/[e(w) +1] 
possesses in the upper half-plane of the complex 
variable w the same analytical properties as the 
function ¢€(w)—1. This is sufficient to let us 
apply to it the same formula for the transforma- 
tion of an integral over the imaginary axis to an 
integral along the real axis as was valid for the 
function €(w) —1 (See reference 5, Sec. 62). We 
can thus write the integral in the form 


Seiya 


where ¢€’(w) and e”(w) are the real and imagi- 
nary parts of the dielectric constant for real val- 
ues of the frequency; i.e., they are quantities di- 
rectly measured experimentally (one can trans- 
form the integral w in Eq. (12) in a similar way). 

One must thus expect a py (1) ~ 1/12 dependence 
for the actually observed thicknesses of the helium 
film and hence a 1 ~ z~!/3 form of the film profile. 
To evaluate the coefficient in this law we must, 
however, know the optical properties of the solid 
body (wall) in a wide range of frequencies. We 
should like to emphasize that an evaluation of this 
coefficient on the basis of data on the interaction 
of separate helium atoms with a solid body is in 
any case inadmissible.* 

We shall also write down an expression for 
u(l) for “large” film thicknesses (1 > x). The 


2e, (@) dw 
le, (@) +41 + [e, (@)P ? 


(26) 


Ore 
ae pr do = \ 


0) 


*We think, in particular, that the estimates given by Schiff'” 
cannot be trusted at all. 
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corresponding transition in Eq. (23) occurs by in- 
troducing the variable x = 2pél/c instead of ¢ 
and replacing «€; by ¢€4). The integration both 


over dx and over dp is performed analytically, 
and as a result we get 


p- (2) = — Be (C49 — 1) f (@10) / 32 nt, 


4—Ve(e +1) 
2(¢—1) 


fe=s+e4 


sinh Ve—1 
ee. ] + e+ 2e(s— 1)?] 


og 4 

veri ( yz): 
For a metal €;) ~~ and f(©)=1. For quartz, 
which has a wide band of transparency (from 
~0.15y to several yw), it is reasonable to con- 
sider the case when the thickness 17 falls in that 
range of lengths. The corresponding dependence 
of » on 2 is then determined by the same Eq. 
(27) in which, however, one must understand by 
€49 not the electrostatic, but the optical value ¢«, 
i.e., the square of the refractive index in the op- 
tical range of transparency (compare the note 
added in proof in reference 1). 

Expressions (23), (24), and (27) do not contain 
the temperature; i.e., they refer to the absolute 
zero. Temperature corrections, however, must 
be relatively small, and there is no reason to ex- 
pect any important change in the form of the film 
profile when the temperature is changed, in par- 
ticular, below and above the A point (outside its 
immediate vicinity). 

The difficulties of an experimental determina- 
tion of the thickness and the form of helium film 
profile under conditions which are sufficiently 
close to ideal conditions of thermal equilibrium 
are very great, and only in very recent times have 
they been overcome to a sufficient extent to per- 
mit the results obtained (in the helium II region) 
to be considered at all trustworthy (see the sur- 
veys by Jackson and Grimes,'® and Atkins’*). 

As was already mentioned, there are no phys- 
ical grounds whatever to expect a film profile of 
the form pgz =a/P +b/?. 

Anderson, Liebenberg, and Dillinger”? state in 
a recent communication that data obtained by them 
on the thickness of a helium film on a steel sur- 
face (up to a height of 40 cm) are satisfactorily 
described by a law of the form pgz = a/i with a 
constant a ¥ 3.4x 10 ! erg. Comparing this 
value with the coefficient of 7-* in Eq. (24) 
(inserting €3)-1= 0.057) we get hw ~ 6 ev. The 
data of Jackson, Ham, and Grimes”! lead to approxi- 


ce inh! VWe— sinh™! 


(27) 


mately the same value (hw ~ 7.5 ev). This value 
is reasonable for a metal (steel). 

The coefficients in Eqs. (24) and (27) (with 
€19 ~ ©) become equal for 1 = 3c/2@, i.e., in the 
given case for 1~ 5x 1078 cm. This means that 
in the range of film thicknesses (100 —400A) 
which were experimentally observed, we are near 
the region where the transition from the 17? to 
the 1* law takes place. 

In conclusion we express our Sincere thanks 
to Academician L. D. Landau for a discussion of 
the problems considered here. We are also grate- 
ful to Professor B. V. Deryagin for informing us 
of his studies of films. 
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Relaxation of nuclear spins in ionic crystals at room temperature is examined theoretically 
with account of optical vibrations of the crystal lattice. Numerical calculations are made 
for NaCl type lattices. The agreement with experiment is satisfactory. 


1. INTRODUCTION 


Ky the present theory of spin-lattice paramagnetic 
relaxation the thermal lattice vibrations are con- 
sidered in the Debye approximation, i.e., only 
acoustic crystal vibrations are taken into account. 
However, the Debye method is meaningful only at 
low temperatures. At room temperatures there 
are sufficiently-excited optical vibrations at which 
the neighboring atoms move, on the average, in 
phase opposition and consequently their interaction 
varies more strongly than in acoustic vibrations. 
A disturbance causing transitions in the spin sys- 
tem will therefore be stronger, and this may no- 
ticeably affect the rate at which equilibrium is 
established between the spin system and the lat- 
tice. It is clear therefore that not only can the 
optical vibrations not be neglected, but in some 
cases the Debye model is not expected even to 
yield the correct order of magnitude of the spin- 
lattice relaxation time. This problem is best 
examined with the nuclear spin relaxation as an 
example. 

Pound! has shown with a series of experiments 
that at room temperature quadrupole interactions 
can play a decisive role in the mechanism of nu- 
clear spin-lattice relaxation. The first theory of 
nuclear spin-lattice relaxation in crystals was 
proposed by van Kranendonk.? He considered the 
interaction between a nucleus having a quadrupole 
moment and the field of point charges surround- 
ing the ions. After calculating, in the Debye ap- 
proximation, the variation of the gradient of the 
electric field under the influence of the thermal 
lattice vibrations, van Kranendonk found the prob- 
abilities of relaxation transitions in the spin sys- 
tem. The spin-lattice relaxation times T,;, deter- 
mined with these probabilities, were found to be 
102 to 10° times longer than the experimental val- 
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ues. Moriya and Yosida® have suggested that in 
real crystals the quadrupole interactions are 
much stronger than in the van Kranendonk model, 
owing to the partially-covalent character of the 
atomic bonds. The values of T, which they cal- 
culated differ from the experimental ones by a 
factor of 3 to 10. Wikner and Das,‘ assuming the 
bond to be purely ionic, took into account the in- 
crease in the gradient of the electric field on the 
nucleus due to polarization of the electron shell 
in the field of the ions and of the nucleus. Com- 
parison with experiment led to results analogous 
to those obtained by Yosida and Moriya.® 

In the present paper we consider theoretically 
the spin-lattice relaxation of nuclear spins, due 
to quadrupole interactions, at sufficiently high 
temperatures. In Sec. 2 we obtain a more con- 
venient form for the spin-lattice interaction op- 
erator than that given by van Kranendonk.? In 
Sec. 3 we calculate the probabilities of the relax- 
ation transitions produced by optical and acoustic 
vibrations of a NaCl type crystal lattice. We 
consider the relations between the probabilities 
of the transitions and quantities that are measured 
experimentally in the study of the relaxation ef- 
fects. The comparison with experiment and the 
discussion of the results are treated in Sec. 4. 


2. THE SPIN-LATTICE INTERACTION OPERATOR 


We consider a purely ionic bond. As in refer- 
ence 2, we shall assume that the relaxing nuclei 
are in equivalent crystal fields and that we can 
neglect the influence of the magnetic dipole-dipole 
interactions on the quadrupole relaxation. Under 
these assumptions, we can consider the interac- 
tion between an individual nucleus and the electric 
field of the surrounding ions. Since this interac- 
tion is modulated by the thermal vibrations, tran- 
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sitions are induced between different spin states. 
We place the origin at the lattice site in which the 
nucleus under consideration is located, and direct 
the z axis along the external magnetic field H. 
That part of the Hamiltonian which describes the 
quadrupole interaction of the nucleus with the 
crystal field is written as the scalar product of 
two tensors, the nuclear quadrupole moment op- 
erator and the electric field gradient operator:} 

H# = S\(— 1)" Qu (VE)-u, (1) 


u 
where 


—- DI 
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Here eQ is the quadrupole moment of the nucleus, 
I the nuclear spin, and I its operator. 

To obtain the spin-lattice interaction operator 
it is necessary to find the tensor components of 
the gradient of the electric field that results from 
the displacement of the ions by the thermal vibra- 
tions. If we introduce the coefficient y,,, char- 
acterizing the degree of polarization of the elec- 
tron shell of the ion under consideration, the gra- 
dient of the electric field on the nucleus can be 
represented as? 


VE = (17) VE", (3) 


where VE’ is the gradient of the electric field 
produced by the surrounding ions. The potential 
of this field in the vicinity of the nucleus is 


V = Siee/ Re, 
i 


where e; is the charge of the t-th ion and Rt is 
the distance from its center to the nucleus under 
consideration. We denote the displacement of the 
t-th atom due to the thermal vibrations by u,, 
and the displacement of this atom relative to the 
central atom by s, =Uy—Up. Considering that the 
relative displacements st are small compared 
with the interatomic distances, we expand V ina 
series of spherical functions 
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n 


v= Sa * et) a (a) 


t n=O 


x YO, GYR" Ons Gr)s (4) 


mn 


Here Rot is the equilibrium distance between the — 
ions, on gt and ak ; ph are respectively the 
angular coordinates of st and the projections on 
the t-th ion. Since we are interested in room 
temperatures, at which two-phonon processes are 
known to play the decisive role, the spin-lattice 
interaction operator should be quadratic in st. We 
need therefore consider only the term with n = 4, 
out of the entire sum of Eq. (4). 

To find the components of the electric field 
gradient tensor, it is convenient to change to new 
coordinates 


Ear = F (€x + ley) / V 2, Eo = ez, (5) 


where €g is a unit vector along the q axis ofa 
Cartesian system. Using the well known expan- 
sions of the gradient in spherical functions [see, 
for example, reference 5, Eq. (2.57)], we obtain 
the following expression for the tensor components 


XV (6., dun Caen): 


Here C are the Wigner coefficients. The unknown 


components (VE,,) are 
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Using (1), (2a), and (6) we obtain an explicit ex- 
pression for the spin-lattice interaction operator, 
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corresponding to spin transitions from the level 
m tothe levels m-1 and m—-2 


CON (es) 
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The notation of Eq. (5) is extended here to vectors 


and vector operators: B,; = + (Bx + iBy)/V2, By =Bz. 


For the sake of brevity we omit the arguments of 
the functions YP (os. YR) and the summation index 
t in sty. 


8. SPIN-LATTICE RELAXATION TIME 


We continue our calculations as applied to crys- 
tals with a NaCl type lattice. The displacement 
of the p-th atom in the 7-th elementary cell, in 
the case of free oscillations, can be written as a 
superposition of waves 


uy, = A, (cs) exp (— iwt + icR} /a), (7) 


where ao is the wave vector, L is the radius 
vector of the equilibrium position of the p-th atom 
in the 1-th elementary cell, and a is the shortest 
distance between lattice sites. 

If the Cartesian axes are aligned with the prin- 
cipal cubic axes of the crystal, @ becomes 


oS = 6; (€, +e, €,) 4- o, (ez ex —e,) + 0,(€z + €y — €:), 


and the solution (7) is unique if o,, 02, and o3 
range from —7/2 to +7/2. In this case the vol- 
ume of the region of variation of o is 2m. We 
assume that this region is a sphere having this 
volume. Then the maximum value of o is 0) = 
(3172/2 1/3, Let us write down the number of nat- 
ural oscillations contained within an energy inter- 
val dE inside a solid angle of the wave-vector 
space, dQ: 


edEd Q = (N/2n*) 2? ds dQ. (8) 


Here N is the number of elementary cells and p 
the density of the natural oscillations in the energy 
scale. For acoustic oscillations, dE has the 
simple form dE = fhdw = fivdo, where v is the 
velocity of sound. The density p is then found 
for acoustic oscillations directly: 


12/93 
Cae SN 52/2n hv, 


For optical oscillations, we do not know the ana- 
lytic dependence of w on o. We can write approx- 
imately w= —Aw*o/o) + wo, as can be verified by 
comparison with numerical computation of the nat- 
ural-oscillation spectrum (cf., for example, refer- 
ence 6). Here wy is the frequency of the optical 
vibrations at o=0, and Aw is the interval of 
frequency variation. Inserting w in Eq. (8), we 
obtain popt = Noyo*/27mhAw. 

The probability of spin transition in combina- 
tion scattering of phonons is determined by the 
usual formula 


Pas ; 
P(m, m+) = 5" \ 00 (2) pa (2") 
Lies rata W |m, a+, a’—1>? dQ dO’ dE. 


The summation indicates that all the modes of os- 
cillations are taken into account. The energies of 
the emitted and absorbed phonons are connected 
by the relation fw = fiw’ +|y|g@H by virtue of 
the law of conservation of energy. Here |u| g@H 
is the energy corresponding to the transition be- 
tween Zeeman sublevels, n the quantum number 
of the lattice oscillator, and m the magnetic 
quantum number. 

To calculate the matrix elements that enter in 
Eq. (9), the displacements ud must be expressed 
in terms of the normal coordinates q(c) 


ix =} 9% (2) Apx exp (ioR;/Q). 


ao 


The matrix elements of the oscillator coordinate 
q(a) are well known. Since our equations con- 
tain only the amplitudes of the relative displace- 
ments of the atoms, which depend little on o 
(this follows from the work of Tolpygo’), we 
neglected this dependence. In calculating the 
probability of the transition due to optical oscil- 
lations, only the region directly surrounding the 
ions can be taken into account. The next nearest 
region is not of prime importance, since in that 
ease the phase difference between the vibrations 
of the atoms of this region and those of the central 
atom is little and the change in the gradient of the 
electric field is small. In acoustic oscillations 
the contribution to the probability of transition 
from the next nearest region amounts to '/ of 
the contribution of the nearest neighbors. Taking 
this circumstance into account, and carrying out 
the corresponding integration over the wave-vec- 
tor space, we obtain the following equation for the 
transition probability per unit time 


174 Beau 
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= © [eQ/2I (21 — 1) Um — 1) (I + m+ 2) (1 =m) 
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L, differs from Ly, only in the factor 11/20. Here 
my is the mass of the central ion, f the ratio of 
the mass of the central ion to that of the neighbor- 
ing ion, w, and w, are the frequencies of the 
longitudinal and transverse optical vibrations at 
o=0, and vj and v, are the speeds of propa- 


gation of the longitudinal and transverse vibrations. 


It is assumed in the calculation that hAwo/a « 
2kT, and fvo/a « 2kT, which is true at room 
temperatures. 

Knowing the probabilities of the relaxation 
transitions, we can determine the spin-lattice re- 
laxation time. The relaxation of nuclear spins has 
been investigated heretofore mostly by the method 
of saturation of the nuclear magnetic resonance. 
One usually introduces here a time parameter 
T, (ik), pertaining to the two levels at which res- 
onance is observed 


x = (1 + g?B*HiT7, (ik) /W)>, 


where x is a Saturation factor, equal to the ratio 
of the differences of the populations of the two 
levels in equilibrium state and in saturation, 2H, 
is the amplitude of the radio-frequency field, and 
T, is the transverse relaxation time. In the case 
ofa spin I=, Ty(- 3, 3) has the usual meaning 
of longitudinal relaxation time. Using the expres- 
sion given by Lloyd and Pake’ for x in terms of 
the probabilities of the relaxation transitions, we 
obtain for T,(-%, 3), determined by saturation 
of the central peak of the nuclear-resonance spec- 
trum, the same expressions as in reference 3:* 


sien L/P Cle, */2) i bs Ci Fir 2), 


tori=), 7T,= 4 : 
\ P fa, 8/2) + [A/P (4/2, 9/2) + 1/P (5/2, 3/2) 


fOGe a) 


; 1 \ 
AP G35) im (11) 

*Reference 3 contains a misprint in the expression for T, 
in the case of I = 5/2: it is necessary to replace P(3/2, 1/2) 
in the second term by P(3/2, -1/2). 
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For simplicity we have omitted here the indices 
that designate the spin levels. 


4, COMPARISON WITH EXPERIMENT AND DIS- 
CUSSION OF THE RESULTS 


The values of T, (in seconds ) calculated 
from Eqs. (10) and (11) are listed in the table to- 
gether with the experimental values. Columns 3 
and 4 contain for comparison the results of cal- 
culations made by others.*»4* 


Benen Reise Refer-| This 

Ton iment lence 3]ence 4] Work 

Br? in KBr |0.26 {19.3 10,88 | 0.32 
1227 in KI 0.039} 0,24}0.27 | 0.077 
Br79 in LiBr |0,028] 0.20] 0,086} 0.031 


We determined the velocity of sound from the 
elastic constants® and obtained the frequencies of 
the optical vibrations from the dispersion frequen- 
cies.’ For LiBr we took Ww, = 3.5 x 103 sec}, 
since the literature gives data neither for the dis- 
persion frequency of this crystal nor for the Debye 
temperature @ (in references 3 and 4, © was as- 
sumed to be 180°). The values of Aw were es- 
timated with the aid of the equations for the limit- 
ing frequencies of the optical vibrations of a dia- 
tomic chain, the quadrupole moments of the nuclei 
were taken from reference 11, while the values of 
Yo. were taken from reference 4. For the sub- 
stances considered by us, the contribution of the 
optical vibrations to the probability of relaxation 
transition is of the same order of magnitude as 
the contribution of the acoustic vibrations, where- 
as in the case of Br” in LiBr this contribution 
is determined essentially by the optical lattice 
vibrations. Thus, the Debye model cannot be used 
to explain the relaxation effects of the spin system 
in crystals at room temperatures. 
ment of the theory calls for, apparently, an exact 
determination of the amplitudes and of the spec- 
tral density of the natural oscillations of the lat- 
tice and for an accounting of the influence of the 
covalence effect on the relaxation. It is seen from 
the table that the influence of the covalence on the 
relaxation is insignificant. It is a maximum for 
KI and probably causes a certain deviation of our 


*In reference 3, the degree of covalence was determined 
from the experimental values of the chemical shift. The 
authors did not have experimental data for K3r and, putting 
A = 0.013, they obtained T, = 0.77 sec. However, it follows 
from the measurements of Bloembergen and Sorokin’® that 
X = 0.0026, corresponding to the value of T, listed in the 
table. For I’”’ in KI, the value of T, is given in accordance 
with reference 10. 


Further refine- 


_— 
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results from experiment in this case. 

It is interesting to note that our equations give 
a higher value of T, than experiment if the given 
substance has other spins, which relax more 
rapidly. For example, in the case of Na” in NaCl 
the value of T, is more than one order of magni- 
tude greater than the experimental value.* In this 
case, apparently, the most effective is another re- 
laxation mechanism, in which the energy of the 
excited spin is transferred rapidly to the relax- 
ing spins, owing to magnetic dipole-dipole inter- 
actions, and is transferred from them to the lattice 
vibrations. This relaxation process is analogous 
to that discussed in references 13—15. Prelimi- 
nary estimates confirm this assumption. 

In conclusion, the author expresses deep grati- 
tude to 8S. A. Al’tshuler for suggesting the topic 
and for interest in the investigation. 
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A method is developed for the treatment of superfluidity of nuclei. A formula which agrees 
satisfactorily with experiment is obtained for the moment of inertia of a nucleus. An ex- 
pression is found for the change in the energy of “pairing” in the transition from an even- 
even to an even-odd nucleus, and also for the change in the moment of inertia associated 


with this transition. 
1. INTRODUCTION 


ystems consisting of interacting Fermi par- 
ticles can be divided into two classes, depending 
on the type of excited states. When forces of re- 
pulsion prevail between the particles, the result- 
ant excitations in the system are the same as in 
the case of free Fermi particles, but with an ef- 
fective mass that depends on the forces of inter- 
action between the particles. In the case of at- 
tractive forces, “correlated pairs” are formed 
and lead to an energy gap and to superfluidity.!~3 
One should think that the second type of single 
particle excitations takes place in nuclei. 

In particular, this follows experimentally from 
the fact that the energy of the first single-particle 
excitation in even-even nuclei is several times 
larger than what one should expect for systems 
of the first type, and is larger than in the case 
of even-odd nuclei. The presence of a “pairing” 
energy, determined from mass defects, indicates 
this same phenomenon. 

The existence of correlated pairs and super- 
fluidity is evidenced most clearly in nuclear mo- 
ments of inertia. The moments of inertia of nu- 
clei are two or three times smaller than those 
computed from the formula for the moment of 
inertia of a solid, and this is the most direct evi- 
dence for the superfluidity of nuclear matter. 
Therefore, there is fundamental interest in the 
calculation of moments of inertia of nuclei on the 
basis of the modern theory of superfluidity of 
Fermi-systems. The formalism of this theory 
has been developed for homogeneous, unbounded 
systems.‘ However, in the case of a nucleus, the 
finite dimensions of the system are found to be 
very important. 

A method is developed below, which permits 
us to study superfluidity in systems of finite di- 
mensions. The moments of inertia are calculated 
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by this method in a quasiclassical approximation 
and are in satisfactory agreement with the ob- 
served values of the moments of inertia. 

The computed value of the moment of inertia 
in the transition from even-even to even-odd nu- 
cleus, and also the gyromagnetic ratio for rotating 
nuclei, are found to be in agreement with experi- 
ments. 

These results thus confirm the assumption of 
the superfluidity of nuclear matter. 

We note that the superfluidity of nuclear matter 
can lead to interesting macroscopic phenomena if 
stars with neutron cores exist. Such a star would 
be in a superfluid state with a transition tempera- 
ture corresponding to 1 Mev. 


2. METHOD OF ANALYZING A SYSTEM OF 
FINITE DIMENSIONS 


1. For a study of superfluidity in a system of 
finite dimensions, it is convenient to make use of 
a method advanced by Gor’kov.° 

In addition to the usual Green’s function of a 
single particle 


G (1,2) = —i(, TW (1) ¥* (2) ©), (1) 


we introduce a function F(1, 2), defined by the 
formula 


F(1,2)=(®y, Tt (1) ¥* (2) @%_,) ele. (2) 


Here ot and oh» are the eigenfunctions of the 
ground state of systems of N and N-2 interac- 
ting particles, T is the chronological operator, 
and W(r,t), wt (r, t) are the operators of anni- 
hilation and creation of particles in the Heisenberg 
representation. 

Gor’kov obtained a system of equations which 
relate G and F for weak 6 -type interaction 
between the particles. 

With the aid of methods of field theory, a simi- 
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lar set of equations can be obtained for an arbi- 
trary interaction between the particles. 

Another way of obtaining the system of equa- 
tions for an arbitrary interaction is to apply the 
method of Gor’kov to a system of interacting 
quasiparticles. 

The following system of equations is obtained 
for Gand |E; 


fo EP Gdr, 1 52) = O(r 3") =f AXn) Fr, 1’, 2), 
[e + HH) (r) — 29) F (r, r’, ©) = — iA*(r) G(r,r’, 8), 


A (r) = 7 (r) | F* (0,8) de/2r. (3) 
G 
Here the functions G(r, r’,¢«) and F(r,r’, €) 
represent the Fourier transform of the functions 
-G(r, r’,t—t’) and F(r, r’, t—t’), determined 
by Eqs. (1) and (2), with respect to the last vari- 
able. The value of €) is given by the expression 
€) = (EX - EX_.), where E{ is the ground-state 
energy of a system of N particles. The value of 
€y determined in this way differs from the chem- 
ical potential ¢€ = ENG — Ek by the “pairing” 
energy. The value of y(r) is determined by 
a function describing the interaction between the 
quasiparticles. 

The boundary conditions for the functions G 
and F in r, r’ are determined by the boundary 
conditions for the eigenfunctions of the operator 
H = p?/2Meg¢ + U (Lr). 

2. We assume that a solution of the set (3) sat- 
isfying the boundary conditions has been found. 
Knowing the value of G(r, r’, €), it is easy to 
find the single-particle density matrix 


p(r, 1’) = (%, P* (r) F (r’) Bh), (4) 


with the help of which we can determine the aver- 
age value over the ground state of an arbitrary 
quantity A given in the form of a sum over the 
particles, A= ))A (Yj, pj). 

J 


The mean value of A is equal to 
CAY = (9 AYA (r, p) Y dro) = Sp Ap. 


Comparing (4) with the definition (1) of the func- 
tion G, we find 


o(r, r’) = —iG(r,r’, 2) |es—0 = \G (r,r’,e)de/2ni, (5) 
C 

where the contour C consists of the real axis and 
an infinite semicircle in the upper half plane. 

3. The last equation of (3) contains the function 
y (rv), which cannot be found without a detailed 
knowledge of the forces of interaction between 
the quasiparticles. The effective interaction be- 
tween quasiparticles can be computed only in the 


form of a series in terms of some small parameter 
(for example, in the form of the series of perturba- 
tion theory, if the interaction between the particles 
is small). In the case of a nucleus, there is no 
small parameter to permit the use of approximate 
methods. Therefore the function y(r) in anu- 
cleus cannot be calculated by analytic methods. 

4. The system of equations (3) is materially 
simplified if the self-consistent potential entering 
into H does not depend upon the coordinates of 
the particle, i.e., in the case of a square potential 
well. Then the density of particles is constant 
over the volume and the function y(r), which 
depends upon the coordinates only through the 
medium of the density of the particles, is also 
a constant. It can be established that the function 
F(r, r’, €) is also independent of r, and there- 
fore the quantity A(r) is constant over the vol- 
ume of the system. 

Solutions of Eq. (8) for constant A are easily 
obtained if we expand the functions G and F in 
the eigenfunctions of the Hamiltonian H, which 
satisfy the boundary conditions for G and F: 


G(r, 4’, ©) = $) Gan (&) g(r) 9. (r'), 
An’ 


E (r, rs >) = >» Phy (e) ar (r) Py, a); He, ==> ° (6) 
AN 
Denoting 
E—— 6, H—s—H, %—&—s, (7) 


we obtain from (3) 
(e—H)G=8-+iAF, (¢+AH’)F =—id’G, 


A=y \ F Ge/2z, (8) 
(5 
Substitution of (6) into (8) gives,* for constant A, 
€ + &) 


eis Sa 8 SS Ce 
eo? — ey — A? oe 


Gay = 


The poles of Gy,’ determine the energy levels of 
the single-particle excitations 


e=F,=Vi'+e. (10) 


5. To find the density matrix, it is necessary to 
know the singularities of G in the complex ¢ 
plane. In the denominator of G,,’ we must sub- 
stitute €,—i6e,, 6—+0 in place of €,, which 
means the introduction of an infinitely small damp- 
ing of the states that describe the particle and the 
hole. Then 


E, = V A? 4+ 2 V A2+ 2 —2ide? = E,—id,, 8,>-+0. 


Thus, in the expression ae — ER = (« —E,)(¢€ + Ey), 


*The constant phase of A in Eq. (8) can be chosen arbi- 
trarily; therefore, for A = const we can set ImA = 0. 
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the first factor vanishes in the lower and the second 
in the upper half plane of e. 
According to (5), the density matrix is equal to 


Prr’ = \ Gy» ds/2ri = (Ey — 8) §9y/°/2Ey = V9.0" . (11) 
Cc 
Similarly, we find 


Fyy (t = 0) = \ Fy (e) de/2x = — A/2E). 


Substituting this result in the last equation of 
(8), we find the link between y and A: 


1 = — 7 Dy 9} (r) pa (r)/2Ed. (12) 
r 


6. We find the solution of the system (8) for a 
weak perturbation H—H+V. The equations for 
terms of first order in V willbe 


(e— H)G'—VG =iA'F + iAF’, 
Cee eVGE = ACG AG 


Sr) = T\P (r,r,¢) de/2r. (13) 
We find 

G7 GVG2- FV IGM ie a 

Pies = DUNE ANPV GSPN —1DA "Gs. ied) 
where 
e—H e-+H 
DS a ee Oe aaa? 
iA 
SS ee ea 


Integrating the first equation of (14) with respect to 
€, according to (5), we find the first-order correc- 
tion to the density matrix. After simple algebraic 
manipulations, we obtain 


, 


nde 
CONN Gor ni 


_ (8 &y¢ — Ey Ey) Vane — AV, + A (6, Any + &y Any) 
2E, Ey, (Ey + Ey’) 


(15) 
In similar fashion we compute the quantity 


* 


VF dew ACW age Van) $A? Any — (E,By, + 8°) Moy 
aN Oe 2E,E, (E, + Ey’) ; 


(16) 
The last equation of (13) can be written 


A’ (r) = 7D) a(r) 9. (r) \ Fx: (e) de/2r. 
A’ 


Here we have neglected changes in y under the 
action of the perturbation V. The left side of this 
equation can be represented in the form 
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A’ (r) = — 7 Dy Any Ga (r) px (F)/2Ed 
AX’ 


= — 1} Axy-ga (1) pm (1)/2Ex- 
An’ 


with the help of (12). We obtain an integral equa- 
tion. for A‘ (Tr): 


>| \ Fyyde/2n + Aye /4E) + Any /4Ex:] ©», >’ 10) 
KK 
Making use of (16), we find 


+ 


y QA (V3 y- + &yVanr) +2 A® AQ + [2A? + (©, — 2y)") Ange 
E,Ey (E, + Ey) 


AA’ 
xX 9,9), = 0. (17) 
3. METHOD OF CALCULATING THE MOMENT 
OF INERTIA 


1. For the calculation of the moment of inertia, 
it is necessary to find the change in the Hamilto- 
nian resulting from a transformation to a rotating 
set of coordinates. 

Let H=@(p)+U, where p the momentum 
operator. To find the change in H upon transfor- 
mation to the rotating system of coordinates, one 
must replace p by p—- Mr xQ, where M is the 
mass of the nucleon and {2 is the angular velocity 
of the system of coordinates. We obtain 


M 
Mes 


ee 4208 ae PRM ELT 
Wee ap Mi Ir x Q) = ; MA Men Mt, Q, (18) 
where Meff =p/(9¢/dp) is the effective mass of 
the quasiparticles; Wt =rxp, andthe x axis is 
chosen along 2. Noting that V*=-—V, and de- 
noting A’(r) = if (r)QM/Megz, we obtain from 
(15) 


Toa, (E, Ey — & &- — A®) MZ,-+ iA(e, — ey) fayy M 


GO 2B, Eee ies) Me; (19) 
where 
fra =) oF) ex (rar. 
Multiplying (17) by i, we find 
a 


an Egy (E + Ey’) 
We find the mean value of the momentum 


LN) = Sp pve be Woy parr. 
Mr’ 


The moment of inertia is obtained from the ex- 
pression 
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7 >| (EyE a ey — A%) |My P= Aly Me 
Q a! 2E, Ey, (E), + Ey) Mar; 


eff 

(21) 
where f must be determined from the integral 
equation (20). 

2. We note that the integral equation (20) for 
f can be obtained in another way. With the help 
of p we set up the mean value of the current den- 
sity <j(r)>=Sp(p’j—por x Q); then Eq. (20) 
is obtained from the condition div <j(r)>=0 
without use of the third equation of (8). 

This circumstance permits us to solve the 
first two equations of (8) with A =const for an 
arbitrary initial Hamiltonian without danger of 
running into a contradiction, in spite of the fact 
that the last equation of (8) leads to A = const 
only for a square potential well. 

Let us consider the expression 


EAR es Sp Ne - io M 
es al = oN AWA ieee Seabee! 2 
1 2) 2E,E,, (E,, os Ey) ate Mors ey 


It is not difficult to see that the quantity 
L (€p, 8x’) = (Ex Ew — 08a — A®)/2E, Ey (Ex 4- Ex) (23) 


as a function of ¢€,, for a fixed difference d= 
€x — €n’, has a sharp maximum of width ~A at 
the point €, + €,”’=0. We denote 


\¢ (e), &, + d) de, =U (d/2A). 
It is easy to establish the fact that 
Vivant inies Lee 1 oe, (24) 


When a sufficient number of levels are con- 
tained in the width A, we may replace the func- 
tion’ £ in (22) by 


SB (Ea, Sp") —> U ((Ea ae €7/)/ Dis) 6 (2). (25) 
Making use of (24) and (25), we get in place of (22) 


= Qli—e (Ag) bowie P(e) ge. 28) 
nA’ c 


where 
g(x) =(sinh™ x)/x (1 + 2)’*. (27) 


4. We now show that the expression 
Jo = D) | Mi 8 (ex) M/Mery (28) 
An’ 


differs only by a factor from the value of the mo- 
ment of inertia for a solid. We carry out a sum- 
mation over A’ in (28), and denote 


(Go) = Di Gh (t) os (Fr) 8 (Ea), (29) 


where p(é,, 1) is the density of particles with 


energy € 9. We obtain 
Jo = \ dr p (60, ) <(M*)?> M/ Mey. 


Here (*)? is replaced by the value of < (TaN 
averaged over the angles of the momentum p. 

Since all the directions of p are equally probable, 
then by averaging the operator (M*)* = ype + 

z*py —YPzZPy —ZPyyPz over the angles of p, we 
obtain 


<(M*)’> = 1/3 p2(r) (y? + 2”). 
We denote 


n’ (r) = p (£0, r) po/3Mej, 
Then 


Joa \ n’' (r)(y? + 27) dr. 


In the quasiclassical approximation, the density 
of particles is 


n(t)=Cpo(r), Po (t) = V 2Mey (Go —U ()), 
0 (Eo, 6) = On(r)/dey = 3Mes; 1 (r)/po(r), (30) 


i.e., n’(r)=n(Yr), and consequently Jy coincides 
with the value of the moment of inertia for a solid: 


Jeot= | Ma(r) (y2 + 2) dr. 


However, because of the existence of shells, the 
density of levels on the Fermi surface py = 
fp (€9, r)dr can differ from the classical value 


pel = f (8n/de) dr; therefore, 
Jo= (b0/06") J sol (31) 


We note that the effective mass does not enter 
into Jy, as expected. 

For a sufficiently deformed nucleus (8B & A738) 
we have po /poh 1 and Jy =Jgo]. For small de- 
formations (B<« AWY3), when the shell structure 
substantially affects the density of levels, po/pg] | 
ee 0) | 

5. Let us now consider the second component | 
in the moment of inertia 

Fra May M 
oe ae aes 2E, Ey (Ex FEy) Mey 


Multiplying Eq. (20) by f(r) and integrating over 
r we obtain 


N Wha Sar 1G Pa Min, a9 
inte (Eek 21 DEE c(E, REE) 
AW ws 


‘te ia 
7 y 4E, Ey, (Ey + Ey) ~ 
2 


Consequently, 
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ey)" pa pe 


Js me toe (E, + Ey) Mey 


Making use of the sharp maximum of 
1/E,E/(E, + Ey’) with respect to ¢€,, similarly 
to what was done in the calculation of J;, we obtain 


4 oe 
Jo = — 5 Di have WEingd (ex) M/Mejz 
Ar 


A &) — =e \ (Ex — =n") M 
= Dita Pe (Aaa) gar 80) aig (32) 
Ar’ 
where g(x) is given by (27). 
6. Using the sharp maximum of 1/E)E)/ (Ey + E’) 


we obtain, in place of (20), 


pa | sy,/24 + fan (€ == ex}/408] 
ON 


X g ((8,— &2’)/24) g(r) F}, (1) 8 (@a) = 0. (33) 


Thus the moment of inertia is calculated accord- 
ing to the formula 


M 
are a) | Me 
U & — &\ 2 
tg de (Aa a aN ) | fax |? 8 (en), 


in which one must insert f(r), 
tegral equation (33). 
We introduce the quantity 


6 (e,) 


(34) 


found from the in- 


x= eo2/ApoRo, (35) 


where B=2(a-—b)/(atb) is a parameter of the 
deformation of the nucleus, a and b are the 
semi-axes of the spheroid, Ry = (a+b)/2, and 
h=1. 

It is not difficult to show that for xk >1 


ieee (36) 


In the other limiting case, when k/8 «1, assum- 
ing that the potential U has the form U (z?/a? + 
(x? + y)/b?), we can obtain 


J = Jo (Sop (37) 


2 
a? + 62 } =e Cilon*, 


where C, '~" 1. 

Thus, for x/B «1, the moment of inertia of 
the system approaches the moment of inertia of 
an ideal liquid. This result is quite natural. The 
quantity k/® is of the order of a)/R, where 
a) = Py/MA is the correlation radius of the paired 
particles. When the correlation radius is much 
smaller than the radius of the nucleus, the equa- 
tions of the hydrodynamics of an ideal liquid should 
be applicable. 

For B— 0 and fixed A, J ~ p?. 
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4, COMPUTATION OF THE MOMENT OF IN- 
ERTIA FOR AN OSCILLATORY POTENTIAL 


Let us write the potential U(r) in the form 


U (r) = + Mey [o22” + 02 (x? + Y?)). (38) 


We have the operator relation 
WN* = 20U/Oy — yOU/dz = (2 — w2) yzMey. 
Therefore, 
Min = (w, a 3) Ymm2nn’ Mess. 

Thus the matrix element MX, is different from 
0 only for m’=m+#1, n’=n41. With quasiclas- 
sical accuracy (n > 1;-m>>11), all four possible 
values of Me, are identical. 


Moreover, noting that €, —€,/ 
we find from (26) 


=+(Wy = Wy), 


eee srw 8 M 
ak mays ( ae Z a ( ° (°) Mer 
ul (82 
where 
vy =(@,—y,)/2A, vg = (Wz + y)/24, 
81 2a), 82 = B(v2). 
Similarly, we obtain 
M 
= Me, |? 6 (ea) 
2 | iy | a Mart 
4 pe ale 2 
=> = 4 a | We. 
2 VEU AN Mery 
Substituting this result in (39), we obtain 
give + gov? \ 
ys een 
Le Wille cancel (40) 


2. We shall show that Eq. (33) is satisfied for 
f = ayz. As above, we make use of the independ- 
ee: of the matrix elements Mx, fy’, and 
PrPH of the values of A’ for a given value of A. 
From Eq. (33) we obtain 


A (g1 + &2) 2 Me, Prp7.8 (Ea) 
= — 2A? (giv? + gov?) Di farprhd (2). (40a) 
AN 


Summing over A’, we obtain 
_( Merre 82) (Op O32) a2 


j ice 21+ Le J x 
(r) 2A (gi? + gav2) 2A (giv? + gav2) i 
(41) 
Substituting (41) in (32), we find 
Jo = Jo(81 + ge) vy] (vi + v2) (gy ++ ¥582). (42) 
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It is easy to see that the expression (40) goes over 
into Jy when 1, ve > 1, while Jy, determined 
from (42), approaches 0 so that the asymptotic 
formula (36) is satisfied. 

For 4, vg K 1, the relation (37) is satisfied, 
i.e., the moment of inertia approaches the moment 
of inertia of an ideal liquid. 

3. Substitution of numerical values of vy, and 
vg for the nuclei gives vg ~ 10, »v; ~ 1, which 
permits us to write down an expression for J in 
the form 


2 


1 
>———§ | = Jo®, (»). 
viga + In 2vo vo 1) 


2 
giY 


I= ho{l—e.t (43) 


The values of the function ,(x) are given in 
Table I (for vy = 10). 


5. COMPUTATION OF THE MOMENT OF INERTIA 
FOR A RECTANGULAR POTENTIAL WELL 


1. From Eqs. (26) and (28), we have 


oN Xx 19 M 
Jo— = Dg (AE) IM Plead ge. 4M 


An 


We shall show that only such values of 2d’ are to 
be kept in this sum for which m’ =m+1 and 

v’ =v, where m is the eigenvalue of the projec- 
tion of the angular momentum on the axis of sym- 
metry and v is the set of remaining quantum 
numbers. 

The relation m’ =m+1 = is the exact selection 
rule for the matrix elements of the operator I*. 
We shall show that the components with v’ # v 
contribute little to the sum (44). 

The index v is determined by three quantum 
numbers; for example, in the case of a nucleus 
that is close to spherical, by the radial quantum 
number n, the orbital number L, and the value 
of the total momentum j =/ + 3. If one of these 
quantum numbers is changed, then the order of 
the energy change is | €,—€,’| ~ €9/poR ~ 
¢,/AY? >> A, and the corresponding value of the 
function g is ~ (ApyR/e)) K 1. Therefore such 
components make a negligibly small contribution 
to the sum (44). 

A -2/3 

Small differences | €, —€,’l ~ €o0A 
tained upon an increase of one quantum number by 
several units simultaneous with a decrease of an- 
other. In this case, g~ 1, but the matrix ele- 
ment M3,’ will be small because of the differ - 
ence in the number of nodes of the functions 9) 
and gy and, moreover, will contain the factor 
8, inasmuch as M}y/ = 0 for a spherical well 
at v’ «=v. Therefore, only components with pv =v’ 
and m’ =m +1 should remain in the sum (44): 


can be ob- 
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& =—=.6 5 
Jp —J = >; g (ee eee my, m1 |" 


v, m f 


+ | Me, m; v, m—L |" é (vm) Te ys 52) 


2. Further calculations are carried out for a 
spherical well with effective diameter Ry. The 
quantity J/J) is a symmetric function of the 
semiaxes a and b, as can be seen, in particular, 
in the example of the calculations for an oscillatory 
potential. Therefore, choosing in the final result 
a radius equal to any mean symmetric in a and 
b, we determine J/Jy with a small error of the 
order of £?, 

For the functions of the spherical well we have 


[ DR, ms», marl? | Wty, ms v, ma P 


=", (P— m) + Yaje2(2—m’), (46) 


since the large values of j are important in the 
sum (45) and one can replace j =1+4%4 by Jl. The 
dependence of the energy of the particle on m is 
given by the equality 


em = & +B (m?/ 22 —1/s) (eo + &); 


where €y is the energy of a particle in a spherical 
well, reckoned from €). 

Equation (47) can easily be obtained with the 
help of perturbation theory. Carrying out a coor- 
dinate transformation that converts the ellipsoid 
into a sphere, we obtain (in first order in 8) the 
perturbation operator 


Q = 1/3 B (p? — 3p2)/ Mery. 
Computing the energy by the formula 


Sym = &y + \ 94Q¢, dr, 


(47) 


where @ are the eigenfunctions in a spherical 
well, we arrive at Eq. (47). 
Substituting (46) and (47) in (45), we get 


Bm 2—m M 
Jo—‘ = Dde(S 2) 8 (ey) W... 
v, 


i Ae 
= 1 (Se ): m 


, M 
5 Pim (0) Man’ (48) 


where pJm(€,)) is the energy density of the level 
with specified values of 1 and m. Computing the 
volume of the phase space corresponding to the 
given values of 1 and m, we readily obtain 


Pim (Eo) = Hes Lones Ve—Pe, (49) 


in a way similar to what was done in the Thomas- 
Fermi theory; here J) =ppRy. Making use of (30) 
and (31), we obtain 


182 Ave) Bee 
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TABLE I. Values of the functions , and 4), determined from 


Eqs. (43) and (51) 
ee 
x c (x) | 2 (x) | x @, (x) | De (x) | 6 @; (x) | De (x) x Dy (x) | Dz (x) 
0 0 O? We Os? WuOss2eiot Ss <} ies | 0.64 | 0.24 | 2.0 | 0,80] 0.37 
OA 10,01 10,005 | .0.8- |.0.38))0.15 4.4 9067") 0.268 92.2) 0 area ag 2 
0.2 |0.03. |0.02- | 0.9° | 0.43 10.47 | 1.5 40.74 150.28 2 Aa) 0.83 0.43 
0.351/0207 |O.03P 120 A0.4900M9 1 1.67 10: 7280.30 4226 Ie Soe Ona5 
0.4.1 0.43, 0:06 | 1.4 1.0.53.) 0,20 Ht. 7 (OT) 10,3210 27 0, Sara OAs 
O.5 | 0-40210,08" W420; 609) 0.23 i458 TI Ont TaO.34 V3.0 Oe 7 sine 
0.6 | 0.26 |0.10 ih es 0.79 | 0.36 
ig 2 NMR bat A yo at (50) the neutrons and protons. Denoting by ®(k) the 
: att ratio J/Jo = ®(kK) computed above, we obtain the 
Substituting (49), (50) in (48), and introducing the following expression for the moment of inertia 
variables n=m/Il, & =1/l, we obtain ae F 
i ad ee kas Zz P (Xp); (53) 
yy oN pees ye 
“hai é i Maat where ky and kp are the values of x for neu- 
trons and protons. 
‘ 2. The quantities A, and A, entering into 
Mv ao cb n 4 
ia \ Spite )e ( z)} = JoP2 (x); Ph Ky and kp) cannot be computed theoretically and 
0 
; : must be taken from experiment. 
eo : s elem i a es Ee Meret tren As will be shown below, Ay is smaller than 
Tabl fe od ee ees 2 Ap; therefore, A, is determined from the first 
able I. ; ‘ 
3. In the case of a rectangular potential well single-particle levels. The value of Ap can be 
, : : : : ; found from the experimental gyromagnetic ratio 
the solution of Eq. (33) is found in analytic form ; ; : Par 
en for rotating nuclei. The gyromagnetic ratio is 
only for the limiting cases k «1 and k >1. i‘ couschrndinemanices ieee ne 
The value of Jy is shown to be much smaller . a * ng ee. cen oo aes 
than that of J,; therefore, such a solution of Eq. es eg . 8 
(33) is not of practical interest. ee ea 
We shall write down without derivation an ex- ne _flexip] ar = dies ae ZO (xp) 64 
pression for J, in the cases kK K1 and k >1; "firxGnti,)ide J, +4, ~~ NO(x,)+Z0(x,) ) 
%—> 0: Je = Jox?/6 In (5e9/ApoRo), The measured® value of g ‘for \Sm***7S6mi" Nd-4 
%—> 00: Sy = Jed in? (ayx)/212 In (ay5o/ApoR,). ©2) is gr * 0.21 40.04 when Jn/Jp = NO (Kkn)/Z® (Kp) 


where a; and a, are numbers of the order of 
unity. 

The equations (52) allow us to conclude that 
Jg/Jy & 5% and consequently J, ~ J. 


6. NEUTRON AND PROTON MOMENTS OF IN- 
ERTIA. GYROMAGNETIC RATIO 


1. The calculations carried out above were per- 
formed for particles of a single kind. For compar- 
ison with experiment it is necessary to consider 
both types of nuclear particles. 

When Z > 20, the Fermi surfaces for neutrons 
and protons move apart and the coupling of neu- 
trons with protons is made impossible. Thus for 
Z > 20, there are two liquids — neutron and pro- 
ton — which cannot exchange angular momentum 
since the excitations in each of them have gaps. 

Therefore, the moment of inertia of the nucleus 
is equal to the sum of the moments of inertia of 


PF Gig) 25 dhe 

The function ,(k) is represented in the in- 
terval k=1-—2 by 6,=Ck with good accuracy, 
whence we obtain 


Taldp = (N/Z) Ny Rae i, 


which gives Ap/An = 1.5 to 2.5 [%)(k) gives a 
somewhat larger value]; such a value of Ap/An 
agrees within the limits of error with the value 

of Ap /Qn found from mass defects in this region 
of the table (Ap /An = 1.5 + 0.3). 


7. MOMENTS OF INERTIA OF ODD NUCLEI. 
MOMENTS OF INERTIA IN EXCITED STATES. 


1. Integrating Eq. (12) over the volume and de- 
noting y/V =7;, we obtain 


*The attention of the author was directed to this fact by 
D. F. Zaretskii. 
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1 = —y, >) (1/2E)). (12’) 
x 

The value of y; is determined by the density of 

nuclear matter and by the nuclear forces, and 

should not change appreciably from nucleus to 

nucleus. 

We shall show that the A determined from (12’) 
experiences significant fluctuations. We rewrite 
(12’) in the form 

L=—4, | p(ede2V EF @, 


—£, 


(12”) 


where €;~ €9, p(€) is the energy level density. 
If in the transition from one nucleus to another 
a change dp takes place in the density of levels 
close to the Fermi surface, then it follows from 
(12”) that the corresponding change in A is given 
by the relation 
Ey ey 


\ So de/2V A? + 6? — \ o (2) ASA de/2 (A? + 5?)*2 — 0, 


—£, Eo 


Since 
| A? de/2 (A? 4 6)" = 1, 
then 
SA 4 de 
c= 200 \%e VA? + 2 ; (55) 


It is natural to expect the fluctuations in p to 
be such that [dode ~ 1; therefore, 6A/A ~ 9 A 
~ 10% if we take py = 3N/2€) ¥ 4 (in the region 
of the rare earths) and A=0.8 Mev. This esti- 
mate agrees well with the fluctuating values of A 
found from mass defects or from the primary 
levels. 

The fluctuations in the quantity A, together 
with the fluctuations of the sum (34) which deter- 
mines J/Jy, lead to appreciable fluctuations in 
the moment of inertia, 6J/J ~ 20%. 

2. Along with the fluctuations that lead toa 
random change in the moment of inertia, there is 
a systematic effect of decreasing A, and conse- 
quently of increasing moment of inertia, in the 
transition to an odd element. 

We shall consider the excited state of the sys- 
tem. It can be shown that the equation for A 
changes in the following fashion:° 

4 
l Sa eee 72): (56) 
where n)_ is the number of quasiparticles. 

The transition to an odd nucleus must be con- 
sidered as the appearance of a single quasiparticle 
with an energy closest to €9, i.e., nx = 9, ni = 
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(A' 2h) A = 1/2 ph”; (57) 


where A’ and A” are the corresponding values 
for even and odd nuclei, A = (A’ + A”)/2. 

The change in the moment of inertia for a change 
in N is given by the expression 


fae | Ta Se din O(m,) A, — A, 


‘ ay a = ta x 
uf J Tg Oe aah Ne 
=9.9 An i ices 
Aiea? Dpghe.* (58) 


The latter equation is obtained with the help of (57) 


Kyd In #1 9(Ky) fe 


and the approximate formula OFI: 


dkny 
Similarly, we obtain the change of moment of 
inertia in transition to odd Z: 


(59) 


As will be shown below, Eqs. (58) and (59) agree 
well with with the experimental data. 

3. An appreciable increase in the moment of 
inertia should occur in single-particle excitations 
of the nucleus. Thus in excitation with formation 
of a single hole and a single quasiparticle we get 
from (56) a relative decrease in A that is twice 
as large as in the transition from even-even to 
even-odd nuclei, and consequently a twofold rela- 
tive change in the moment of inertia. 


8. DETERMINATION OF A FROM THE MASSES 
OF THE NUCLEI 


From the definition of Green’s function, it is not 
difficult to obtain 


1 (Onpa, 2x Oy) P 
G= 2 e— E,(N + 1) + £o(N) +28 
b 2 


| (Oxy, %@y) |? 
e + E, (N—1)— Ep (N)--i8 ’ 


(60) 


a,, aj, are the operators of annihilation and crea- 
tion of particles in the state A. 
Comparing (60) with (9) we obtain 


E\(N +1)—E,(N)=A+8, (62) 


Ey (W— , N=) a: (61) 
Equations (61) and (62) permit us to find A 
from the binding energy of the nuclei. A much 
more exact expression can be obtained if we elim- 
inate from E(N) the dependence on N that is 
not connected with pairing. For this purpose we 
set up an expression in which the components with 
first and second derivatives in N’ =N are elimi- 


OrAy? Ey, ~ A, From (56) we get, by analogy to (55), nated. The relation 
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TABLE II. Values of Ay and Ap computed from mass 
defects for certain elements according to Eqs. (57) 
and (63) 

Ele- | An, | Ap, || Ele- | 4n, | 4p, |} Ele- | An, | Ap, |] Ele- | An, | Ap, 

ment | Mev | Mev || ment| Mev | Mey || ment | Mev | Mev || ment | Mev Mev 
| a 

Sm150 | 4.32 | A oe Gast 0.72.) — | Hft”8 | 0,62 | — || Th?8!| 0.56 || 0.84 
Gd154 | 4.15 Dy 162 | 0.82 | — Hfl79 | 0.42 | — Th282)) Onoo Ons 
Gdtee | 0.92 _— Dy? 0.62 | — | Th 0.76 | 1.05 | U288 | 0,64 | 0,85 

TABLE III. Values of the moments of intertia, the parameters 
of deformation 6, the quantities ky and kp determined 
from (64)* 
Element p" “%p Xn (J /Jo)rect (J/Jo) ose (J/Jo) exp? 
Nd15° 0.26 0,54 0.94 0,15 0.38 0.35 
Sines 0.24 0.65 1:02 Osilz 0.43 0,38 
Gd154 0.26 0.52 0.88 0,13 0.35 0.36 
Gd156 0,33 0.87 1,37 0,22 0.57 0.48 
Gd19? | 0,29 0.93 1.60 0,22 0.64 0,60 
Diy262 0.30 0,84 1,43 0,23 0.57 0.50 
lobe 0,20 0.99 GB) 0.27 0.66 Oyo2 
Osi86 0,18 0,44 0.69 0,09 0,26 0.28 
An2ee 0.22 0,63 0.95 0,15 0,40 0.43 
Th2s2 0.22 0,84 1.42 0,24 0,60 0.44 
W288 0.24 0,83 129 0.22 0.54 0,43 
*To calculate kp when Ap is not known from mass defects, we assume 
A ies = 1.5. (J/Jo)oge iS the computed value of the moment of inertia for an 
Been story potential. (J/Jo)ect is the same for a rectangular potential well. 
1/,[3E (N + 1) —3E(N) 6) =76(M/Mes)(N/A)*, poR=2.3N"%, 
+E£(N—1)—E(N+2))=A. (63) Vi = Bo, / 2A, = 0.95 xp, = xy. (65) 


pounce this condition. The values of An,p and 
An, p found from (57) and (63) are given in Table II. 
9. COMPARISON WITH EXPERIMENT 


1. To compare Eqs. (43) and (51) with the ex- 
perimental moments of inertia, we express kK 
and »; in terms of observed quantities. As was 
pointed out above, one should use for Ry in (35) 
a mean radius, for example, Ry = (at+b)/2. We 


obtain Ry = R(1+/3) where R®=ab*. Taking 
R=1.2 x 1073 aif cm, we find 
& = 52(M/ Mey) (N/A), poR=1.9-N*, 
3 27 (/N\? M 
“9 T+BI3A Ae a) Mer” i) 


here Ay is in Mev. We have similar expressions 
for protons. 

We select wy = (wy+w,)/2 from the require- 
ment of coincidence of the mean square <r*> 
for rectangular and oscillatory potentials. We 
find <y?> = €)/4w? = R2/5. It is easy to obtain 
expressions similar to (64): 


There are reasons for thinking* that the effec- 
tive mass Meff differs slightly from the mass of 
the nucleon M. 

In Table III and in the drawing are shown the 
values of k for Mefs/M=1. As is seen from 
the drawing, all the experimental values of J/Jy 
lie between the two theoretical curves. 

2. To compare Eqs. (58) and (59) with experi- 
mental data, we compute the mean value of the ob- 
served moment of inertia for a group of nuclei with 
neighboring values of N and Z. The value aver- 
aged over five elements in rare-earth group is 
equal to: for Z, N even — (J/J)) = 0.42; for 
Z even N odd — (J/J)) = 0.53, (J’—J’)/J’ = 
0.26. From Eq. (58) we obtain (J”—J’)/J’ = 0.32. 
For the transition to even N andodd Z we ob- 
tain from (58) and (59) 


(FS Yevenz fl" — J"Veven N = Jndp/ Jp An = 


*The effective mass also enters into the expression for the 
orbital magnetic moment of the nucleon. For a significant dif- 
ference between Mag and M, the magnetic moments of the 
nuclei would not fit between the Schmidt curves. 
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Experimental values of J/J, as functions of x,. Theoreti- 
cal curves of J/J, for an oscillating potential (upper curve) 
and a rectangular potential well for Je So = BIS 


in agreement with the fact that the transition to 
an odd proton changes the moment of inertia much 
less than the transition to an odd neutron. 

The author expresses his gratitude to L. D. 
Landau, D. F. Zaretskii and A. I. Larkin for inter- 


esting discussions, and also to I. M. Pavlichenkov 
and M. G. Urin for compiling the tables. 
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The Green’s function method and the diagram technique are used to calculate the energy 
loss per unit time by a particle passing through a plasma. Numerical values of the fac- 
tors in the argument of the logarithm have been obtained for limiting cases. 


1. INTRODUCTION 


C aLcuLaTIoN of the decelerating ability of a 
plasma by the method of paired collisions leads to 
a logarithmic divergence connected with the long- 
range action of the Coulomb forces. The screening 
effect of the medium can be neglected only when the 
distance between the particles is less than the Debye 
radius. To calculate the contribution due to close- 
range collisions, the Coulomb field is cut off at the 
Debye radius. Akhiezer and Sitenko! used the 
kinetic equation with a self-consistent field to cal- 
culate the long-range collisions, at which the mo- 
mentum transferred is much less than the recipro- 
cal of the Debye radius. These methods do not lead 
to a correct description of the interaction of par- 
ticles separated by a distance on the order of the 
Debye radius, and the results have therefore only 
logarithmic accuracy. In the present paper we ex- 
press the decelerating ability in terms of a corre- 
lation function, which is a particular case of a two- 
particle Green’s function. To calculate the latter 
we use the diagram technique, the convenience of 
which lies in the fact that it permits us to sum an 
infinite number of essential terms. Furthermore, 
by estimating the discarded graphs, we can readily 
determine the accuracy of the obtained results. 


2. TRANSITION PROBABILITY 


We consider a system of interacting particles 
which are in thermal equilibrium. The Hamilto- 
nian of the system is 


H=Hy+Hy Hy = >)s,0;,a5, 


1 + + 
Hy = +>; Vaqap Ap/Ay,_ Ap-+a (1) 


(we use a system of units in which m =f = e* = 1), 
where ay and ap are the operators of production 
and annihilation of particles with momentum p, 
Ep = p?/2, and Vq is the Fourier component of 
the interaction potential. For particles interacting 
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in accordance with Coulomb’s law, we have Vg = 
4n/q?. The particle passing through the medium 
has amass M andavelocity v. The Hamiltonian 
of the interaction between the particle and the me- 
dium has the form 


A; sa > Vaap Opatpape ay (2) 


where af and a, are the operators of production 
and annihilation of the passing particle. 

We consider the particle to be sufficiently fast, 
e*/fiv « 1, so that its interaction with the particles 
of the medium can be treated by perturbation the- 
ory. The probability of a transition in which the 
particle goes from a state with momentum p, = 
Mv into a state with momentum p,-—q, and the 
medium goes from state n into state m, is 
given by the known equation 


Wg =2n|<m,p,—q|H;|n, ppd/? 


X 8(Em— En— &p, + &p,—q)s (3) 


mM, Pi— q | A; | n, Pr ae Va (> a Qp—q Lis (4) 
P 


To obtain the total probability of a transition of the 
particle from a state with momentum p, intoa 
state with momentum p,-—q it is necessary to 
sum expression (3) over all final states of the sys- 
tem and to average over the initial ones with a 
density matrix 


p = exp 8 (Q+ pN — A), =p PRT 2 (5) 


Using (4), we get 


Wa =2 mV§Pq (Ep, ar Epi—q)s (6) 
where 
Pq (0) =| (Dagar) Pe OteMa-En 
mn p mn 
~ (ba Eee (7) 
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3. TWO-PARTICLE GREEN’S FUNCTION 


To find dq (w) let us determine its connection 
with the two-particle Green’s function 


K (ty, t1, Ta, t2) = —iSpexp [B (QQ + uN — H)) 
<T {Y" (Ps £1) b (Pi, £1) 9 (toy ta) > (ra, f0)}, (8) 
where 


b(r,t) =e Diagelreitt, bt (r,t) = e— ttt’) at e—'PF gilt 
P p 
We are interested only in such a two-particle func- 
tion, in which the coordinates and the times of the 
operators y~ and %* are pairwise equal. We can 
obtain for such a function dispersion relations 
analogous to those obtained by Landau? for single- 
particle Green’s functions. It is easy to verify 
that K depends only on the differences r =r, —- fry 
and t =t,—t,). Let us make a Fourier trans- 
formation with respect to the variable r 


Kh \ dre" K (r, £) 


P(E, Et 
? 


—i dj eB QtuN,—E) | (Sag ay «linn 
mn p 
= SD 


P aj OEE, 
—i deh Qtuy —z, (Sat a. bam | m fy F 
mn p 


L< 0; 


We interchange the summation indices in the lower 
sum. Then, using the definition (7) of the function 
dq (w), we get 


= \ doD, () Cae (405 


Kq(t) = 


CO 
co 

+f doO, (je PS e1's t<0. 
ae a 


We now go over to Fourier components in terms 
of the variable t 


K(q,0) = \ dte Kq(t) 
= { do’, (o') {1 —e-') PS, 
+ ix (1 + e-0')5(0' a) }. (9) 


The symbol P denotes that the integral is taken 
in the sense of its principal value. Instead of 
K(q, w) it is more convenient to consider the 
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function K (q, w), which is analytic in the upper 
half plane of the variable w: 


FS c 1 , 1— Be 
K (4,0) = \ do’ (o') =. (10) 
Equations (9) and (10) can be used to calculate 
dq (w): 
KA Im K (q, ©) Im K (q, ©) 
Pq (0) = Sip exp(— fall — al —exp(— fay SD) 


To calculate K we use the technique employed 
by Abrikosov, Gor’kov, and Dzyaloshinskii® to find 
single-particle functions. For this purpose we 
consider the function 


Of (Fi5 ti T as Vo) = op ChB) 7 


xt (Ty, 71) 9 (t1, 1%) (T2, te) (Te, te)}; 


b (r,t) = e-WUN—H)e ape’? (UNH) +, 
p 


(12) 


Ls ek i 
¢ (r, t) = e—(N—H)t ae elt lun Hi) 
Pp 


The value of -, like that of K, depends only on 
the differences r=r,—Yr, and T=7T,-—T); there- 
fore, after transformations analogous to those 
made with the function K(t), we get 

do®, (©) CO. aS), 


—co 


KH(G)= (13) 
\ do, (@) go OR er 
We shall detail below a method of calculating 
the function in the interval —B<tT<f. We shall 
show how, knowing ~ in this region, we can find 
the function @qg(w). We shall assume that #(T) 
is given by (13) in the intervals 0 < T<f, and is 
continued periodically outside this interval. Then 
the coefficients of its Fourier expansion are de- 
termined from 
8 
n= \ x (q, t) exp (2 nint / 8) dt. 
0 
Inserting the value of #(q, 7) from (13) and in- 
tegrating with respect to T we obtain 


lee) 


(eee 
Kn (q) == \ dog (w) ays ; (14) 
A direct comparison of (10) and (14) shows that 
Hn (q) = K (q, 2nin/ 8). - (15) 


Equation (15) yields the function K (q, w) for sev- 
eral values of the argument w = 2m7in/8. In addition, 
it is known that the function K(q, w) is analytic in 
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the upper half plane, and is therefore uniquely deter- 

mined from its values at the indicated infinite set of 

points. Knowing the function K (q, w) on the real 

axis, it is possible to find bg (w) from Eq. (11). 
We can also calculate K(q, 7) by the diagram 

technique. We introduce the following operators 

in the interaction representation 


y(t) = aye “Ps ay (t) = a; Og ee 


Jats (t) a eee ee 


In Eq. (12) we go in the usual manner from the op- 
erators in the Heisenberg representation to oper- 
ators in the interaction representation. In the 
region 0<7,< £8, 0<1,<£ we obtain 


&H (, % — t) = Sp eh(2+uN—H,) 


x | 2 Gis, (71) ap,—q (71) ay, (<2) o,+q (t2) 
P1,P2 


xexp | —| Heer. 


0 


(16) 


p 


The factor exp - if H, (7) dt | can be expanded 


in powers of Hj. ieoree this expansion into (16), 
we obtain an expansion of -”(q, T) in powers of 
the interaction. Each term of the expansion can 

be represented by a diagram. Corresponding to 
each dotted line on the diagram is a factor Vq, 

and to each solid line there corresponds a null 
Green’s function of the particle 


Ep—l.)t 


(1Fn,)e a) 


ae —(Sy—U)T (17) 
+ Ny e P ; 


aT <a) 


607) -| 


es felsp HP yt 


The upper sign pertains to Fermi particles and the 
lower one to Bose particles. The function ~% (q, T) 
is represented by the sum of all the connected 
graphs that have two outer vertices. Two solid 
lines with momenta that differ by q meet at each 
of these vertices. Several first-order diagrams 
are shown in the figure. 

Calculation of the probability of a transition by 
considering the interaction of the particle with the 
medium as paired collisions between the passing 
particle and the particles of the medium is equiv- 
alent to taking into account, only the simplest dia- 


ea es 
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gram a in calculating the function #. In the case 
of a plasma, such a method gives for the deceler- 
ating ability an expression that diverges logarith- 
mically at small q. To eliminate this divergence 
it is necessary to take into account the screening 
action of the medium, i.e., more complicated 
graphs. Terms expressed by the graphs b or 
d contain factors Vg = 4n/q? and therefore be- 
come comparable at small q with the term rep- 
resented by graph a. Let us segregate all the 
graphs that contain Vg; for this purpose we de- 
note by Il (q,7) the set of the compact parts of 
the function -, i.e., those containing no parts 
that are connected only by one dotted line. Ex- 
amples of such graphs are a, c, f, and g. The 
function «(q, 7) is relatedto II (q, 7) by the 
integral equation 
8 
x(q, 7) =T1(q, 2) + \ de’ (q,2—') Var (4, /). (18) 
0 
Expanding in a Fourier series in 7 and solving 
the resultant algebraic equation, we find 


— Un) 
Hn (4) = Vaas 


ig 


where I1,(q) = \ IT (q, t) exp (- 7) ac 


0 


Inserting the expression obtained for Ky (q) in 
(15) we get 


K (q, @) = I (q, ©) /[1 —VqI(q, ®)], (19) 
where II (q, w) is a function analytic in the upper 
half plane of the variable w, which coincides with 
IIn (q) at the points w = 27in/@. 

For the transition probability we obtain from 
Eqs. (6), (11), and (19) 


2 
= ea 
1 — exp (— Bw) 


, Il (q, ©) 
ie im iy aa)" 


(20) 


where w = Ep, — €p,-q- 

In the derivation of (20) we made no use of the 
properties of the medium, but the function II (q, w) 
can be calculated only in limiting cases. Fora 
sufficiently rarefied plasma and for a low-tem- 
perature electron gas of high density, it is possible 
to restrict the calculations to the term shown in 
graph a. From Eq. (17) we obtain in these cases 
by simple calculation 


n 
B 


t ds Nas gj —q/2 
Il (q, ©) = = sae a a2 (21) 


(pq) —o — 18 
For a rarefied plasma, the most important addi- 
tions to Eq. (21) are represented by graphs of 
type f or g; their ratio to the principal term is 


PASSAGE OF PARTICLES THROUGH A PLASMA 189 


on the order of v%e8n . Thus, formula (21) is 
valid every time that the Debye theory is valid. 
At low temperatures the greatest correction is 
determined by the graph c; in this case the ex- 
pansion parameter is the usual parameter of per- 
turbation theory, e*m/Tipo, where py is the lim- 
iting momentum of the limiting momentum of the 
Fermi surface, connected with the particle den- 
sity n by 


n= pe/ 3a’. (22) 


4. PLASMA OSCILLATIONS 


The spectrum and the damping of collective 
excitations that represent the density oscillations 
are determined by the poles of the function K (q, w) 
in the lower half plane. From (19) we obtain an 
equation for the spectrum 


1 =V,II(q, ). (23) 


Equation (23), with account of (21), is the same 
equation that Klimontovich and Silin* obtained with 
the aid of the quantum-kinetic equation. At small 
q we have 


Il (q, ©) = ng? /?. (24) 


Inserting this expression into (23), we obtain 
the Langmuir spectrum 


2 : c 
O =, 05 =4 anne" /m, (25) 


where the electron density is 
n=(2)3 \ np dp. 


The damping of the excitations is determined by 
the imaginary part of w, which can be found by cal- 
culating the imaginary part of II(q, w). Calcula- 
tion of Im II (q, w) from Eq. (21) leads to zero 
damping at zero temperature, and yields at high 
temperatures 


(2 mB) /? oF Bur , 
Bg hoo ( Ph), an 


Imo = — 
which agrees with the expression derived by Lan- 
dau.° Taking account of higher-order terms in 
Il (q, w) which are represented by graphs of 
type f or g, it is possible to determine the damp- 
ing due to the viscosity of the electron gas. It is 
present at zero temperature and drops more slowly 
with diminishing q at high temperature, although 
at gq? ~ Bw this damping is much less than that 
calculated from Eq. (26). 


5. DECELERATING ABILITY OF PLASMA 


The energy lost by a passing particle per unit 
time is given by 


dE ] dt = (2x)? \ (¢),—e;,-4) Wada. 


Inserting into this equation the value of Wq from 
(20) and Vg = 4n/q? we get 


co 1 
dE ( = a 
ee =8\ dq \ es ree =) Im Tall (a, 6) antes) 
0 alt 
where 
X=vgqg/Ug, © =&,— bp, = 0gx —q?/2M, 


v is the velocity and M the mass of the passing 
particle. 

We consider the case when the particle moves 
with a velocity much greater than the mean ther- 
mal velocity of the electrons. The integral in (27) 
is broken up into two regions, q >q, and q < q, 
with q, chosen such that 1/8 > qj > x?, where 


x? = — Anll (q, 0) = 4 x8ne? (28) 


(kK is the reciprocal of the Debye radius). In the 
first region we can neglect 47II (q, w) compared 
with q?, since II is always of the order of x’. 
We calculate Im II from Eq. (21) 


Im Tl =n C8)" 1 — 60) exp { : (2 es zy. (29) 


Inserting this expression into (27) we get 


vx —q/2M 


o 
—F | = 4n(enpyye| dq \ ax - 


xexp {-+(e«—+ os) (30) 


Neglecting terms on the order (Ve /¥.)* (vio pisiine 
mean thermal velocity of the electron), we have 


__ dE 
dt 


ib. 4nn ,_ 2Mo 
a Pa Gaia) 


1 U 


In the integral in the second region, q < q;, we 
can put w =vqx and go from integration with re- 
spect to x to integration with respect to w: 


1 uq 
_4E |) _9f 49 ty \ ode TI (q, ©) 
dt jo vg 1—exp(—8Be) g?—4riIl(q, @) ° 
—vq 


C0) 
(31) 
In calculating the integral with respect to w we 
make use of the fact that the integrand function 
differs from the function K (q, w) only by a mul- 
tiplicative factor and is therefore analytic in the 
upper half-plane of the variable w. We modify 
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the contour integration in the upper half plane in 
such a way that the points —vq and vq are joined 
not by the real axis but by a semicircle of radius 
vq with its center at the origin. On this contour 
|w|=vq >veq and therefore, again neglecting 
terms of the order (Ve Iw), we use Eq. (24) for 
Il (q, w). The integral with respect to w in (31) 
becomes 

na 


dw 
1 — exp (— Be) «2 — op 


The integrand is analytic in the upper half-plane, 
and we can therefore shift the contour back to the 
real axis, going around the poles w =+wWy on the 
real axis from above. The imaginary part of this 
integral, which is of interest to us, is due to the 
detouring of these poles. When vq < Ww) it van- 
ishes since the ends of the contour lie between the 
poles, and when vq > w) the imaginary part equals 
mt/2. Inserting this into (31) we get 


— (dE / dt) |g = 4xn In (vq, / po). 
Adding this expression to that obtained earlier 


for (dE/dt )|,, we obtain an expression for the 
total losses: 


2Mm'202 
h(M + m) V 4nne 


dE _ 4nne* 
dt mv 


(32) 


This equation was obtained by Akhiezer and Sitenko! 
accurate to within a logarithmic factor. The nu- 
merical factor given in Eq. (25) of that reference, 
however, contains an incorrect multiplier, 1.23, 
under the logarithm sign. 

In this expression for the total losses, the com- 
ponent due to paired collisions can be separated 
from the component due to radiation of plasma 
waves only with logarithmic accuracy. Collisions 
in which the momentum transferred is much greater 
than the reciprocal Debye radius can be considered 
paired and their contribution is 


— dE / dt = (4xne*/ mv) In (mv / hx;. 


When Im II is small, the contribution to dE/dt 
produces in the integrand of Eq. (27) a pole located 
in the lower half plane near the real axis. These 
losses are due to radiation of long-lived plasma 
waves, the spectrum of which is determined by 

the pole of the integrand, i.e., by Eq. (23). Such 
waves can be considered excited as long as their 
damping, given by Eq. (26), is small compared 
with their frequency, i.e., when q «xk. Thus, the 
losses connected with their emission are 


— dE / dt = (4xne* / mv) In(v/v,). 


Equation (32) shows that the total losses of a fast 
particle in a plasma are independent of the tem- 
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perature. It can be verified that Eq. (32) is cor- 
rect for any electron velocity distribution, pro- 
vided the electrons can be considered free and 
their mean velocity is much less than the velocity 
of the passing particle. In particular, Eq. (32) is 
valid for energy losses in a high-density electron 
gas at zero temperature. It is interesting to note 
that since, in the first order of magnitude relative 
to e?/five, there is no damping of the plasma 
waves in this case, it is possible to determine 

the losses connected with the radiation of the 
plasma waves not with logarithmic accuracy, but 
accurate to terms of order e?/hve. These losses 
are determined by the contribution of the pole, 
located on the real axis, of the integrand of Eq. 
(27). We must go around this pole from above, 
and therefore 
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0 
A substantial contribution to this integral is made 
by the region of small q~Vpy < pp. It is there- 
fore possible to assume w =vqx and to replace 
the difference in the numerator of Eq. (21) for 
Il (q, vqx) by the derivative, npg’ — Np-qf = 
(dnp /8p)pq/p. In this case II is independent of 
q and is a function of x: 

= 7 
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It is necessary to integrate with respect to x in 
the limits from py)/v to 1, for when x<p,/v the 


imaginary part of II differs from zero. The inte- 
gration is elementary and when v > Veg we get 


a GE __ 4mne* 
dt |p . mv 


mu 4 
a Tee 3) 


(33) 
If the decelerating particle is an electron, the 
numerical factor in the argument of the logarithm 
in (32) should be modified because of the influence 
of the exchange effect. Formally, this effect mani- 


Il (q, w) 6 (q? —4aI1(g, o)). 


fests itself in the fact that now the interaction Ham- 


iltonian (2) becomes 


ee EN Pyare 
Ar » V gap A.—4 2 p,2a—a 
P24 


and an additional term =pVp-p’2pap-q appears 
in the matrix element (4). In addition, an electron 
that has a large energy after collision should be 
considered as primary. As is known, allowance 
for the exchange effect leads to an additional fac- 
tor Ve/8 in the argument of the logarithm. In- 
stead of Eq. (32) we obtain the following equation 
for the slowing down of the electron 


a 
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Equation (32) can be obtained in the usual man- 
1er, by considering collisions with large momen- 
um transfer as paired collisions of particles, and 
>xpressing the contribution of transitions with 
small momentum transfer to the decelerating 
ubility in terms of the dielectric constant of the 
plasma €(w) =1 — (wy) /w)?. 

Equation (27) can be used to find the energy 
lost by particles that do not have too high a veloc- 
ty. It is easy to obtain a correction of order 
(Ve aye for Eq. (31). For this purpose it is 
1ecessary to calculate the integral in Eq. (30) 
with accuracy to terms of order (ve/v)*. We 
can no longer use the limiting value (24) for 
I (q, w) in Eq. (31), but must put 


I1(q, @) = (ng? / @*) (1 + 3q? / Bo”). (35) 


The integrand of (31), with the value of II (q, w) 
‘(rom Eq. (35), has a pole in the upper half-plane, 
and this must be taken into account in evaluating 
the integral. The final formula for the losses 
1as the form 


(36) 


dE _ 4nne* | 


__ dE 2 Mmv? 2M + 3m } 
dt mo 
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It is also interesting to examine another limit- 
ng case, when a heavy particle moves with a ve- 
ocity much lower than the thermal velocity of the 
lectrons, v «Ve, but greater than the mean 
elocity of the ions, v > vj, and sufficiently 
arge to satisfy the perturbation-theory criterion 
2/ tiv <1. In this case it is more convenient to 
ewrite Eq. (27) as 


o q? Im II 


—= =8\ dq \ dx ao) (ciep. O”) 
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We express Im II in terms of (29), allowing 
or contributions from both electrons and ions. 
[The expression for II (q, w) contained in the de- 
\ominator can be replaced, neglecting terms of 
yrder (v/ve)*, by IH (q, 0), which is expressed 
n terms of the Debye radius with the aid of Eq. 
28). It is necessary to account here only for the 
slectron loops. Allowance for the ion loop leads 
© a correction on the order of (vj/v)*. Equa- 
ion (37) becomes 


= = 4(anpyel ag tee ( ae (ox — 96) 
0 —1 
x { ne] — 5h (ox — sh )'| 
+ mrexp|— sie (o%x—4 ai y} ; (38) 


Equation (38) can be obtained by considering paired 
collisions of particles, interacting as exp (-—xr)/r. 
This equality holds because the fast electrons have 
a chance to screen the field of the slower particle. 
The mean field of the particle moves together with 
the particle, without slowing down, and therefore ; 
in this limiting case the radiation of the plasma 
waves does not contribute to the energy loss. 

Neglecting terms of order of (vj/v)*, we ob- 
tain for the losses in collisions with ions 


_ A wnjet / MM, 4 \ 
~ Mp |" (MF My ie 2 


(39) 


We calculate the losses due to collisions with elec- 
trons, neglecting terms of order (v/ve)*? and 
(m/M)(ve/v)? 


dE 


—s= = (2 8)" Bu'n,e4 {In (8 m / BK2x) —C— 1}, (40) 


where C =0.58 is Euler’s constant. Equations 
(39) and (40) contain the reciprocal Debye radius xk, 
which is determined from Eq. (28) and differs from 
the corresponding value used in thermodynamic 
functions in that it is expressed only in terms of 
the electron density, rather than the density of all 


charged particles. 
In conclusion I thank V. M. Galitskil and A. B. 


Migdal for valuable advice. 
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The energy losses of fast electrons passing through thin films are considered from the 
viewpoint of the theory developed by Frank, Tamm, and Fermi,! taking into account spatial 
dispersion of the dielectric constant. An expression is derived for the longitudinal dielec- 
tric constant which takes account of exchange effects in a high density electron gas. The 
phenomenological theory developed by Landau? is used to determine the longitudinal and 
transverse dielectric constants of a degenerate electron fluid. It is shown that these quan- 
tities have singularities corresponding to the propagation of zero sound. The fast-electron 
losses associated with the excitation of both transverse and longitudinal zero sound are 
discussed. The dependence of the discrete losses on the scattering angle of fast particles 
in passage through optically anisotropic bodies is considered. 


l . The passage of fast electrons through thin films 


is characterized by so-called characteristic or dis- 


crete energy losses.* The electrons lose energy 
in discrete amounts or quanta; in certain cases 
this effect results in clearly defined spectral loss 
lines. The connection pointed out by Bohm and 
Pines between the characteristic losses and the 
collective oscillations of electrons in a solid body® 
is important for an understanding of the nature of 
these losses. The excitation of these collective 
oscillations corresponds to the radiation of elec- 
tromagnetic waves in the medium by the charged 
particle. In absorbing media these waves decay 
rapidly and there is a transfer of energy from the 
fast particle to the medium via the collective os- 
cillations. In general, longitudinal electromag- 
netic fields can be set up in addition to the trans- 
verse fields. It is these longitudinal oscillations 
which are responsible for the collective polariza- 
tion losses of fast electrons. 

A theory for the energy losses of fast particles, 
based on the excitation of electromagnetic fields 
in a medium has been developed by Frank and 
Tamm in connection with the theory of Cerenkov 
radiation and by Fermi in connection with polari- 
zation losses (cf. reference 1). This theory was 
extended by Frohlich and Pelzer® in order to ana- 
lyze discrete losses. In this analysis the position 
of the loss lines is determined by the zeros of the 
dielectric constant €(w) corresponding to longi- 
tudinal oscillations of the electromagnetic field. 

A more precise formula for the loss line is 


SZ 


fl 2nx 
™~ (n? + x2)? 


Im aS) 
where n is the refractive index and xk is the ab- © 
sorption constant.* 

A theory for the energy losses of fast charged 
particles which takes account of spatial dispersion, 
which is a generalization of the theory developed 
by Frank, Tamm, and Fermi, has been developed 
by a number of authors.?? 

Spatial dispersion means that in an isotropic 
medium the dielectric constant becomes a tensor, 
assuming the form 


*The macroscopic theory developed by Frank and Tamm, 
and Fermi for fast charged particles applies only when the 
impact parameters for the collisions between the fast electrons 
in the medium are much greater than the interatomic distances. 
However, this condition no longer holds when the fast-electron 
scattering angle becomes large compared with the velocity 
ratio v,/v (v, is the velocity of the electrons in the medium 
and v is the velocity of the fast electrons). 

It has been found experimentally that in scattering at such 
angles the energy associated with the discrete losses becomes 
a function of the scattering angle.” According to the micro- 
scopic theory*” for longitudinal oscillations of the electromag- 
netic field (i.e., plasma oscillations) this angular dependence 
is natural since it indicates the dependence of the frequency 
of the longitudinal oscillations on wavelength. In the language 
of the macroscopic electrodynamic equations for a medium this 
corresponds to spatial dispersion of the dielectric permittivity 
(cf., for example, reference 10). 

tThis work is very similar to that in which various con- 
crete models are used to represent the medium; however, no 
connection has been established between particle energy 
losses and the dielectric constant.®! 
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where e¢'Y and e! are the transverse and longi- 
tudinal dielectric constants. Using Eq. (2), we ob- 
tain the following expression for the energy losses 
of a fast charged particle in passage through a me- 
dium (per unit path length ) 


y7 ie?Z2 : d ( d 1 4 
Va oda lg = Sy SS SS 
me IPE RTEY lo, Ve torso) 
se g ii (3) 
ce gt + we [o-®— e-2e" (w, Vg? + w?/02)] J’ 


where Ze is the charge of the particle and v is 
its velocity. The first term in the curly brackets 

is responsible for the radiation of longitudinal 
waves while the second is responsible for the trans- 
verse Cerenkov radiation. Since the usual collec- 
tive losses for fast electrons are associated with 
the excitation of longitudinal waves, in what follows 
we will concentrate our attention on the first term 
in Eq. (8). 

From Eq. (2) we obtain the following expression 
for the scattering probability of a fast particle 
through an angle d@ with the emission of a lon- 
gitudinal photon (plasmon) in the frequency inter- 
val dw (per unit path length): 

Beane 2282? 1 fea 4 

ha dQ dw thu? 02 + (hw / up)? e! (w, V(p0/h)? + (@/0)2) : 
(4) 

where p is the momentum of the particle and it is 

assumed that @ « 1.* 

Since the experimentally measured quantity is 
Im {1/e/(w, k)}, it is this quantity which must 
be predicted by a collective-loss theory that uses 
a model to describe the behavior of the electrons 
in the medium. Below we obtain expressions for 
el for a high-density electron gas and for an elec- 
tron liquid and also discuss certain features of the 


*We note that taking account of spatial dispersion makes 
the usual distinction between remote and near losses unneces- 
sary. Thus, for high momentum transfer (near losses) fik is 
much greater than the characteristic electron momenta and the 
latter can be considered free electrons; for e! we use the ex- 
pression 


e! (w, &) =1— of /[o® — (hk?/2m)?], (2') 


where w? = 47e?N/m and N is the number of electrons per unit 
volume. Correspondingly, for large scattering angles (high 
ratio of the velocity of the electrons in the medium to the ve- 
locity of the fast particle, but much smaller than unity) Eq. (4) 
yields 


/ 
dW! /hodQdw = & (wo — p*0?/2mh) Ndoy 4, /dO, (4) 


where do uth = (2e?Z/vp6?)? dQ. In other words, the dispersion 
in the dielectric constant takes account of the usual Ruther- 
ford scattering, i.e., near collisions. 
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energy losses of fast particles due to the excita- 
tion of zero sound. 

2. The most detailed studies of the longitudinal 
dielectric constant of a degenerate electron gas 
have been carried out in the self-consistent Har- 
tree approximation. 2°»9>!2 In this analysis, in the 
long wavelength region, where spatial dispersion 
may be neglected, we have 


e! (w, k) = 1 — wh / wo? — 3pek? / 5mw?, (5) 


where py is the momentum at the Fermi surface. 
However, the self-consistent field approxima- 
tion is valid only for a degenerate electron gas of 
high density.'?!3 Because real electron densities 
in solid bodies are not very great, it is convenient 
to determine the corrections to the work in reference 
5 by means of an expansion in inverse powers of 
the density. The exchange correction can be ob- 
tained if we use the Hartree-Fock approximation 
instead of the Hartree self-consistent field.*»® 
In this case the electron distribution function is 
given by the equation!®»!4 


OR, |. Protf. 1 , 4ne*h? (Ofo 0 , Ofo O 
BF a or r\d eae sol (P's 1) — 555-4 (p.0)| 
Ofo 
THeE ==) (6) 


where of is the non-equilibrium correction to the 
distribution function, fy is the equilibrium distri- 
bution function for an ideal Fermi gas, and E is 
the electric field, which is given by the equation 


divE = 4-xe\ dpe. (7) 


We assume that the wavelengths are large com- 
pared with the distances between particles. 

In order to determine the longitudinal dielectric 
constant by means of Eq. (6), it is necessary to ex- 
press of in terms of the electric field (the de- 
pendence of the field on coordinates and time is 
of the form e-iwttHkr), then, from Eq. (7) we 
have 


Ane \ dpdf = {1 —e!(«, k)} ikE, (8) 


whence ¢! can be found. In the long-wavelength 
region the quantity being sought can be given as 
an expansion in powers of k. It is not difficult to 
show that Eqs. (7) and (8) yield: 


oF [1 + 3/5 (Yok / ©”) ] 
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Here vy =p)/m is the velocity of the electron at 
the Fermi surface. The small numerical coeffi- 
cient means that the correction which is found for 
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the term proportional to k? [cf. Eq. (5)] is small 
even at the densities of valence electrons in real 
metals; in a favorable case it is 20 — 30%. 

The condition for excitation of plasma oscilla- 
tions corresponds to the vanishing of the quantity 
cl, This condition yields the following spectrum 
for the plasma oscillations: 


(10) 
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The last relation has been obtained by the author,” 
and later by Nozieres and Pines.” 

3. We now determine the longitudinal dielectric 
constant of a degenerate electron liquid, using the 
theory of a Fermi liquid given by Landau.’ In ac- 
cordance with reference 14, we use in place of 
Eq. (6) the following equation for the non-equilib- 
rium correction to the electron distribution func- 
tion 

0 


7) Ofo H Ofo ind’ 
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(11) 


Here f) is the equilibrium distribution function; 

it differs from the corresponding distribution func- 
tion for an ideal gas only in that it is a function of 
the energy of the quasi-particles ¢€(p) and not 
the energy of the free electron; 


Be, (p,r) =\9(p.p’) af (P’,) a", (12) 


where ¢(p, p’) is in general an unknown function 
which reflects the correlation between particles. 
In obtaining a simple qualitative picture we need 
not take account of the periodic ion fields. Under 
these conditions the electron velocity is given by 
the relation 

Ofo 
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Op m (13) 


In principle, using Eq. (8) and the relations 
given above it is possible to determine ¢!(w, k). 
Without making any assumptions as to the form 
of the function ¢ (p, p’), however, we can only 
determine the longitudinal dielectric constant in 
the long wavelength region (small k): 


wo 3 4 
(ok) =1— Zp [1+ SS (Lt pA t aA: YI, 
Vo = (Po/m)(1+A,/3)7, po = (35°) MAK. (14) 


Here py is the electron momentum at the 
Fermi surface while the coefficients A7 are 
defined by the expression 


2 4 mpi ’ a 
(2nh)3 —, ~ # (Po, Po) = » A;P1 (cos x), 
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(15) 


where x is the angle between the vectors py and 
Po. 
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Equation (14) for el differs from the corre- 
sponding expression for an electron gas in the 
Hartree approximation (5) or the Hartree-Fock 
approximation (9) by the coefficient for the k? 
term. In the case of an electron liquid the coeffi- 
cients in the expansion of g can also be greater — 
than unity. We expect that the region in which the 
term in Eq. (14) proportional to k? may be as- 
sumed small will be narrower than the correspond- 
ing region for Eqs. (5) and (9). Hence we now con- 
sider the longitudinal dielectric constant in the 
region in which the expansion in powers of k 
cannot be used. 

We assume further that in the expansion in 
(15) only the first two coefficients A) and A, 
are different from zero. In this case Eq. (11) 
becomes an integral equation with a degenerate 
kernel and can be solved easily. We obtain 
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e/(w, k) = 1 ko? (1 + 4/3A1) [4 — Aon (s)] — Ais (s) ” ee 
where 
4 
4(s) =s In =, 9= 7° (17) 


An important property of the expression which has 
been obtained for the longitudinal dielectric con- 
stant is the singularity which occurs when the 
denominator in Eq. (16) vanishes 


(1 + 1/3A,) [1 —Aon (s)] — A1s?y (s) = 0. (18) 
Equation (18) is the dispersion relation for zero 
sound.!* Hence the existence of a singularity in 
(16) is completely understandable: for the value 

of w/kvy which satisfies Eq. (18) the electromag- 
netic field can excite zero sound in this case. 

The solution of Eq. (18) becomes especially 
simple in the case in which Ay is positive and 
large compared with unity and A;. In particular, 
in this case 


s=VA)/3 > 1, (19) 


while the expression for <! can be written in the 
form 


e! (w, k) = 1 — wo/ (@® — Agugk?/8). (20) 


It is interesting to note the similarity between the 
denominators in (20) and (9) when we do not carry 
out the expansion in powers of k* in the latter. 
In Eq. (9) the coefficient in front of vik? is posi- 
tive and small compared with unity; the absence 
of a singularity in Eq. (9) indicates that it is im- 
possible to have zero sound in this case. 

The spectrum of plasma oscillations in a de- 
generate electron liquid has been considered by 
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us earlier 1718 Using the results obtained in ref- 
erence 18 we can obtain an expression for the 
transverse dielectric constant of the electron 
liquid. Assuming, as was done in deriving Eq. 
(16), that all the Az with 7>1 are equal to 
zero, we have 


tr es 1 ~(s\—1) n(s) 
EeA@uik) == 20? 1 —1/9 Aj (2/3) — (s?— 1) x(s)) | oe 
The singularity in «fT at 
1 1 ? 
I- FAL (8 I) u(s)} = 0 (22) 


is similar to the corresponding singularity in ¢/ 
and provides the possibility of exciting zero sound. 
The sole difference is that in Eq. (16) we are con- 
sidering the excitation of longitudinal zero sound 
while in Eq. (21) we are considering transverse 
sound (cf. below). 

4, For small spatial dispersion the longitudinal 
dielectric constant assumes the form: 


s!(w, k) = e(w) — a(R? /w?). (23) 


Equation (23) allows us to write the following ex- 
pression for the scattering probability of a fast 
electron with the emission of a longitudinal quan- 
tum (per unit path length ): 
dw! __ 2 4 a 4 
hodQde thu? 02 + (hw / up)? e(@) — a [(p0 / iw)? + 1 / v?] 
(24) 
The case of small absorption is of special interest; 
in this case ¢/ may be considered real. Essen- 
tially the same situation arises in the case of 
Eqs. (5), (9), and (14) for frequencies much larger 
than the electron collision frequency. Assuming 
that a=a(p)/m )? (a is a numerical factor) we 
can write Eq. (24) in the form* 
l ) Q\2 @ \2 
ins 7 = 0? + aaa ° E [o, V@ i Ge) )| 
2 2 v\2 4 
= eer corer 2 {(F) + Ge) “| -25) 
The dependence of the discrete energy lines on the 
scattering angle given by Eqs. (25) — (26) assumes 
the following form for an electron gas or an elec- 
tron liquid: 


AE (8) = hw = h@ + (av0*p? / Ziwo) ue. (26) 


This dependence is apparently observed experimen- 
tally.’ It is clear that the study of this dependence 
and the precise experimental determination of the 
coefficient for 6? is extremely important in choos- 
ing a model to describe electrons in a metal. 


*In this we make use of the fact that 


lim Im (c! /|¢! 2) = 28 [Ree’] for Ime’ 0. 


We now consider certain of the results obtained 
above and their consequences for Fermi liquids 
when the spatial dispersion is not weak. We may 
note first that ¢/ as given by Eq. (16) becomes 
complex w < kvp. In other words, one can speak 
of discrete loss lines and use Eq. (25) only for 
scattering angles which satisfy the inequality 


0 < hw/vop. (27) 


For large angles a discrete loss line is impossible. 
The dielectric constant in (16) indicates a rela- 

tively complicated dependence for the loss line 
scattering angle in the angular region hwy) /vpy. 
The picture is simplified considerably for large 
Ay, in which case Eq. (20) holds. The differential 
scattering probability becomes 

aw? 2e2 4 


me 02d (o —V oF + (Ao/3) (0p9/ %)®) 
hodQdw ~— hv 02 + (iw / vp)? : 


V 2 + (Ao/ 3) (0op0 / 8)? 


(28) 
In the angular region 


(<6, = (hWo / VoP) V Ao/3 < hwo / UPo 


the results of Eq. (28) are similar to those of Eq. 
(25). On the other hand, at large values of 6, 
there is an important difference. In this region 
the energy loss is proportional to the scattering 
angle hw * VENTE) Vop@, corresponding to the ex- 
citation of zero sound photons (19). This means 
that in the region @ > 6, the angular distribution 
for scattering (28) also differs considerably from 
the corresponding distribution for weak spatial 
dispersion. In particular, whereas in the region 

6 <0, [as in the case of Eq. (25)] Eq. (28) gives 
a distribution proportional to [6? + (hw/vp )* ja 
in the region 6 > @,, Eq. (28) gives a distribution 


1/0 (6? + (hw / vp)?]. 


The strong angular dependence of the discrete 
losses of the scattered electrons means that the 
lines for the total losses (integrated over the 
angle) are relatively wide. Hence attempts to 
observe the zero sound associated with the radi- 
ation losses of fast electrons must be directed 
toward a study of the angular dependence of the 
wide lines associated with total energy loss. This 
does not mean that zero sound is not also associ- 


*If the condition w < kv, is satisfied the electrons in the 
liquid can radiate and absorb quanta of zero sound. This con- 
dition is analagous to the condition for Cerenkov radiation. 
For fast-electron scattering angles which satisfy the relation 
0 > fiw/v,p the “Cerenkov” mechanism becomes important in 
the energy dissipation of electrons in the medium; this leads 
to smearing of the loss line even if the usual dissipation 
characterized by the imaginary part of &w) is small. 
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ated with narrow lines. However, the zero sound 
effects should be most pronounced for wide lines. 

When Ay «1 effects connected with zero sound 
do not give noticeable broadening of the total-loss 
lines. For positive A) the expression for the 
zero sound spectrum assumes the form 


(29) 


w/RUp = S = 1 — exp { ] DTA. 


At small A) the excitation of zero sound is pos- 
sible only in a narrow region close to the angle 


dW (9, w) 2e2 


Ime L (o) 02 + Ime i (w) (hw/op)? 
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6 =hw/pvy. ' 

5. We now consider one other possibility which 
leads to a dependence of the discrete losses on the 
scattering angle, and which is not a result of spa- 
tial dispersion. This possibility arises in optically 
anisotropic bodies. For example, in the motion of _ 
a fast nonrelativistic electron along the axis of 
symmetry a uniaxial crystal the differential scat- 
tering probability per unit path length is* 


ho dw dQ 


It is clear that in the case of small absorption, 
for which we can neglect the imaginary part of e, 
the discrete loss line is determined by the zeros 
of the expression 


& 1 (w) 6? + 2) (@) (hw / op)’. (31) 


For an optically anisotropic medium the quantities 
€,; and ¢, vanish simultaneously only by coinci- 
dence. Hence the zeros of the expression in Eq. 
(31) are generally functions of the scattering angle 
8. Under these conditions, in the small-angle re- 
gion @ <fiw/vp the position of the loss line is 
determined by the frequency at which ¢€j(w) van- 
vanishes. On the other hand, for angles 6 >hw/vp 
the loss line is determined by the point at which 
€;(w) vanishes. In the general case of motion 
of an electron in an optically anisotropic crystal 
characterized by the tensor €ije for arbitrary 
orientation of the direction of motion with respect 
to the crystallographic axes, in the denominator 
of Eq. (30), in place of Eq. (81) we have (cf. ref- 
erences 1 and 2) ejjkjkj [where kz = w/v, kx = 
(p6/h) cos 9, ky = (p6/f) sin yg]. Hence, in ad- 
dition to the dependence of energy loss on angle 
there is an azimuthal dependence on the angle ¢. 
The dependence of the energy loss on scattering 
angle can lead to a broadening of the total (inte- 
grated over scattering angle) loss line. t We 
consider this problem in somewhat greater detail. 
According to Eqs. (30) and (81) the total energy 
loss in the scattering angle region 6 < @max can 
be written as follows for smail absorption: 


\ dQ(dW / hadwdQ) = 2ne? / (hv* |e, (w)|), (32) 
0<Omax 
for the condition 
0 <2 (0) / oa (o) << (UPU miax / hw). (33) 


~ why [Ree, (@) 0 + Ree, (a) (ho /up) |? + [Im ey (@)0? + Ime y (w)(ho/up)}? ~ 


(30) 


This quantity vanishes if this condition is not sat- 
isfied. Here max ~ hw/pv, where Vv is the 
characteristic velocity of electrons in the medium. 
We assume that €, and e¢, do not vanish simul- 
taneously. 

Thus the line shape is determined by ¢€, while 
the line width is given by (83). It is important, as 
is seen from this condition, that the frequency at 
which ¢€,(w)=0 lie outside the loss line. If this 
frequency is far from the edge of the line, the line 
will be relatively smooth. On the other hand, at 
high velocities the edge of the loss line may be 
close to the point at which €,;(wW) vanishes. In 
this case the edge of the line will exhibit a sharp 
narrow peak which will practically obliterate the 
line. The latter is due to the fact that for angles 0 > 
hw/vp the loss line is determined by the point at 
which ¢€;(wW) vanishes. A similar picture holds 
for the arbitrary orientation of the direction of 
motion of the fast particle. 

6. In considering the losses of relativistic 
electrons it is necessary to consider the role of 
transverse quanta, in particular, Cerenkov radi- 
ation. In the case of an electron gas the Ceren- 
kov radiation is impossible since the dielectric 
constant (real part) is less than unity. How- 
ever the situation is different in an electron 
liquid. According to Eq. (21) the transverse di- 
electric constant becomes positive in the region 
of frequencies and wave vectors which satisfy the 
condition for the propagation of transverse zero 
sound (22). In this connection we now consider 
the discrete transverse losses of relativistic 
electrons. 

Limiting ourselves to small angles (6 « 1), 
from Eq. (2) we have the following expression for 
the scattering probability of a fast particle per 
unit length into an angle d@ with the emission of 


*Strictly speaking, for optically anisotropic bodies the radiation of plasmons is nothing more than the Cerenkov radiation.*° 
+The possibility of broadening of this kind has already been indicated in references 10 and 18. ; 
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a transverse quantum in the frequency range dw: 


dw -202z? t 
hododQ ~~ rhc? 02 +- (ho/ op) 


xin er (VO) 00. 


Neglecting absorption we have 


awt LOE 1 
hoadodQ ~~ “he® 02 +- (kw / up)? 
flak oe “7pe\2 , { or2 ho\? 
x {5 (oo V+ (8)) Gy — 8}. 


(35) 


The zeros of the argument of the 6 -function deter- 
mine the discrete energy of the Cerenkov photon 
lost by a fast particle in being scattered through 
an angle @. 

In the region of the singularity determined by 
Eq. (22), the transverse dielectric constant (21) 
assumes the form 


¢ 
2 


o° 
= (Onkjer | 2 $— So 


vv 
i 


(36) 


where s = w/kvy, Sq is the solution of Eq. (22), 
and the factor y is 


So (s? — 1) 


3 
= i| ! f 
1 ( Wotan 


The argument of the 6 -function in Eq. (35) van- 
ishes if we substitute e«'f as given by Eq. (36) 
when 


he = Vop [509 + 7 (Tito / cp)? / 9]. BD 


Here is assumed that v ~ c. In order for the for- 
mula to apply the condition 6 > (fiw)/cp) must be 
satisfied. Hence the frequency determined by Eq. 
(37) is only slightly different from the frequency 
of transverse zero sound. It should be noted that 
in order to neglect the imaginary part of ell it 
is necessary that w be considerably greater than 
the collision frequency which determines the dissi- 
pation in the electron liquid. The latter condition 
can be satisfied for scattering angles which are 
not too small. 

Finally we may note that in real solid bodies in 
addition to the effects of electron correlation an 
important role is played by the lattice field which 
can complicate the interpretation of the problems 
considered above. Hence, from our point of view, 
most interest attaches to attempts to find experi- 
mentally qualitative features connected with zero 
sound and those derived from the theory of a 
Fermi liquid. 

7, In conclusion we may make general remarks 
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relating to the excitation of zero sound and the 
more general problem of interpretation of discrete 
losses. To what degree can one speak of the exci- 
tation of a freedom in a solid body — in our case, 


zero sound, and in the more widely discussed case,*? 
the levels of individual electrons? In the latter case 


one considers the transitions of electrons from one 
level to another and the lines which are thus deter- 
mined, in the opinion of a number of authors, are 
in fair agreement with this interpretation. For 

an answer to this problem we consider as an ex- 
ample the dielectric constant corresponding to 

one level wry: 


¢ at 0,/(0—o;): 


The frequency of the longitudinal oscillation deter- 
mined from the condition ¢€=9 is w? = w? + wae 
It is clear that for the level wy « wy the exist- 
ence of the level is unimportant for the determina- 
tion of the frequency of the longitudinal photon. On 
the other hand, in the case wy > Wo the frequency 
of the longitudinal photon (plasmon) is essentially 
equal to the frequency of the level. Hence the en- 
ergy of discrete losses may be close to the corre- 
sponding energy of the one-electron transitions. 

Similarly, in our case it is possible to speak of 
the excitation of the longitudinal zero sound only 
under conditions in which the frequency of the zero 
sound is considerably greater than the frequency 
Wy = V47e2N/m . If this is not the case the fre- 
quency of the longitudinal oscillations excited in 
the medium is considerably different from the fre- 
quency of zero sound. 

In conclusion I wish to express my gratitude 
to V. L. Ginzburg and L. D. Landau for a number 
of useful discussions of the problems considered 
in the present paper. 
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It is shown that use of the unitary property of the S matrix makes it possible to obtain 
some information about the scattering of mesons by A and = hyperons from an 
analysis of the data on the interaction of K mesons with nucleons. The possibility of 
studying the 7-A and 7-2 interactions by examining peripheral collisions of hyperons 


with nucleons is discussed. 


Tre study of the interactions of a mesons with 
hyperons is of special interest in connection with 
the determination of the symmetry properties of 


the interactions of 7 mesons with various baryons. 


1. Let us consider the reactions 


ieee sare (1a) 
TN AY ac: (1b) 
L(A) +2 5Z(A)+x (1c) 


in a range of K-meson energies in which one can 
neglect channels in which two pions are produced. 
Since the elements of the S matrix for the reac- 
tions (1) are connected with each other by the con- 
dition of unitarity, the question arises as to what 
information about the scattering amplitudes 2(A) 
+m—2Z(A)+7 can be obtained by studying the 
cross sections and polarizations in processes (la) 
and (1b). The first part of the present paper con- 
tains an attempt to answer this question. 

In what follows we assume that the spin of the 
K meson is zero and that the hyperon spin is 3. 
We further assume that the interactions are in- 
variant under space inversion, time reversal, 
and rotations in isotopic space. 

The reactions (1) are described by elements 
of the T matrix (iT =S-—1) diagonal in the iso- 
topic-spin quantum number, 

al 


1 
ees (Raed oa 
1 1 
pl es Neely ad ee Os a asa}, (2) 


10) 
ri 3 No; any Ay / 
where alc ( ak) is the amplitude for scattering 
K+N—K+N in the state with the indicated 
value of the isotopic spin, 0 (1); ak (ay) is 
the amplitude for the reaction K+N—2+7 in 
the state with the isotopic spin 0(1), and so on. 
The spin structure of the scattering amplitude 


199 


aq can be represented in the form 
Ag = Ay + iBa(s[nxn’)), (3) 


where n(n’) is the unit vector parallel to the mo- 

mentum of the particles in the initial (final) state, 

in the center-of-mass system; Aq and Bg are 

two complex functions of the energy and of n-n’. 
The reaction amplitude agg has the form 


Aap = Aas + iBap (s [nx n’)), (4) 


when the product of the intrinsic parities of all four 
particles in the initial (final) states is I =+1, 
and the form 


aan = Aap (on) -- Bag (on’), (5) 


when II=-1. Here Agg and Bag are two com- 
plex functions of the energy and of nen’. 

Let us turn to the analysis of the conditions for 
determining the T matrix from the experimental 
data. It can be seen from Eqs. (2), (3), and (4) that 
the number of real scalar functions involved in the 
matrixes T° and T! is 13x 4=52. The invari- 
ance of the interaction under time reversal means 
that the S matrix is symmetric, and this reduces 
the number of functions determining the T matrix 
from 52 to 36. It can be shown further that when 
the conditions for the S matrix to be unitary are 
taken into account, the number of independent real 
functions is decreased by a factor of two and be- 
comes 18. 

The same result is obtained if we use the gen- 
eral formulas obtained in reference 1. 

Let us now consider what information can be 
obtained by studying only processes (la) and (1b). 
The number of real functions characterizing these 
processes is 5X4=20. They satisfy four rela- 
tions of unitarity. Therefore only 16 of them are 
independent. 


SS 


ee 
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Reaction Amplitude 


(a) K- + p>K-+p | #2 (ak + ak) 
(b) K> + p>K0 +n] "2 (Ak — aK) 
(c) K}+ p>K;i+p Mos (ak —a K) 
(d) KQ+ poKot+p | 2 (ak + ax) 
(©) K--tprAde® | axa 
(£) K- +p3-+nt |— (@ks/V6+4K3/2) 
(g) K-+p80 +08 p 
(h) K-+p>2t-+n- |— (akx/V 6—aks/2) 


The table shows 8 reactions of types (la) and 
(1b) and their amplitudes. The symbol K$(K?) 
denotes the long-lived (short-lived) K° meson; 
atk is the scattering amplitude of the K° mesons, 
which is determined in the analysis of the scatter- 
ing of K* mesons by nucleons. In what follows 
we assume that the amplitude alk is already 
known. 

In reality the reactions (c) and (d) in the table 
are the same process. By studying the time de- 
pendences of the scattering cross section and of 
the polarization after scattering (i.e., the depend- 
ences on the distance to the target), one can de- 
termine the amplitudes of reactions (c) and (d) 
separately. 

By measuring the differential cross sections 
and the polarization of the nucleons in reactions 
(a) — ) as shown in the table, we can completely 
fix the scattering amplitudes alc and ak. The 
experimental data on the cross sections and po- 
larizations of the hyperons in reactions (e) — (h), 
together with the four relations of unitarity, en- 
able us to determine the reaction amplitudes 
aks aks and aka,» apart from a common 
phase factor. 

Since the expressions for the cross sections 
and polarizations, and also the unitarity relations 
for reactions (la) and (1b) are invariant under the 
replacement 


Q® 


es 
KE Ot Nhs Oh —> ee (Eat, 


K 


An ea, (6) 
we cannot determine two phase factors e/% and 
ei6;, which are functions of the energy alone. 
This last follows from the relations that the am- 
plitudes (4) and (5) satisfy by virtue of the unitary 
property of the S matrix. 

Since the number of independent real functions 
involved in T° and T! is 18, and 16 of them are 
determined apart from two phase factors through 
the study of processes (la) and (1b), for the com- 
plete reconstruction of the scattering amplitudes 
of pions by A and 2 hyperons in the states with 
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isotopic spins 0 and 1, we need to determine in 
addition two more real functions of the energy and 
n-n’, and two phase factors. 

For each state with total angular momentum j 
and orbital angular momentum /=j + 3, the ry 
matrix can be written in the form 


Px eXp (218%) 2/4] ipky exp (id%s) 
’? 


ipfy exp (iBxp) ph exp (2234) —14 


_ 


(7) 


where the pq are certain positive functions of the 
energy, and the 6q are the phases of the corre- 
sponding processes. 

From the conditions for unitarity of the S ma- 
trix it follows that 


ks A= P= (1 (of)" 8) 


The quantities pk, 5k, Sky can be determined 
apart from a common phase factor by studying 
processes (1a) and (1b). The quantities p$ and 
oy are then determined to the same accuracy 
from the relations (8). 

Thus for 7-2 scattering the difference of the 
phases in the various states with zero isotopic 
spin is completely determined by the study of the 
reactions with K particles.* 

For the states with isotopic spin (1) we have 
instead of the matrix (7) 


=e oe ai oo, 


278 iSKy SKA 
PKe K 1 Pues Pere 
id 255 SIN 
—i Knee Ke Pre ~—1 ppg : (9) 
id A yA 215, 
Pxae * PrA€ KE Sag 


Here and in what follows, we shall write instead of 


Pol(om) simply pa(dq). 

From the unitarity conditions we get 
slau Samia eam Sika lag Sigs erin le a 
cos (265 + 25% — 285) 


‘nd (Px Px»)? ae (xy Ps)? — (PxA Psa)? 


2P>PK (Pxx)? ; ie 
cos (Sn + 28% — 8ka — dxx) 
(PxaPra)? + (PxPKs)? — (Px Py)? 
_ _PKAPZA : KPKE Kz Px) f (12) 
PKAPZAPKPKE 
Cos (28, + 28q — 28x,) 
(PePKA)? + (PKA Pa)? — Ve 
_ KP Ka KAPA (Px PEA : (13) 


2P,PK (Pea)? 


*It may turn out that in carrying out an unambiguous analy- 
Sis it will be helpful to take into account Coulomb effects and 
the energy dependence of the S matrix at low energies. 

We note that the Minami ambiguity exists for the reactions 
in question. 

Some possibilities for determining the parity of the K meson 
relative to the hyperons through the analysis of the reactions 
(1) have recently been discussed by Amati and Vitale.? 
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It is easy to convince oneself that even when PK 
PKX,» PKA; OK, OK, and dK, are known, the 
unitarity relations (10) — (13) are insufficient for 
the reconstruction of the matrix T!. For this we 
need to know one more parameter in each state 
(for example, py). 

We note that the relations (10) — (13) lead to 
some interesting inequalities. Noting that pq > 0 
and |cos @|<1, we get from Eqs. (10) and (11) 


O< A = 1 — the — Phy <1 — Phe, (14) 
Pep Pre)? te (Onn) 
— Fix Cl — Pes — PE) | < 2030 (xn)? (15) 


Let us introduce the new notations 
PKS 5 PKA FAs = 6, (xPxs)” wate aN (1 ak Pes) mele 


Then Eq, (15) can be rewritten in the form 


OPikx 


lap ac | << 2bps. (157) 
From Kq. (15’) together with Eq. (14) we get 
max {o; 2 — ZV Fae} —opecmin Vi= ee =o 
+ Ve — ac} (16) 


The inequality (15’) holds only for b*-ac= 0. 
Consequently, the observable quantities pK, pKA, 
and pKy must satisfy this inequality. Similarly 
we have 


max {0; 2 VR aa | nen 


ay 


b 
ie min{V1 Sion 


1 


a ~V B= ae, ae i (17) 
‘toe b 
max {0; 2 — VB ata} <0, < min {VI Pea? te 
+ 7 VER an, acs} , (18) 
where 


61 = PxnP KPa? 
be = PK (ae 


1 = Pat Pxe = 
Oy = Pin ae Py eas 
Pee (1 oa Pics)» 
Pen (1 — PQ): 


y= (Ree oF 
C2 = On FEU az 


2. Recently Chew and Low, and Okun’ and Pom- 
eranchuk,® have suggested that peripheral collisions 
be studied as a method for determining interactions 
between unstable particles. We shall assume that 
this method can be used for the determination oe 
the scattering amplitude for 2(A) +7™— mAs) 
through studies of the processes 2 + N—2 nee + 
N+ and A+N—2+N+ttT. The key point of 
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the method is that the amplitude for the reaction 
x2 +N-—-2Z(A)+N+7, regarded as a function of 
(py —PN)?, where py (py) is the four-vector 
momentum of the nucleon in the initial (final ) 
state, has a pole in the nonphysical region, 

(Py —Py)* =H? (u is the mass of the 7 meson). 
It is shown that the virtual process 


N->N-+nr, X(A)+r—-X(A)+r (19) 


corresponds to the pole term, whose residue is 
proportional to the amplitude for m-— A(z) scat- 
tering. Assuming that in the physical region near 
the pole the reaction 2 +N—2Z(A)+N+4z7 is 
determined by the process (19), one can extrapolate 
its amplitude into the nonphysical region and sep- 
arate out the residue of the pole term. 


To estimate the effect of other terms in the 
physical region near the pole, we shall formulate 
certain rules that must be fulfilled if the contribu- 
tion of the pole term in actually predominant in 
this region. 

a) In the region near the pole the amplitude of 
the reaction ©*+p—2Z*+p+7° is equal to that 
of the reaction > +p—-2~+p+7". This rule 
follows from the invariance of the virtual process 

Roe ae a (20) 
under rotations in the isotopic space. Similarly it 
can be shown that the amplitudes for the following 
pairs of processes are equal: 


ht p20 p-- nt and 2 +p>°+ p+ 2, 
A+ pott+n+n and Atp>U+n+e, 
metp—-nttnetp and +p >n+7°+ p etc. 


b) Near the pole the amplitudes for the reactions 


E* (A) -} p>L*(A) + p+ 

and SK) ep Te (A) pan? 
are equal to each other. This rule follows from 
the invariance of the virtual process (20) under 
charge conjugation. In our case it is not of any 
great practical importance, but it can be of inter- 
est in other cases. For example, it can be shown 
that the amplitudes for the reactions K* +N— 
K++N+q7° are equal. This equality is useful 
for the determination of the interaction of K me- 
sons with ma mesons, and has been noted by Okun’ 
and Pomeranchuk. 

c) If the ‘nucleons are unpolarized in the initial 
state, then they remain unpolarized in the final 
state also. 

Let us consider a reaction of the type 


t+ poA+p+R (21) 


in the region near the pole (py —PpA jt =p", we 
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assume that the dominant process in this region 
is 


SoA on 


To Ps Np, (22) 
the amplitude for which is proportional to 


u (p,)Vu (py) - 
(i= Py)? — aide 


(23) 


where I =1 if the relative parity II of the 2 
and A particles is -1, and T=y, if I=+1; 

a is the amplitude for the scattering 7 +p — 
tm +p. The amplitude for the process (22) does 
not contain any dependence on the spin operators 
of the hyperons for II = —1 (more exactly, it con- 
tains a term proportional to oy, but with a small 
coefficient ); on the other hand, if I] =+1, the 
amplitude is proportional to oy-k, where k is 
the unit vector parallel to the difference 


Py /(Ex + Mz) —Pa/(Ea + Ma). 
If in the initial state the Z* is polarized (po- 
larization vector P), then it can be shown from 


Eq. (23) that in the final state the polarization 
vector P’ of the A particle is given by 


Pl— PP 10r t= 
p’ = 2(Pk)k—P for Tl=4 1. (24) 
Thus if in the region where the pole term pre- 
dominates one could measure the polarization of 


the A particles produced in the reaction (21) with 
polarized 2, then it would be possible not only to 
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evaluate the effect of the non-pole terms, but also 
to get information about the relative parity of the 
A and 2 hyperons. 

In a number of cases the study of the polariza- 
tion of the products from peripheral collisions can 
be a source of information about the parities of un- 
stable particles.* 7 

The writers express their deep gratitude to 
Professor M. A. Markov for helpful discussions. 


1 Bilen’kii, Lapidus, Puzikov, and Ryndin, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 959 (1958), 
Soviet Phys. JETP 8, 669 (1959); Nucl. Phys. 7, 
646 (1958). 

2D. Amati and B. Vitale, Nuovo cimento 9, 895 
(1958). 

3G. F. Chew, Proc. CERN Annual Conference, 
1958, Geneva, page 97; preprint, 1958. L. B. Okun’ 
and I. Ya. Pomeranchuk, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 36, 300 (1959), Soviet Phys. JETP 9, 
207 (1959). G. F. Chew and F. E. Low, preprint, 
NISSs 

4J3.G. Taylor, Nucl. Phys. 9, 357 (1959); pre- 
print, 1959. 
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*The possibility of determining the parities of particles by 
the study of peripheral collisions without considering the po- 
larization has been discussed recently by Taylor.* 
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ON THE MECHANISM OF CAPTURE OF STOPPED K- MESONS 


D. K. KOPYLOVA, Yu. B. KOROLEVICH, N. I. PETUKHOVA, and M. I. PODGORETSKII 


Joint Institute of Nuclear Studies 


Submitted to JETP editor February 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.)37, 289-291 (July, 1959) 


The problem considered is that of the mechanism of capture of stopped K™ mesons by the 
nuclei of a photographic emulsion. On the assumption of a surface model of one-nucleon 
capture it is found that the fraction of two-nucleon captures is close to 30 percent. 


I T is well-known that the capture of K~ mesons 
by nuclei occurs through one-nucleon (reactions 
of the type K” + N— Y+7) and two-nucleon (re- 
actions of type K” + 2N— Y +N) interactions of 
the K” mesons. A direct indication of the exist- 
ence of reactions of the second type is found in 
cases of the emission of fast hyperons (Ey > 60 
Mev) in ox stars, and cases of the simultaneous 
emission of a fast hyperon and a fast proton. It is 
usually assumed that the two-nucleon captures of 
K™ mesons make up not more than 10 to 12 percent 
of the total number of interactions of stopped K™ 
mesons.!~4* 

In the present paper we make an estimate of 
the fraction of two-nucleon captures on the basis 
‘of an analysis of the observed number of 7 mesons 
emitted in ox stars. 

Let x be the unknown fraction of two-nucleon 
interactions, a@ the expected percentage of emerg- 
ing ma mesons (calculated from the known mean 
free path against interactions of m mesons in nu- 
clear matter on the assumption of a definite model 
for the capture of K” mesons), and 6 the experi- 
mentally observed fraction of the interactions of 


stopped K™ mesons in which 7 mesons are emitted. 


Then we have the relation: (l1-x)@=f8. 
According to the data given in reference 2, 
charged m mesons are emitted in 34 + 2 percent 
of all nuclear captures of stopped K” mesons. If 
we take account of neutral a mesons, the fraction 


* There are indications that two-nucleon interactions play 
a much more important part (30 to 50 percent).°’® Unfortunately 
the estimates given in the preprint of Eisenberg et al. are 
evidently not final results, and the brief indication contained 
in the report of Kaplon® is not accompanied by supporting 


evidence. 
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of m mesons is increased to 51 +3 percent (B= 
O54). 

One of the immediate consequences of this fact 
is that the number of two-nucleon captures cannot 
exceed 49 + 3 percent of the total number of inter- 
actions. The expected fraction qa of emerging 7 
mesons is calculated in reference 7 for + mesons 
accompanying Zz and IN hyperons, on the assump- 
tions of surface and volume models for the capture 
of K7 mesons. 

The fraction of t mesons that have not under- 
gone any interaction can be obtained if one knows 
the mean free path of + mesons in nuclear matter. 
It is harder to calculate what part of the 7 mesons 
that have been inelastically scattered in the first 
collision will still get out of the nucleus without 
being absorbed. 

It was decided to estimate upper and lower limits 
on q@ (and correspondingly, upper and lower limits 
on x) by assuming that all the a mesons that 
undergo inelastic scattering get out of the nucleus 
(upper limit), or that they are all absorbed in the 
nucleus (lower limit). It must be noted that the 
absorption coefficient of + mesons that have un- 
dergone inelastic scattering is rather small, and 
consequently a large fraction of them actually get 


*It can easily be shown, from general considerations of 
isotopic invariance, that in the interaction of K” mesons with 
nuclei of zero isotopic spin, the number of charged 7 mesons 
(= hyperons) produced is twice the number of neutral 7 mesons 
(A hyperons), independent of the type of interaction. It is nat- 
ural to assume that the nuclei of a photographic emulsion 
satisfy this condition, since for them [(N - Z)/Al <1. 

T This same question has been discussed in a paper by 
K. Lanius, whom the writers thank for sending them a pre-: 


print. 
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out of the nucleus. Therefore the upper limit found 
as described differs only a little from the true value 
of a. 

For the calculation of @ it was necessary to 
choose a definite ratio between the number of re- 
actions of the type K +N — N+ m7, and the num- 
ber of the type K> +N—2Z +7. In accordance 
with reference 7, we assume that A /st? = 0.21 
for the surface model and A’/z**? = 0.50 for the 
volume model. 

To find the sensitivity of the results to small 
changes of the surface-absorption model, a spe- 
cial examination was made of the case in which 
the K~ mesons are absorbed at a depth of one- 
nucleon radius inside the surface of the nucleus. 

The results of the calculations are as follows: 


4 


Surface absorption: ORG 4 C0575 UBD) <s2 < ee 
Absorption of the K-mesons 

at a depth of one-nucleon 

radius: O62 0105/2) O01 G2 xX <0 529 
Volume absorption: 0.32 < @< 0.52 — 


It can be seen from this that the first two models 
do not differ much from each other. It can also 

be seen that the volume model leaves no room for 
two-nucleon capture. Since, according to direct 
estimates (fast hyperons), the quantity x is at 
least 10 to 12 percent, the result obtained here 

can be regarded as an indication that the volume 
model actually has no relevance for one-nucleon 
capture of stopped K” mesons. This is in com- 
plete agreement with the idea that has come to be 
accepted in the literature, that one-nucleon capture 
of stopped K™ mesons occurs mainly at the surface 
of the nucleus (see, in particular, references 5 
and 6). In this case, the fraction of two-nucleon 
capture is evidently close to 30 percent, but does 
not exceed that amount. 

In connection with this estimate of the fraction 
of two-nucleon captures, the question of direct 
production of A’ particles in one-nucleen capture 
reactions of surface absorption is of interest. Ac- 
cording to references 2, 4, 7, and 8, reactions of 
the type K°+N— A’ +7 make up 15 to 35 percent 
of all one-nucleon capture reactions. 

Charged 2 hyperons of energy Ey < 60 Mev 
are emitted in 14 percent of all cases of interac- 
tions of K~ mesons with nuclei.** Taking ac- 
count of the neutral hyperons we find, on the as- 
sumption of a surface model, that slow = hyper- 


*The number of > hyperons produced in one-nucleon cap- 
ture reactions is smaller than 14 percent, since some of the 
hyperons with Ey < 60 Mev have come from the slowing down 
of fast = hyperons (Ey > 60 Mev) produced in two-nucleon 
captures. 
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ons are produced in less than 42 percent of all in- 
teractions.* Consequently, A’ would have to occur 
in more than 58 percent of all interactions, which 
contradicts the results of the papers cited here. 
The assumption of about 30 percent of two-nucleon 
captures removes this contradiction. It reappears 
if we assume that slow = hyperons (Ey < 60 Mev) 
are weakly absorbed in nuclei. In fact, in this case 
it is necessary to assume that direct production of 
\ particles occurs in the great majority of cap- 
tures. 

Thus if we work with the surface model of one- 
nucleon capture, we must accept the idea that two- 
nucleon capture occurs in about 30 percent of all 
cases and that = hyperons with Ey < 60 Mev are 
strongly absorbed inside the nucleus. 

A direct indication that 2 hyperons with Ey < 
60 Mev are absorbed more strongly than the accom- 
panying m7 mesons comes from a comparison of the 
experimental data on the yields of + mesons and 
x hyperons from the capture of K” mesons. As 
has already been said, charged m mesons are 
emitted in 34 percent, and charged Z hyperons 
with energies E> < 60 Mev in 14 percent, of all 
interactions of stopped K~ mesons. It follows from 
this that the absorption of 2 hyperons with Ey < 
60 Mev is stronger than that of the accompanying 
m mesons by a factor of 1.5 to 2. i 

According to the data of Kaplon,® the number of 
fast Z hyperons with Ey > 60 Mev (charged and 
neutral) is about 3.5 percent of the total number of 
captures of K mesons. A comparison of this num- 
ber with the estimate given here of the fraction of 
two-nucleon captures (~ 30 percent) shows that 
either the overwhelming majority of two-nucleon 
captures leads to direct production of A” particles, 
or else the fast = hyperons that are formed have 
a high probability of going over into A’ particles 
in their subsequent passage through the nucleus, 
or that they lose energy and become slow particles. 
In other words, in the second case we have to as- 
sume a large cross-section for interaction of fast 
2 hyperons with nucleons. Furthermore we must 
also conclude that two-nucleon capture does not 
occur at the surfaces of nuclei, since not over half 
of the fast = hyperons could be absorbed in the 
case of surface capture. 

The writers thank M. Ya. Danysh for partici- 
pating in discussions and for making it possible 
for us to learn of the critical comments of E. 
Markit. 


*For surface absorption of K” mesons, the fraction of 
emerging hyperons (or 7 mesons) must be > 0.5. 


‘Were if is asgumed that A°/S 29s 0.05 and G0 Oem 
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TERISTICS OF SHOWER PRODUCING 
PARTICLES 
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Kazakh S.S.R. 


Submitted to JETP editor January 15, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 292-293 
(July, 1959) 


Ir has been shown that the values of the transverse 
momenta of particles p, (in units of wc, where pu 
is the particle mass) produced in cosmic ray show- 
ers are distributed in such away that p, ~ 1,'° 
while separate values do not differ greatly from 
the average. This experimental fact, together with 
the assumption about the symmetrical emission of 
shower particles in the c.m.s., makes it possible 
to determine the parameter y, = 1/V1-$%, where 
Be is the velocity of the center of mass with re- 
spect to the laboratory system of coordinates. Cor- 
respondingly, we shall consider two variants of the 
symmetrical emission in c.m.s:: (a) exact angular 
symmetry (to each particle with emission angle 
0; with respect to the axis there corresponds an- 
other with angle 0} = 7—6{); (b) an equal number 
of particles is contained on the two sides of the 
plane perpendicular to the motion of the center of 
mass. 

Making use of the relation between the angles 
of emission of particles in c.m.s. and in the labo- 
ratory system 


cot 6; = y,coté; —Vy2— 1 Vz? —cot?4,, 
27 = (Diet MW/piss 


VOLUME 37 (10), 
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we can obtain for case (a) 


ve= HIV ER—@ 
(2) 


In case (b), for the medium value (Yy,) of the 
value Yj = Vv ze + cot? 6;/cot 6; , the following 
relation is true: 


(3) 


The fraction of the energy transferred to mésons 
can be estimated from the relation 
IK AS >; ef E ey WiC“ P i 

i=l 


xX {te V 2 +cot? 6; —V 72 — 1coté;}, 


where, for a nucleon-nucleon collision, E’ = 
2Mc? (yg-1). 

Making use of Eqs. (1) — (4) for “narrow” show- 
ers (cot? 0; >z?* 1; y4 >> 1), we can obtain the 
simplified relations 


\o= eae VY? —l. 


(4) 
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For the sake of comparison, the table lists 
showers in which it was found to be possible to 
measure the energy of secondary particles.4~® 
This made it possible to use formulae (4) and (5) 
directly for an estimate of yg and K (columns 
3—7) under the assumption that all shower par- 
ticles are m mesons. In formulae (2) to (5), all 
information which can be obtained from the meas- 
urements of the angles and momenta of secondary 
particles in the laboratory system is used. 

Allowance for the distribution of transverse 
momenta of the particles leads to lower values of 


PL =z AN 
Type of Shower | ‘Ye a) Ye b) Ye ja) K |b) K | Pl? | ayy, | b) ve | a) K | b) K 
{ 2 | Sa als ly ae opt 8 9 10 44 
2415 (p) [4] 204 | >60 | 220 |<0.4] 0.4 | s4 | 160 | 200 | 0.4 | 0.4 
3439 (p) [>}* 4h-| 7 88h o 2% | 058 | doa Sa ekaealll one leo Smiles 
2+16 (p) i 52 35 34 OS I OL2 Ie? o2 42 OL Ones 
2-14 (p) [7] 78-1" 641 53 | O10) ODS oe Soule a2 Sines alleges 
O+ 7 (p) [8] 29 10 20 Onze Gad A) 13 15 Opel Or 


*A more detailed analysis shows that, evidently, a collision of the primary 
nucleon with a group of nucleons in the nucleus has occurred in this case. 

tIn a subsequent study it was found that one of the particles (number 15) 
was not a7 meson. In the estimate of y, (column 3 and 4), this particle was 


not taken into account. 
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Ye 4S compared with the values obtained by the 
method of the Rome group! (column 2 ). 

With the exception of one shower,” the inelas- 
ticity factor is substantially smaller than 1. The 
error in the determination of ye and K, arising 
out of the fluctuation of the angular distribution of 
particles can be taken into account analogously to 
the procedure in reference 9. 

The average value of the transverse momentum 
(column 7) lies within the limits of 1 to 2. To ex- 
plain how the assumption of constant transverse 
momentum influences the estimated values of ye 
and K, the latter were calculated from Eqs. (4) 
and (5) for the value p,; ~ 1. The assumption of 
constant transverse momentum (pj; © 1) does not 
lead to substantial changes of the estimated values 
(columns 8 to 11). This makes it possible to gen-~ 
eralize the described method for an estimate of 
the energy characteristics (yg and K) in showers 
in which only the angular distribution of secondary 
shower particles is known. It should be noted that 
the estimated values of y, found by such a method 
are in good agreement with the values obtained by 
Takibaev under the assumption of a power-law en- 
ergy spectrum of produced mesons. 


1 Edwards, Losty, Perkins, Pinkau, and Reynolds, 


Phil. Mag. 3, 237 (1958). 
y Co-operative Emulsion Group in Japan, Suppl. 
Nuovo cimento 8, Ser. 10, 761 (1958). 


3G. B. Zhdanov, J. Exptl. Theoret. Phys. (U.S.S.R.) 


34, 856 (1958), Soviet Phys. JETP 7, 592 (1958). 

4 Schein, Glasser, and Haskin, Nuovo cimento 2, 
647 (1955). 

> Debenedetti, Garelli, Tallone, and Vigone, 
Nuovo cimento 4, 1142 (1956). 

8 Boos, Vinitskii, Takibaev, and Chasnikov, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 622 (1958), 
Soviet Phys. JETP 7, 430 (1958). 

7h. S. Takibaev, Tp. Un-ta agepso pbusnkn AH 
KasCCP' (Proceedings, Nuclear Physics Institute, 
Academy of Sciences, Kazakh S.S.R.) Vol. 1, p. 129, 
Alma-Ata, Press of the Academy of Sciences, 
Kazakh S.S.R., 1958. 

: Hopper, Biswas, and Darby, Phys. Rev. 84, 457 
(1951); 

®San’ko, Takibaev, and Shakhova, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 574 (1958), Soviet 
Phys. JETP 8, 827 (1959). 
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ON THE METHODS OF BORN AND PAIS 
FOR FINDING PHASE SHIFTS 


Ah, Anicie aks) 
University of the City of Lodz, Poland 
Submitted to JETP editor February 2, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 294-295 
(July, 1959) 


ve is well known, in cases in which the Born 
approximation for finding the phase shifts is not 
applicable, we must use some other more accurate 
method, for example the method of Pais. The pur- 
pose of this note is to give a brief derivation of 
the approximations of Born! and Pais? and also a 
numerical comparison of the phase shifts obtained 
by these two methods. 

Let us write the Schrodinger equation in the fol- 
lowing form: 


y’ +[e—U—1L (t+ 1/1 y =0, (1a) 
u" + [2 —L(L + l)/r*]u = 0, (tb) 
o” + [k?— (L(E + 1) —a®)/r?] 0 = 0, te 


k =mv/fi, and a? isa certain constant. The in- 


teraction potential is connected with U by the re- 
lation U = (2m/f?)V. The exact solutions of Eqs. 
(1b) and (1c) are well-known: 


u= V wkr/2 Jay, (Rr), v= V xkr/2 lyaapa (Rr). (2) 


They satisfy the following boundary conditions: 
u(0)=0, wu(co)— sin (kr —In/2), 


v(0)=0, v(00)->sin(er— FV CFF —@ + a 


4 


(3) 
The exact solution of Eq. (1a) satisfies the bound- 
ary conditions 


y (0) =0, 


If we now require that the solution v of Eq. (1c) 


satisfy the same boundary conditions (4) as the ex- 
2 


y (co) > sin (kr — In/2 + 4). (4) 


act solution of Eq. (1a), then the constant a“ must 
be 
a? = 4n®[— aff + (0-4 1) ail. (5) 
Then 
0 = V mkr/2 J¢e4r))—2nj jw (RF) (6) 


Let us multiply Eq. (la) by u and Eq. (1b) by y, 
subtract one equation from the other, and integrate 
from zero to , taking account of the boundary 
conditions (3) and (4) for u and y. Furthermore, 
in the integral that contains the interaction poten- 
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tial V, the solution u is inserted instead of the 
exact solution y. This procedure gives the well- 
known Born approximation: 


foe} 


w= — \ V (r)J G4), (Rr) rdr. (7) 
0 


Applying this same procedure to Eqs. (1b) and 
(1c), we get the well-known Kapteyn integral’ 


2 sin[z(v—p)/2] 


v2— p2 


PO) 10 (8) 


Finally, applying this procedure to Eqs. (la) 
and (1c), where the solution for v is given by Eq. 
(6), and using Eq. (8), we get the Pais approxima- 
tion for the phase shifts: 

\ V(r) Prgsnmang jn (kr) rdr. (9) 


0 


21+ 1—2n,/r TM 


21+ 1 — 4n,/" mE he 


Pais obtained this formula by means of a varia- 
tional principle. We see that one can obtain the 
approximate formulas of Born and Pais for the 
phase shifts by using a single kind of procedure. 
The examples considered below show the ac- 
curacies of the Born and Pais approximations 
(it must be emphasized that the Pais formula (9) 
is incorrect for the zeroth-order phase shift ). 
For the Gauss potential V(r) = —-Vo exp (—- ar? 5 
Eqs. (7) and (9) give 


(4) 7MVo id uf is 
Yi Bon = Ue = Thea? exp ( 292 t++/s D2 v 


ee eM ay (=) 
+1 —4y, 5  ~ aea® EXP | — aga)! a—2ny /*\ O93) ° (10) 


Considering the scattering of a neutron by a 
proton (M is the mass of the proton) at 100 Mev, 
and choosing for the constants the values Vo) = 45 
Mev and a? = 0.266 x 102° cm, we get the follow- 
ing values of the phase shifts by the Pais method: 
N, = 0.534, nN. = 0.221, whereas the Born method 
gives n, = 0.487 and 7, =0.197. Since the sec- 
ond Born approximation gives better results than 
the first, we shall compare the values obtained 
above for the phase shifts with the results of the 
second Born approximation,‘ ™ = 0.552 and ny = 
0.213. We see that the Pais method gives consid- 
erably better results than the first Born approxi- 
mation. 

For large values of 7 the phase shifts 17 
calculated by the Born and Pais methods approach 
each other, as can be seen from Eqs. (7) and (9). 


1N. F. Mott and H. S. W. Massey, The Theory 
of Atomic Collisions, Oxford, 1949, Russ. Transl., 
LIND, Teele 


2. Pais, Proc. Cambridge Phil. Soc. 42, 45 
(1946). 

3N. Watson, A Treatise on the Theory of Bessel 
Functions, Cambridge Univ. Press, 1944. 

4Ta-You Wu, Phys. Rev. 78, 934 (1948). 
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Ir has been shown in a previous paper! that if in 
analogy with Einstein’s theory of the gravitational 
field one describes the electromagnetic (vector ) 
field as the curvature of an auxiliary “space” with 
the metric ds = yj dxi, then one can obtain a non- 
linear Lagrangian of the electromagnetic field, 
which in the case of a static spherically symmet- 
rical field leads to the potential 


© = (e/ro V 2) sinh (ro V 2/r), 


This gives for the classical (unquantized) field 
mass of a stationary electron Mo] ~ My /5, where 
my is the experimental rest mass of the electron 
(the value mg] © m)/3 is erroneously given in 
reference 1). 

To calculate the radiative (quantum) correc- 
tion Amg to the mass of the electron, caused by 
the interaction of the stationary electron with the 
photon and electron-positron backgrounds, we 
must first of all find the wave solution of the field 
equations corresponding to the nonlinear Lagrang-' 
ian in question. Since this is practically unfeasible 
because of the great mathematical difficulties, it 
is not without interest to try to give at least a pre- 
liminary and approximate estimate of the size of 
Amg. The idea of the calculation is as follows. 

In the nonlinear theory under consideration, one 
gets in accordance with Eq. (1) for the energy of a 
stationary charge e situated in the field of another 
charge e, not the value E, =e, =e*/r, but in- 
stead 


Tg = 60) ine. (1) 
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tro V2 r V2 

If now we assume that this relation between the 
energies in the linear and nonlinear theories holds 
not only for the energy of the field of a stationary 
point charge, but in general for every electromag- 
netic energy, and apply it to the energy of electro- 
magnetic quanta, then 


© = (/V 2) sinh (V2 w,/»), (2) 


where w, is the frequency in the linear theory, 
and wy = mgc*/fi is the critical frequency at which 
the quantum energy equals the rest energy of the 
particle with which the quantized field interacts. 

In view of the obviously preliminary nature of 
the present calculation, there is no point in carry- 
ing out exact computations of Amg; for an approx- 
imate quantitative estimate, it suffices to use the 
simplified formula from the first papers of Weiss- 
kopf,? according to which 


8rw2dw 
(25) Bie 


( Lav), aN = 


@o 


MiG = ae aN+o 

0 
Making here the change indicated in Eq. (2) (it is 
clear that the change is to be made only in the ma- 
trix elements and not in dN), we also change the 
intermediate limit of the integrations: instead of 
Wy), we write nw), choosing the factor n~1 in 
such a way that the integrands have the same value 
at the place where they are joined. The substitu- 
tion leads to the expression 


co 


Erde ¢ E2dE \ e2 
= 2\ ee 
ig Tq Mo? v2 z(\ sinhV2£ sinh? y 2 7 e)” = he 
where 7 © 0.81. Numerical integration gives a 


value ~ 0.374 for the quantity in brackets, so 
that we have 2 x V2 x 0.374 © 1.06; therefore 
we get finally 


Amg =~ (0/27) mo. 


We note that the final value of Amg is gotten 
just from the strong singularity of gy at the origin. 
This result cannot be given by nonlinear theories 
with a finite potential at the origin (the Born-Infeld 
type of theory). 


1. Yu. Urbakh, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 208 (1958), Soviet Phys. JETP 8, 
143 (1959). 

2. F. Weisskopf, Phys. Rev. 56, 72 (1939); 
Usp. Fiz. Nauk 41, 165 (1950), Russ. iransl, of 
Revs. Modern Phys. 21, 305 (1949). 
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J. Exptl. Theoret. Phys. 
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Saco recently-reported experimental inves- 
tigations!~4 are devoted to a study of paramagnetic 
rotation of the plane of polarization in the micro- 
wave band, for the case when the preferred direc- 
tion in the medium (the gyration direction) is 
perpendicular to the direction of the propagation 
of the incident wave. For several substances, 
critical relations were obtained for the angle of 
rotation of the plane of polarization, 6, as a func- 
tion of the constant field Hj. Curves of this type 
can be obtained also by other means without di- 
rectly measuring the angle 6. In fact (see ref- 
erences 1 and 6), starting with general consider- 
ations, we can obtain the following expression for 
the angle of rotation of the plane of polarization 
per unit length of the paramagnet 


8 = — (nw Ve/c) (yi — x1) sin 2a, (1) 


where a is the angle between the constant (Hj) 
and high frequency fields; y{ and yjj are the 
imaginary parts of the magnetic susceptibility of 
the paramagnet for perpendicular and parallel 
fields. To explain the dependence of 6 on Hy 

it is necessary to know the corresponding depend- 
ences of the imaginary parts of the magnetic sus- 
ceptibility, xj and xj, on the field, and these 
are readily obtained by experiment. Certain re- 
sults of such experiments are listed below. 

The apparatus used in the present investigation, 
with which we could obtain the dependence of y” 
on Hy for all angles a, was analogous to the ap- 
paratus described by us earlier.° The only differ- 
ence was, first, that in addition to being able to 
use a cylindrical cavity in the Ho,;; mode we 
could also use a rectangular cavity in the Hyg) 
mode, and could thus reduce considerably the 
electromagnet gap, and second, that the gener- 
ator portion of the apparatus was rigidly coupled 
to the measuring portion. This eliminated com- 
pletely the possibility of contact error inherent 
in the rotating flange of the previous version of 
the apparatus. To vary the angle a, the entire 
apparatus was rotated as a unit. 

The experiments were performed at room tem- 
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perature and at 9150 Mes, using powdered para- 
magnetic salts placed in polystyrol containers in 
the antinode of the magnetic field of the cavity. 

By suitably locating the cavity in the constant 
magnetic field it was possible to make the high 
frequency and constant fields either parallel or 
perpendicular to each other. Keeping the cavity 
position fixed, we plotted point by point the ab- 
sorption vs. magnitude of the constant magnetic 
field, first with perpendicular fields and then with 
parallel fields. This was followed by control ex- 
periments: the constant field was left unchanged 
and the apparatus was rotated many times so as 
to make the fields alternately parallel and perpen- 
dicular, and the values of absorption xy and xj 
corresponding to these positions were measured. 
Such experiments were carried out at various val- 
ues of the constant field and, particularly, at fields 
considerably greater than the resonant values, at 

_ which the values of xj and x} are close to each 
other. The experiments were performed with 
powdered salts MnSO,-H,O, MnCl,-4H,O, 
GdSO,°8H,O, GdF3, GdCl,;-6H,O, GdBr3-6H,O, 
GdI - 6H,O. 


a "2B 


SORE —6 =3 
8 Hy 0, Oe 


It was established by these experiments that, 
for all the foregoing salts, at fields ranging from 
0 to 6000 oersteds, the absorption curves in per- 
pendicular fields lie always above the correspond- 
ing curves in parallel fields. We observed no in- 
tersecting curves. The diagram shows the absorp- 
tion curves in perpendicular (curve 1) and paral- 
lel (curve 2) fields (the ordinate units are arbi- 
trary) for MnCl,-4H,O. The absorption curves 
for all other substances listed above are analogous 
to those shown in the diagram. The only difference 
is in the widths of the resonance curves, in the 
position of the maximum, and in the value of the 
initial absorption x”(0). Thus, for MnSO,+H,O 
and GdlI;-6H,O, the values of initial absorption 


are quite small and the permanent fields hardly 
influence the absorption in parallel fields, while 
the paramagnetic resonance is sharply pronounced 
in perpendicular fields. Many other paramagnetic 
salts exhibit absorption in parallel and perpendic- 
ular fields analogous to that we obtained for 

MnCl, -4H,O. This follows from the work of 
Hadders, Locher, and Gorter.’ 

The diagram shows also the dependence of the 
angle (—8) of rotation of the plane of polarization 
(in arbitrary units) on the value of the permanent 
field (curve 3), determined as a difference of or- 
dinates of curves 1 and 2, in accordance with Eq. 
(1). It is seen from the diagram that the rotation 
curve does not reverse sign over a large interval 
of fields. (For other substances listed above, the 
curves of rotation will obviously be analogous. ) 
Imamutdinov, Neprimerov, and Shekun! obtained 
for MnCl,*4H,O a polarization-plane rotation 
curve of different shape, one that reverses sign at 
fields of approximately 4 x 10° oersteds. Obviously 
this difference in the shapes of the curves calls for 
further study and it appears to us that it would be 
interesting to determine the effect of the type of 
wave propagating in the substance on the rotating 
ability. 

In view of the weak dependence of absorption in 
parallel fields on the permanent field, the shape of 
the rotation curve for the salt MnSO,+H,O is close 
to the shape of the paramagnetic resonance curve, 
in good agreement with the data of Gozzini.® 


—_ 
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Phys. JETP 7, 704 (1958). 

2 Battaglia, Gozzini, and Polacco, Nuovo cimento 
10, 1205 (1953). 

3. Gozzini, Cahiers Phys. 79, 123 (1957). 

4p. Hedvig, Acta Phys. Acad. Sci. Hung. 6, 489 
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°A. I, Kurushin, Izv. Akad. Nauk SSSR, Ser. Fiz. 
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Oe ie Tsirul’nikova, J. Exptl. Theoret. Phys. 
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leas laboratories have recently built elec- 
tronic accumulating systems for energies of hun- 
dreds of millions of electron volts, with the num- 
ber of bunched electrons reaching N ~ 10!4. In 
the calculations, the forces of electromagnetic 
interaction of the electrons in the bunches are 
disregarded. In the present note we calculate 
approximately the effect of these forces on the 
phase motion of the electrons and obtain an es- 
timate of the equilibrium angular dimensions of 
the bunch, determined by the interaction forces. 
We use in our calculations Eq. (8) below for the 
tangential forces of interaction in the bunch; this 
equation is correct if the angular dimensions of 
the bunch are 3% «<1 (reference 1). We do not 
take into account the screening of the electron in- 
teraction by the walls of the chamber and by the 
magnet. This estimate is therefore valid only for 
sufficiently small bunches. For bunches whose 
dimensions are on the order of the transverse 
diameter of the chamber, the specific nature of 
the construction of the accelerator must be taken 
into account. The problem of the influence of the 
interaction forces on the motion of electrons in 

a synchrotron was first raised and examined by 
I. E. Tamm for a specific case (Report of the 
Physics Institute, U.S.S.R. Academy of Sciences, 
1948). 

For a circular orbit, limiting ourselves to the 
ultrarelativistic case y = E/mc? > 1, we obtain, 
by using the usual derivation, a linearized phase 
equation in the form 

bs : a C = We 

bh + 2° + aoe IWscont+ cf-(¢)] =9, (1) 
where y is the phase of the electron, measured 
from the phasing point yg, a is the radius of the 
stable orbit, and n is the decrement index of the 
magnetic field. The phasing point is determined 
from the condition 


55, Vo sind; = E,+ Ws + Ws coh; 


where Vy is the amplitude of the resonator volt- 
age, Eg the energy of the stable electron, Wyg = 
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(2e%c/3a?) 4 is the energy lost by a single elec- 
tron to radiation, 
+00 
Wseon =—¢ | Fe @)db~Nerciasi* (2) 


is the mean energy lost by a single electron to co- 
herent radiation, and 


eee E, 1 Wscoh 
e| Ley Be eee © lem) nes , 


Ss s 


c2eV 


: aed ea ee V = cosys, 
eae PAN pare Nteg yar vt 
kW=——G°O=—a lan aw le day @) 


The distribution of particles by phases, ¢ (v), 
depends on the character of the phase motion and 
on the distribution of particles by parameters of 
this motion. As the phase motion proceeds, @¢ (wv) 
will in general change. As a result, f-() will 
also change, making it difficult to obtain an exact 
solution of Eq. (1). We shall give below a qualita- 
tive estimate of the solutions of (1), assuming 
y (~) to be specified and constant. In this case 
Eq. (1) describes dissipative motion in a well with 
a potential 


UM = FE + a—paE WM scr —cO Y  @) 


We obtain from (2), by the mean-value theorem, 
Ws coh = —Cfr(%,), where % is not an extremal 
point. Consequently the sum Wg goh + cf; (v) 
vanishes in the region |~| < % at least at two 
points, and is negative between these two points. 
The second term in (4) is therefore essentially a 
straight line with a positive slope, but must have 
a well in the region |~| < %. The edge of the 
well lies near ~ =—-—wW , and the ends of the bunch 
always project outside this well. The shape of the 
potential (4) depends on the ratio of the first and 
second terms near the point ~ = —¥). This ratio 
is best characterized by the dimensionless param- 
eter 


2799 av 7/5 
Dal SEY CAT ) 9 . (5) 


If p> 1, the first term in (4) predominates and 
the potential differs little from an ordinary parab- 
ola. To the contrary, when p <1, the second 
term predominates. In this case the potential has 
two minima, one in the front, in the region ~ = vo 
and one in the rear, in the region ~< —wv); these 
are separated by a hump near the point ~ = —¥. 
The bunch is located essentially in the forward 


~ 
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well, but its ends always project beyond its limits. 
In the intermediate case p ~ 1 we get a point of 
inflection instead of the rear well and the hump. 

It is easy to visualize qualitatively the varia- 
tion of the dimensions of the bunch in the accumu- 
lating system. First, as long as the bunch is large, 
p > 1 and the particles perform the ordinary 
damped oscillations in an almost-parabolic poten- 
tial. The bunch becomes compressed, the potential 
(4) is deformed, and the oscillations become dis- 
torted. If it becomes possible to compress the 
bunch in some manner so that p « 1, the potential 
will already have two minima. Thanks to the fact 
that the ends of the bunch project beyond the for- 
ward potential wall, the bunch begins to overflow 
backwards and increases in size. Consequently, 
there should exist an equilibrium bunch, with angu- 
lar dimensions of an order of magnitude deter- 
mined by the condition p~1 or 


9) ~ (2nNe/aV)**, ye; Seeds TAG) 


In one of the installations now being designed, 


N ~. 1044, Vo~ 10°v, and a~ 10% cm (reference 2). 


It is assumed that the equilibrium angular dimen- 
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Joint Institute for Nuclear Research 
Submitted to JETP editor March 4, 1959 
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ls determine the p-p scattering matrix at 90° 
it is necessary to perform five experiments. If 
we measure at this angle of the value of the cross 
section I, the coefficient of spin correlation Cyy, 
and the Wolfenstein parameters! De Re and Ay 
then the amplitudes and phases of the components 
of the p-p scattering matrix can be determined 
from the relations 


Gee DAL =" /5'(1 — Can), 
a heh 2/.(1 + Con 2), 
=| P/2f = */.(1 + Cr, — 2D), 
sind¢ = —(R+A)/26C, cos6y = (A — R)/26h, 
where B, C, and H are given by 
B= Bray! CG |eCerea) i =| He Cnrea 


sions of the bunch are determined by the swing of 
the phase oscillations due to quantum fluctuations 
of the radiation, and are small at these parameters. 
Inserting the numerical values in (6) we get v ~ 2. 
This means that the interaction forces cannot be 
neglected. However, the estimate (6) itself can no 
longer be applied. To determine the dimensions of 2 
the bunch under these conditions and to answer the 
question whether the phase stability is disturbed, 
it is necessary to perform the calculation with al- 
lowance for the forces of interaction between the 
electrons without assuming the bunch to be small, 
and to take into account the interaction between the 
bunch and the walls of the chamber and the magnet. 
In conclusion, I express my sincere gratitude 
to Prof. M. S. Rabinovich for valuable advice. 


11, V. Iogansen and M. S. Rabinovich, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 37, 118 (1959), Soviet 
Phys. JETP this issue, p. 83. 

2G, K. O’Neill, Stanford University Report, 
1958. 
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The symbols used are the same as in Wolfen- 
stein’s paper.! 

Since the experimental data are incomplete, we 
can only estimate the region of possible values of 
the amplitudes. If we assume D (90°) = —0.75 + 
0.15 for an energy of 140 Mev, which follows from 
an extrapolation of the data of Taylor,” then 0 <b? 
=< 40%, 0 <c? < 20%, and 75 <h* < 95%. For 
315 Mev, an estimate was made by Wolfenstein. 
Combining the experimental data at energies of 
382 Mev‘ and 415 Mev® and referring them to 400 
Mev, we obtain b? = (30+ 4)%, c* = (56 +5) %, 
and h? = (14+5)%. Using the value of the corre- 
lation tensor Cy = 0.63 + 0.10, measured at 90° 
and 382 Mev,® we can determine the phase differ- 
ence 6c -—6y, which equals 90°. For 635 Mev, 
as follows from reference 7, 0 <b* < 24%, 76 < 
c? < 100%, and 0 <h? < 12%. From this we can 
determine the possible values of the correlation 
tensor Cyy and of the parameters R and A at 
635 Mev, namely 52 < Cyn = 100%, |R| < 27%, 
and |A|-s 21%. 

It follows from this estimate that in the energy 
range under consideration the principal contribu- 
tion to the cross section is made by the triplet in- 
teraction. Furthermore, the tensor-like triplet 
term h? predominates in the lower interval, 
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while the spin-orbit triplet term c? predomi- 
nates in the upper interval. 

To determine the phases and to make a nu- 
merical estimate of the amplitudes, we obtain the 
lacking data from the calculations performed for 
140 Mev (see reference 8) and for 315 Mev (see 
reference 9, solution No.4). 

We then obtain the following values for the am- 
plitudes and phases: 


E, Mev 62, % c2,% h?,% So 8H 
140 5 13 82 Og 60° 
315 25 62 13 —90° 143° 
400 30 56 14 8¢ — 8, = 90° 
635 24 76 dv; 


If we assume that at energies on the order of sev- 
eral Bev the nucleon is a black sphere, which ap- 
parently does not contradict the available experi- 
mental data, then only the amplitude B differs 
from zero, and b* = 100%. Consequently, as the 
energy increases, the contribution of the triplet 
interaction, due to the terms h? and c?, should 
decrease. 

Similar results are obtained for p-p scatter- 
ing at 90° from the following type of nucieon inter- 
action. Let the phases of all waves (the number 
of which is arbitrary) be imaginary and large. 
Then at 90° only the amplitude B differs from 0, 
as in the case of a black sphere. But unlike the 
latter, such a model-leads to an angular depend- 
ence of the Wolfenstein parameters and of the 
correlation tensor: 


pa dacs? 0 — cos? (0/2) 
D(O)r==.2icos 9 fa seero* Rio) = 4cos) 73 cos8 6? 
; cos (0/2) ~ = 1 -F cos?'0 
ee rarer eS eee O 


In this model there is no polarization at all. 
Note added in proof (May 28, 1959). A recent 
communication on triple scattering at 143 Mev 
(C. F. Hwang et al., Phys. Rev. Lett. 2, 210, 1959) 
reports a different result than in reference 2: 
D (90°) = 0.3 + 0.15 at 90° in the c.m.s., hence 
30 <c? < 70% and 0 <h? <= 35%. 
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Kee ese eer Nikol’skii, and Abletsov! have 
proposed that the magnetism of potassium ozonide, 
KO 3, is due to the molecular ozone ion O3 and that 
the latter has the character of a free radical with 
one unsaturated valence. It is of interest to inves- 
tigate potassium ozonide by the method of elec- 
tronic paramagnetic resonance (EPR), in order 
to investigate in greater detail the nature of its 
paramagnetism. 

We have investigated paramagnetic resonance 
in polycrystalline specimens, containing approxi- 
mately 90% KO3, at frequencies of 2580, 9375, 
12,000 and 37,000 Mcs at room temperature and 
at temperature of liquid nitrogen. At 2580, 9375, 
and 12,000 Mcs we observed one symmetric ab- 
sorption line, the width of which was 31 + 3, 

39 + 2, and 45 + 3 gausses respectively. At 
37,000 Mcs the observed line is noticeably asym- 
metric and has a width of approximately 77 gausses 
at the level of half the intensity of the principal 
peak. For illustration, the diagram shows an os- 
cillogram of the absorption line, observed at 
37,000 Mcs at room temperature. The depend- 
ence of the width of the EPR line on the fre- 
quency, and particularly the asymmetry of the 

line at 37,000 Mcs, are direct evidence of aniso- 
tropy of the g-factor. It is seen from the diagram 
that this anisotropy is due to the actual symmetry 
of the electric field of the crystal. Since the in- 


vestigated specimens were polycrystalline, the rela- 


tive contribution of the crystals with axis perpen- 


en 
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dicular to the external magnetic field is greater 
than the contribution of the crystals with parallel 
orientation. Measurements of the g-factor for 
the perpendicular and parallel orientations 
yielded respectively 


g, =2.012+0.002, g, = 2.0051 0.003. 


The line width may be due to spin-lattice, 
magnetic-dipole, and exchange spin-spin inter- 
actions. For a given frequency, the width of the 
KO; line did not change at room temperature and 
at liquid-nitrogen temperature, within the experi- 
mental error, indicating the absence of noticeable 
influence of spin-lattice interaction on the line 
width at these temperatures. It is known that in 
the case of magnetically-concentrated systems 
with spin S=4%, dipole spin-spin interactions 
should lead to a line width of approximately 100 
gausses. From the value obtained for the line 
width at 2580 Mcs (at which the anisotropic broad- 
ening is small) it follows that in KO 3 there are 
considerable exchange interactions, which reduce 
the effectiveness of the dipole interactions and 
thus cause narrowing of the line. 

The fact that the value obtained for the g-factor 
is close to 2 and the presence of considerable ex- 
change interactions confirm the previously ad- 
vanced suggestion!»? that the magnetism of the 
molecular ion of ozone, O3, to which the ob- 
served paramagnetic resonance in KOs is due, 
has the character of a free radical. The devia- 
tion of the value of the g-factor from that of a 
free electron and the observed anisotropy indi- 
cate the presence of a considerable orbital con- 
tribution to the paramagnetism of KO3. 

The values obtained by Neiding® for the static 
magnetic susceptibility of potassium ozonide, are 


different from the pure-spin value, in agreement 
with our results. 

Bennett, Ingram, and Schonland! report an in- 
vestigation of EPR of sodium ozonide, in which 
the absorption line at a wavelength of 1.25 cm 
has a weak asymmetry towards the higher fields, 
analogous to that observed in KO 3. Within the 
experimental accuracy, the values of the g- 
factor coincide with those we obtained for potas- 
sium ozonide. This may serve as a confirmation 
that in ozonides the bond between the metal and 
the molecular group Og is ionic. 

We have also investigated the kinetics of the 
spontaneous decomposition of KO3 at 295°K. Such 
investigations were previously made by chemical 
methods.? The comparison standard used was the 
time-stable free radical of diphenylpicrylhydrazyl 
(DPPH). A specimen of diphenylpicrylhydrazyl, 
covered with a film of polystyrol glue to prevent 
its oxidation, was placed together with the inves- 
tigated specimen of KO3 in the cavity of the radio 
spectroscope. The intensity of the paramagnetic- 
resonance line of KO3; was measured relative to 
the intensity of the diphenylpicrylhydrazyl line at 
definite time intervals. These measurements show 
that the decomposition of KO 3 in a time interval 
of 47 to 168 hours after the preparation of the 
compound follows approximately an exponential 
law with a time constant of 0.02 hr=!. A detailed 
analysis of the results of the investigation of the 
kinetics of the decay of potassium ozonide will be 
published elsewhere. 

We thank D. N. Shigorin and S. D. Kaitmazov 
for help in the measurements and for an evaluation 
of the results of the work. 
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Ir is well known! that in a plasma located in an 
electric field the velocity distribution function of 
the electrons will be on the whole symmetrical, 
i.e., will depend only upon the absolute magnitude 
of the velocity. Its form is determined for very 
small degrees of ionization of the plasma by the 
collisions of the electrons with the heavy particles 
(atoms, molecules). For higher degrees of ioni- 
zation an important and even a basic role is played 
by the collisions between the electrons themselves 
which must, of course, lead to the approach of the 
distribution function to the Maxwellian. It is the 


aim of the present paper* to study the influence of 
the interelectronic collisions on the symmetric 
part of the distribution function fy (v, t). 

Following Landau,‘ and also taking the symme- 
try of the main part of the distribution function 
into account, we can write the integral for inter- 
electronic collisions See in the following form 
(compare references 5 and 6): 


See (fo, fo) i 


4 Ofo , > \ 
— Se Gy {ove [Aa (fo) Ge + Ae (fo) ofo|}- — ) 
Here vee(v) is the frequency of collisions be- 
tween electrons, and A; and Ay, coefficients de- 
fined by the relations: — 


Ay = a Vifo (v,) do, + | Oxf (01) do,} , 
0 y 


A, = al (01) do,, 


Vee = (4ne*N-/m?v®) In [k“T eT "/eN 2], (1) 


where e, m are the charge and mass of an elec- 
tron, Ne and Te the density and temperature of 
the electrons, and T the temperature of the heavy 
particles. 

Taking collisions between the electrons into 


o. df 2 u 


The dependence of In(f{®/C) on u = -5 
mv/2kT. for different values of the param- 
eter p: curve 1) p= 100; curve 2) p = 10; 
curve 3) p=1; curve 4) p=0.1. The dotted 
curves are the Maxwellian distribution (M) 
and the Druyvestein distribution (D). = 
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account, the equation for the function fy) (see ref- 
erences 1 and 7) becomes an integro-differential 
and nonlinear equation. Its solution can be obtained 
by an iteration method. Choosing as the zeroth ap- 
proximation, £00”, the Maxwellian distribution func- 
tion with an electron temperature defined in the 
usual way (see, for instance, reference 3), we 

find that in that approximation the coefficients 

Af” and A{ are given by the following expres- 
sions: 


kT, 


m 


tT, 
m 


mv? 


A(Vu), where u= DET,’ 


0 
AY =—* A? = 


A(x) = O(x) —-—2 x-e—* (2) 


Va 
[@ (x) is the error integral]. Substituting now 
(1) and (2) into the equation for the function fp, 
we find easily its solution and thus obtain the first 
iteration f{'). In the case of a strong constant 
electric field, for instance (E > kT V6 /el):+ 


mv?/2kT » 


f _ Cexp {— ( w+ pA (Vu) dul. 
0 


2u + pA (Vu) 


Here Te =eEl/V66 is the temperature of the 
electrons, J the mean free path of the electrons 
which is independent of the velocities, 6 the av- 
erage fraction of energy lost by an electron in 
one collision (in the case of elastic collisions 


6 =2m/M). Finally, 
RAT Ths 
nN ene 6 


The parameter p characterizes the influence of 
the interelectronic collisions on the distribution 
function. For small values of p the function f{! 
is the same as the one given by Druyvestein,® and 
for large p the same as the Maxwellian one, as 
should be the case. From the graphs given in the 
figure it is clear that in the region of large u 
(i.e., in the “tail” of the distribution function) the 
deviations from the Maxwellian distribution are 
appreciable even for p = 100. 

Calculations show that the next iterations lead 
only to an unimportant change in the ‘distribution 
function: the difference between ff!) and ff?) is 
a maximum for p~ 10, but in that case 0.9 < 
£§/£ < 1.0 (while 0.5 <£{/£) < 0). We note 
also that for large values of u the functions ff! 
and £{?) practically coincide; in that case the 
function fy) is given approximately by the follow- 
ing expression: 


(3) 


Wee (V 2kT,/m)l  — 12me2N, 
3 2kT,/m LE? 


p= 


- 
fo = Cexp {—4 pee 


pP(p +4) 2u \ 
gs mn(1 +}. 4) 


The influence of the interelectronic collisions 
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on the distribution function of electrons in semi- 
conductors can be taken into account in a similar 
way. In a strong electric field, in particular, the 
same expression (3) is valid for ff’? (one needs 
only bear in mind that in semiconductors 6 = 
2mv3/kT, where vg is the sound velocity'). 

The author is grateful to V. L. Ginzburg, L. V. — 
Keldysh, L. M. Kovrizhnykh for a fruitful discus- 
sion and to L. V. Parifskaya for performing the 
calculations. 


*The influence of the collisions between the electrons on 
the directed (current) part of the distribution function in a 
strongly ionized plasma was considered by Landshoff? and the 
author.? It is inappreciable in the case of a weakly ionized 
plasma. 

+A similar expression for the function £{? is also obtained 
in a variable electric field and also when there is a constant 
magnetic field present (see reference 7). 


1B. I. Davydov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
7, 1069 (1937). 

2R. Landshoff, Phys. Rev. 76, 904 (1949). 

3A. V. Gurevich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 392 (1958), Soviet Phys. JETP 8, 

271 (1959). 

41. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
7, 203 (1937). 

5S. Chandrasekhar, Revs. Modern Phys. 15, 1 
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§ Rosenbluth, MacDonald, and Judd, Phys. Rev. 
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TA. V. Gurevich, J. Exptl. Theoret. Phys. 
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8M. Druyvestein, Physica (old series) 10, 69 
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ANGULAR CORRELATION IN INTERNAL 
CONVERSION, INCLUDING EFFECTS OF 
SCREENING AND OF THE FINITE SIZE 
OF THE NUCLEUS 


A. K. USTINOVA 
Submitted to JETP editor March 12, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 307-308 
(July, 1959) 


ae has been shown in papers by Rose et al.! and 
by Dolginov,” the angular correlation of a conver- 
sion electron with any subsequent radiation x can 


LET ERS 


be expressed in the following way: 


Ym 


We (8) = 3 b,A, (y — x) P, (cos $) 
¥=0 

using the notation of Rose. Here b, are the an- 
gular correlation coefficients. If b,=1, we get 
the well-known expansion of the angular correla- 
tion function between the y-ray quantum and the 
radiation x in terms of Legendre polynomials 
P,, (cos ¥). The formulas for the calculation of 
the b, in the case of the K shell are: 


$e) =" v(v + 1) lb |L+1+T7, |? 
? aL (L+4)—v(Wv+ 1)2L +1 LIL ++ 17,2 
ae exp (3) [L (Ri + Re) — (2h + 1) Ra— Ral 
f exp ({3_,;__1) [RiP Ra 2R ip, 2) f 
(L) v(v + 4) L(L+1) 
be) rap ve +d) 2b 4 
(eT a2 


Soy PSS es ay a 


(Ra + Ryyvetv 
(Ry R,) 


exp (10; 44) 


Tne exp ({3__,) 


eo. 4,.0; v = 0, 2; 4. 


Here b()(e) are the coefficients for electric 
transitions, b(L) (m) are those for magnetic 
transitions, L is the degree of the multipole, 
6y, and 6_j, are phase shifts, and Rj and Ri 
are radial integrals. 

All of the coefficients by (v> 2) can be ob- 
tained from by, by the formula 


v(v-+ 4) IL (L +4) —3] 


b, (=) eile poe ole 


where 7=e or m. 

The paper by Rose et al.! presents curves of 
bo (7) for 12 elements, 10= Z = 96, obtained on 
the assumption of the Coulomb field of a point nu- 
cleus. We have obtained curves of b2(7) for 
Z = 81, 84, 88, 92, using the phase shifts® and 
radial integrals calculated with allowance for 
effects of screening and of the finite size of the 
nucleus, as in the work of Sliv and Band! on in- 
ternal conversion coefficients. Let us compare 
these curves over the range of variation of the 
energy k from 0.5 to 2.0 me?. 

All of our curves are displaced toward smaller 
Z as compared with those of Rose (for example, 
our curves for Z = 92 are displaced relative to 
those of Rose toward the curves for Z = 88). For 
most of the cases the maximum shift is insignifi- 
cant [for b§(e), be), b§?(e), b§?(m), 
b§)(m), b§(m) it is 1 percent, for bn te) 02 
percent, and for b§?)(m), 0.1 percent ], and oc- 
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curs at energy k= 2.0 mc“. The exceptions are 
b§(e) and b§(m). The maximum shift of b{(e) 
reaches 7 percent at k=0.5; that of b§(m) at 
k=2.0 for Z=88 is 60 percent, andfor Z = 92 

it is 100 percent. (See Figs. 1 and 2; the curves 

of Rose are shown as dashed lines.) 

These deviations agree with previously obtained 
results,’ since the tables of internal conversion co- 
efficients (ICC) and our curves for pf) have 
been obtained with the same radial integrals. The 
largest deviations of the ICC from the Coulomb 
values were found in the case of magnetic dipole 
transitions (L=1) for heavy elements. 

At present, analogous calculations of the coef- 
ficients by, are being made for the L shell. 

In conclusion the writer expresses her deep 
gratitude to A. Z. Dolginov and L. A. Sliv for valu- 
able advice and suggestions that have been used in 
the preparation of this paper. 


‘Rose, Biedenharn, and Arfken, Phys. Rev. 85, 
DLULOD 2). 

2A. 7Z. Dolginov, Izv. Akad. Nauk SSSR, Ser. 
Piz, 16,522) (e002). 

3 Band, Guman, and Sogomonova, Tadamupr 
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MEASUREMENTS OF THE TRANSVERSE 
PROTON RELAXATION TIME IN AQUEOUS 
SOLUTIONS OF PARAMAGNETIC SALTS 
BY THE SPIN-ECHO METHOD 


V. D. KOREPANOV, R. A. DAUTOV, and V. M. 
FADEEV 


Kazan’ State University 
Submitted to JETP editor March 25, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 308-309 
(July, 1959) 


Tae spin-echo effect!»? makes it possible to de- 
termine experimentally the absolute values of the 
longitudinal and transverse nuclear relaxation 
times T;, and T,. The advantage of the spin- 
-echo method over other methods is particularly 
evident in measurements of nuclear relaxation 
times in low-viscosity liquids.” 

To obtain the spin-echo effect, we constructed 
apparatus for the quantitative measurement of the 
transverse relaxation time Ty, of protons in water, 
in the presence of paramagnetic ions. The meas- 
urement was carried out at 12.2 Mes in the field 
of a permanent magnet. A radio-frequency mag- 
netic field with an amplitude of ~ 3.7 oersteds was 
applied to the sample in the form of two successive 
short rectangular pulses, with approximate dura- 
tions of 16 and 32 microseconds, insuring 90° and 
180° nutations respectively in the magnetic polar- 
ization of the water protons. The interval between 
the pulses could be varied from 0.3 to 2 milli- 
seconds. 

The solution to be studied, contained in a glass 
tube, was placed in a radio-frequency induction 
head of the “through-flow” type,® whose receiving 
coil picked up the induced nuclear echo signal, 
which was then amplified by a receiver with a 
120 kes bandwidth. The amplified output voltage 
from the receiver was applied to an oscillograph, 
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and the echo signal on its screen was photographed. 
The non-uniformity of the permanent magnet field 
was estimated from the width of the echo signal. 

It proved to be equal to 1.2 oersted in the region 
where the sample (1 em? in volume) was located. 

In a field of the above non-uniformity, the ef- 
fect of the self-diffusion of water molecules during 
the experimentally-determined time T, (about 
10-8 sec) was negligible. 

As a check on the operation of the apparatus, 
experiments were carried out on the hydrolysis 
of iron in nitric acid solution. In all the experi- 
ments the concentrations of Fe*™* and nitrate 
ions were constant and equal to 0.02 M and 0.6M 
respectively. The results of the T, measure- 
ments for water protons in Fe(NO3)3 solutions 
are shown in the figure as a function of the acid- 
ity (pH). It is well known‘ that the proton relaxa- 
tion effect in solutions of paramagnetic salts de- 
pends on the degree to which the ions are bound 
into a complex. The values of T, at higher pH 
are considerably larger than at high acidity. The 
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25 20 15 10 pH 


gradual reduction in T, with increasing acidity 
indicates an increase in the effectiveness of the 
paramagnetic iron ions in shortening the trans- 
verse relaxation time of protons. This can be 
explained by the fact that when the pH is reduced 
the concentration of hydroxyl ions in the solution 
is decreased, leading to the dissociation of the 
iron hydro-complex. With increasing relative 
amounts of free iron ions in the solution, which 
are more effective in causing relaxation, the time 
T, must become shorter, as is well confirmed by 
the trend of the data shown in the figure. — 

For discussions of the results and continued 
interest in the work, the authors are grateful to 
A.A. Popel’ and A. I. Rivkind. 


'E. L. Hahn, Phys. Rev. 80, 580 (1950). 

*H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 
630 (1954). 

°J, Arnold, Phys. Rev. 102, 136 (1956). 

*A. I. Rivkind, Dokl. Akad. Nauk SSSR 100, 93° 
(1955). 
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OSCILLATIONS IN THE ABSORPTION CO- 
EFFICIENT OF SOUND IN TIN AT LOW 
TEMPERATURES 


A. A. GALKIN and A. P. KOROLYUK 


Institute for Radiophysics and Electronics, 
Academy of Sciences, Ukrainian S.S.R. 


Submitted to JETP editor March 25, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 310-312 
(July, 1959) 


Ir has been shown by several authors!“ that the 
ultrasound absorption coefficient in metals does 
not vary monotonically with the magnetic field and 
shows a sharp anisotropy.! In the present work we 
give the results of a more detailed study of the 
anisotropy in absorption at 70 Mcs, made by a 
pulse method, using a specially constructed two- 
dimensional automatic plotter. 

The measurements were made on a 15-mm di- 
ameter single crystal sphere of tin, which had 
planes cut on it for fixing the quartz. The nor- 
mals to these planes were parallel to the binary 
and fourfold axes. The planes were cut by an elec- 
tric spark, which spoils a single crystal only to a 
depth of about 10 py. 

The absorption coefficient was determined using 
longitudinal sound waves with wave vectors k, par- 
allel to the binary or fourfold axes. The specimen 
was rotated in the magnetic field H, and the vec- 
tor k was perpendicular to H. 

The amplitude of the transmitted pulse for fields 
between 45 and 1000 oe (T = 4.2°K) is shown in 
Fig. 1 for the sound propagated along the binary 
axis, with the fourfold axis kept parallel to H. 
There are many maxima and minima on the curve, 
with a constant inverse field period of oscillation. 
This is in agreement with Gurevich’s theory.’ 
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[110] 
FIG. 2 


The limiting electron momentum was deduced 
from the period of oscillation to be p = 5 x 10°”? 
g-cm/sec, and its projection on the (001) plane 
is shown in Fig. 2 as a function of the angles be- 
tween the binary and fourfold axes. The full curve 
corresponds to angles for which many oscillations 
were found and sufficient accuracy could be achieved 
whereas the dashed part corresponds to momenta 
which could only be obtained roughly because of 
the few maxima observed. 

The oscillation curves for sound propagated 
along the fourfold axis have fewer maxima, and 
these are not periodic in the inverse field, due 
presumably to the smaller electron mean free 
path along the fourfold axis. 
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FIG. 3 


Some results for the absorption coefficient as 
a function of magnetic field intensity and angle of 
rotation in the (001) plane are plotted in Fig. 3. 
The angle g = 0 corresponds to the direction of 
the binary axis. The full curves give the mag- 
netic field for maximum absorption as a function 
of angle, and the dashed curves are for the mini- 
ma. Figure 4 shows the angular dependence of the 
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[170] 
FIG. 4 


absorption coefficient at a field of 7 x 103 oe for 
the field rotated in the (001) plane. 

The absorption measured with the field H||k 
has singular points in the a@(H) curve. In agree- 
ment with Gurevich’s theory, the magnetic field at 
these points satisfies the relation Hj; = const/n, 
where n is an integer. 


1A. A. Galkin and A. P. Korolyuk, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 37, 310 (1959), Soviet 
Phys. JETP 10, 219, this issue. 

2H. E. Bommel, Phys. Rev. 100, 758 (1955). 

3 Morse, Bohm, and Gavenda, Phys. Rev. 109, 
1394 (1955). 

4V.L. Gurevich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 37, 71 (1959), Soviet Phys. JETP 10, 
51, this issue. 
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FINE STRUCTURE IN THE PARAMAGNETIC 
RESONANCE SPECTRUM OF NATURAL 
SAPPHIRE 


V. M. VINOKUROV, M. M. ZARIPOV, and N. R. 
YAFAEV 
Kazan’ State University 
Submitted to JETP editor March 28, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 312-313 
(July, 1959) 


W: have investigated the paramagnetic resonance 


spectrum of several natural sapphire single crys- 
tals at room temperature, in the range 9600 to 
9200 Mcs. 


The grey-blue color of sapphire is due to the 
Fe?* and Ti®* ions replacing Al’* isomorphically L 
in the corundum lattice.! The Ti** ions do not 
produce any effect because of the short spin-lattice 
relaxation time at room temperature. One can, 
therefore, assume that the effect is produced by 
the Fe* ions, and the analysis of the spectrum — 
is made on this assumption. 

Kornienko and Prokhorov’ have recently ex- 
amined the fine structure of the electron paramag- 
netic resonance spectrum of Fe** ions artificially 
introduced into the Al,O03 lattice. The interpreta- 
tion of the spectrum observed was carried out | 
using the following Hamiltonian:* | 


9 = gb WS + DS? + 75, [35 St — 30S (S + 1) S? + 2583] 


+ (Se +Sn +Sel, (1) 


where g is the spectroscopic splitting factor, 6 
the Bohr magneton, S the spin operator, H the 
magnetic field strength, a the cubic field con- 
stant, and D and F the trigonal field constants. 
The coordinate system é, 7, ¢ is constructed on 
the cubic crystal field axes, and the z axis, 
directed along the trigonal axis, is also the (111) 
axis of the ~&, n, ¢ system. The approximate 
energy levels were calculated by Kornienko and 
Prokhorov on the assumption that the last two 
terms in Eq. (1) can be treated as perturbations. 
This is not suitable for explaining the spectrum 
at a wavelength A ~ 3.2 cm, as the second-order 
corrections can then be larger than the unper- 
turbed values, and each term in Eq. (1) must be 
evaluated. 

The required solution of Eq. (1) can be written 
in explicit form only for the case of a constant 
magnetic field directed along the trigonal symme- 
try axis of the electric field. The problem then 
becomes one of finding the roots of a sixth-order 
secular equation. Computations yield the follow- 
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FIG. 1. Dependence of spin energy levels €; of Fe>* 
atoms in sapphire on the magnetic field H, for H|| z. 
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FIG. 2. Dependence of transition probabilities 
1;; of magnetic dipole transitions on the magnetic 


field (H || z). 


ing expressions for the energy levels: 
812 = H —%/,(a—F)+D 
+/,V [9H +(a— F) + 18D}? + 40a’, 
Beata / ell, (a— F) 
+ D+%.V (—9H + @—F)+18DP +400. (2) 
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The values of «€j (i=1,...,6) are expressed 
in units of g8. The dependence of «j on H is 


shown graphically in Fig. 1. 

We have calculated the relative transition prob- 
abilities ij, for magnetic dipole transitions be- 
tween energy levels ¢j. The results are shown in 
Fig. 2. Transitions between other pairs of energy 
levels are forbidden. 

A comparison of the spectrum observed with 
that calculated shows that the values of the con- 
stants in the Hamiltonian Eq. (1) for natural sap- 
phire are, within the limits of experimental error, 
the same as those for Fe** ions artificially intro- 
duced into Al,Os3, i.e., 


DECAY OF Te’ (Tyj2 = 30 HOURS) 


A. BEDESCU, K. P. MITROFANOV, A. A. SOROKIN, 
and V. S. SHPINEL’ 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor April 8, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 314-315 
(July, 1959) 


I nvestications of the decay of Te!! were re- 


ported in many papers.!~8 The only decay scheme 
proposed in one of these papers® is based practic- 
ally only on the energy balance of the observed 
beta and %amma transitions. In the present inves- 
tigation we obtained a more accurate scheme for 
the lower levels of I'*! excited in the decay of the 
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g = 2.003+0.001, 
|a— F | = (357 £2) Oe, 


| D| = (1801 +3) Oe, 
|a| = (280 + 20) Oe. 


Finally we may note that Kornienko and Pro- 
khorov’ found a splitting of the atomic Fe® lines 
in Al,O3 for directions of the magnetic field other 
than parallel and perpendicular to the trigonal axis 
of the electric field. We found the same effect in 
natural sapphire crystals. 


*Small constants, dependent on the spin quantum number S, 
are omitted. 


Se Grum-Grzhimailo, 3anucku Bcecow3n. 
MMHepad. 06-Ba, (Notes, All-Union Mineral. Soc. ) 
ber. 2.07, 129 (1958), 

21. S. Kornienko and A. M. Prokhorov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 805 (1957); Soviet 
Phys. JETP 6, 620 (1958). 
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30-hour isomer Tees and obtained several new 


data on gamma transitions in this nucleus. 

The investigation was carried out with a mag- 
netic lens spectrometer and a scintillation coinci- 
dence spectrometer. The Te!*! was obtained by 
irradiating metallic tellurium of high chemical 
purity with slow neutrons. After irradiation, the 
1'3! that accumulated during the irradiation proc- 
ess was removed. Measurements of the gamma 
spectrum with a single-crystal scintillation spec- 
trometer and with a beta spectrometer (using the 
secondary electrons) have shown that whereas the 
soft portion of the spectrum contains gamma radi- 
ation due to other isotopes of Te and to I’! the 
gamma rays produced in the region Ey > 720 kev 
belong only to Tew 

We determined the relative intensities of the 
gamma transitions in this region. These are 
listed in Table I. 


222 
TABLE I 
E, kev T5% E, kev 1,% 
780 | 4100 1220* 25 
850 40 4600 ~d 
925 15 1850* ~2 
1140 35 2200* ~0.5 


The transitions marked with an asterisk in the 
table were observed first. Among the gamma 
transitions observed in the soft region, those at 
80, 100, 147, 240, 330, 440, and 590 kev, which 
were seen both in single spectra and in spectra 
of B-y and y-y coincidences, were ascribed to 
Te!*!_ Measurements of the coincidences have 
shown that the first excited level of I'*! is the 
147-kev level, and that the 780-kev transition 
goes into the ground state of I'*!. In addition, 
we confirmed the 780 — 1150 and 780 — 850 kev 
y-y cascades reported by Hebb,’ and observed 
in addition also the following cascades: 780 — 80, 
780 —100, 780 —330, and 850 — 330 kev. 

The K -shell conversion coefficient for the 
780 and 850 kev transitions were determined with 
the magnetic spectrometer from the ratio of the 
areas of the peaks of the external and internal 
conversions; for the 147-kev transition the de- 
termination was from the ratio of the peaks of 
the gamma rays and the accompanying K radia- 
tion of iodine in the spectrum of coincidences with 
the hard beta rays of Te!*!. The results are listed 
in Table II. 

The delayed-coincidence setup was also used 
to measure the lifetime of the 147 kev level. The 
result obtained, T;/, = (8 + 1) x 107" sec, is in 
good agreement with the results of de Waard and 
Gerholm? and indicates that the M1 component is 
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containing only the most reliable of the established 
facts; the characteristics of the levels are based 
on the multiplicities of the gamma transitions and 
on the well known value of spin and parity of the 
ground state of '3! (reference 6). The energies 
of the beta transitions, indicated by solid lines, 
are taken from Hebb’s paper.° 


‘kK, Geiger, Z. Naturforsch. 7(a), 579 (1952). 

2 Mallmann, Aten, Bes, and McMillan, Phys. 
Rev. 99, 7 (1955). 

3. Hebb, Phys. Rev. 97, 987 (1955). 

41, A. Sliv and I. M. Band, Ta6amupi 
KOIPPUUMEHTOB BHYTPpeHHeK KOHBepcun Ha K-o6o704Ke 
(Tables of Coefficients of Internal Conversion on 
the K Shell), 1956. 

°H. deWaard and T. R. Gerholm, Nucl. Phys. 1, 
281 (1956). 

6, Lipworth and H. L. Garvin, Bull. Am. Phys. 
Soc. Ser. II, 2, 316 (1957). 
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TABLE II 
re ee eae 
ct ae 10° 
Ey, kev de 10° Identification 
Ft E2 | M1 
780 0.840.2 0.84 2.3 | 3.0 Jail 
850 1.6+0.6 0.74 1.9 2.5 E2 (+ M1) 
147 260+50 — 330 220 Mt + E2 
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S the atomic number of the presently synthe- 
sized and investigated far-transuranic elements 
increases, it becomes more and more important 
to “tie-in” the investigated new isotope to the pre- 
viously identified daughter product of its decay: 
since the daughter isotope and the type of decay 
of the parent isotope are known, an investigation 
of a genetic connection between the two makes it 
possible to identify the parent isotope. 

We propose here a new method for establishing 
a genetic connection between the parent isotope A 
and a longer-lived daughter isotope B, based on 
the measurement of the duration of the intervals 
(TBB) between two neighboring decays (B and B) 
and the intervals Tap between the decays A and 
the neighboring decays B. If the decays of A and 
B are independent of each other, then the mean 
duration Tap (of the interval between the neigh- 
boring decays A and B should be the equal to the 
mean duration Tpp *(of the interval between two 
neighboring decays of A). However, if some part 
of the observed decays of B is due to preceding 
' decays of A, then Tap should be less than Tpp. 
This is the basis of the proposed method.. 

_ It is assumed that the decays of A and B are 
always distinguishable (for example, they are reg- 
istered in different channels of a multi-channel a - 
particle analyzer), and that in the general case the 
nuclei B can appear both as the result of the decay 
of A, and as the primary product of target bom - 
bardment. For the sake of simplicity, the intensity 
of the continuous or pulsed flux of bombarding par- 
ticles is assumed to be constant over the entire 
experiment. The decays of A and B are registered 
either continuously (for example, in the intervals 
between pulses of the accelerator of the bombard- 
ing particles), or during counting-time intervals 
alternating with the intervals of irradiation time. 
Many other variants of the experiment are possible. 
It is clear that when working witk very short-lived 
daughter isotopes A, the first method is more ef- 
fective but is fraught with greater experimental 
difficulties. As long as the lifetime of A can be 
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measured at least in seconds, the realization of 
the second method is more feasible. 

It is easy to derive equations that establish the 
existence of a connection between the decays of A 
and B. Let n be the mean frequency of the de- 
cays of B, d the radioactive decay constant of B, 
and g the efficiency of registration of the decays 
of B. Let, furthermore, (M +1) decays of B be 
observed during the entire experiment (i.e., M 
intervals BB) and let the number of observed de- 
cays of A be N (i.e., N intervals AB). Then, for 
the case of continuous observation of decays A and 
B we obtain 


x = (tg8 —taB)/taB = gr/[gn + (1 —g)X, (1) 


where the quantity x characterizes the mutual 
relation between the A and B decays and can be 
called a correlation coefficient; if the A and B 
decays are completely independent (i.e., when 
A/n — 0); then K=0; if g@=1, wehave c= 
ae 

For an experiment in which M intervals BB 
and N intervals AB are observed (we assume 
for simplicity M >N) we obtain the following 
expression for the absolute error in the deter- 
mination of k: 


oe gOS ae ea epsecige) |e 
bx anal te =e Gace eens 
When g=1, Eq. (2) becomes 
Ax = [(1+x)?/M + I/N]?. (3) 


Going now to the case where the irradiation and the. 
observation of the A and B decays alternate we 
assume for simplicity that the duration of the alter- 
nating intervals of irradiation and registration of 

A and B decays has a constant value T, with 

nT <1. Thus, irradiation continues during one- 
half of the experiment, while registration of the 
decays continues during the second half. Then 

the only difference from the version where the 
observation is continuous lies in the fact that to 
observe a given number of intervals BB and AB 

it is necessary to double the overall length of the 
experiment. 

We give a simple numerical example for the 
version where the irradiation and count alternate. 
Assume that 100 BB intervals (i.e., 101 decays 
of B nuclei) and 10 AB intervals (i.e., 10 decays 
of A nuclei) are observed in a series of experi- 
ments which lasts a total of 104 minutes. Then at 
g=1, we get n=0.02 min !, Assume A ¥n, 
which corresponds to a mean lifetime of the B 
nuclei of Tg =1/A = 50 min. In this case k =1, 
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and Ax = 0.37, which is quite satisfactory for 
such poor statistics. It is expected that different 
versions of the proposed method will find use in 
the investigation of new transuranic elements. 


Translated by J. G. Adashko 
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TOTAL CROSS SECTION OF PHOTOPRO- 
DUCTION OF 1° MESONS ON PROTONS 
AT LOW ENERGIES 


R. G. VASIL’ KOV and B. B. GOVORKOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor April 17, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 317-318 
(July, 1959) 


W:z have measured the total cross section of 
photoproduction of neutral pions, from the thresh- 
old energy of the primary y quanta to 245 Mev. 
The measurements were made with the synchro- 
tron of the Physics Institute of the U.S.S.R. Acad- 
emy of Sciences at 265 Mev, using a liquid-hydro- 
gen target. Using a method described previously,} 
in which a gamma telescope is placed at 90° to the 
direction of the primary photon beam, we meas- 
ured simultaneously the entire curve of the yield 
of decay y quanta, from threshold energy of pri- 
mary photons to 250 Mev (in steps of 10 Mev). 
The smearing in the maximum energy of the 
bremsstrahlung y spectrum amounted to +1 Mev. 
The yield of the decay photons was plotted with a 
statistical accuracy of 2—3%. The background 
produced by an empty target was 8 — 10% of the 
count produced by a hydrogen-filled target. A 
detailed description of the measurement proced- 
ure and of the absolutization of the results obtained 
was given previously.'? 

The dependence of the cross sections of pro- 
duction of decay y quanta on the photon energy 
was calculated from the yield curve by the “pho- 
ton difference” method. As shown by Koester 
and Mills,’ the measured yields of the decay y 
quanta per photon, at an angle close to 90° in the 
laboratory system, is connected with a total cross 
section of photoproduction of 7’ mesons. Thus: 
if the photoproduction cross section has the follow- 
ing form in the center-of-mass system 


ds/dQ = A + Bcos == C cos? 8, 


where @ is the angle of emission of the meson, 
then the total cross section can be obtained from 


op == 4nd (90°) (A + 3/3 C)/(aA 4+- 8B + 4C), (1) 


where J (90°) is the yield of decay y quanta 
(per photon) at 90°, while a, 6, and y are = 
functions that vary smoothly with the energy of 

the primary photon, and are calculated from kine- 
matic considerations and from the y telescope 
efficiency curve. Both the quantity 6 and the 
coefficient B are small in the energy range con- 
sidered here, and the term BB in Eq. (1) can 
therefore be neglected. Measurements of the an- 
cular distributions? show that the ratio C/A does 
not change greatly with energy of the primary pho- 
tons and is close to — 0.6 in the investigated en- 
ergy range. 

The calculated experimental values of 04, as 
functions of the primary-photon energies, are com- 
pared in the diagram with the theoretical curve, 
calculated for the photoproduction amplitudes ob- 
tained by solving the dispersion relations of Chew 
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The total cross section o; of 7°-meson photoproduction in 
hydrogen; O—data of this paper, O—data from reference 5. 


et al.4 The calculations were carried out for f? = 
0.08 and wy, = 2.1. We neglected in these calcula- 
tions the contributions made to the total cross sec- 
tion by the amplitudes of the electric-dipole E1 and 
electric-quadrupole E2 transitions. As can be 
seen, good agreement is observed between the theo- » 
retical curve (which is estimated by the authors of 
reference 4 to be accurate to ~ 10%) and the ob- 
tained results; this agreement is due in final anal- 
ysis to the fact that the principal contribution to 
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o; is made by the scattering length a33, for which 
the solution obtained for the dispersion relations 
of Chew et al. is apparently satisfactory. Devia- 
tions of the experimental points from the theoret- 
ical curve in the region close to the threshold (up 
to 180 Mev) indicate that El does make a definite 
contribution to the total cross section. 

The variation of 04 with the energy, obtained 
in the present work, is in good agreement with the 


variation of the cross section as obtained by Koester 
and Mills,® but the absolute values given by the lat- 


ter for of are 30% less. 

In conclusion we thank I. A. Erofeev for help in 
the measurements and for the processing of the 
experimental data, and to V. I. Gol’danskii and 
A. M. Baldin for valuable advice. 


THREE-ELECTRON DECAY OF THE MUON 
I. I. GUREVICH, B. A. NIKOL’ SKII, and L. V. 
SURKOVA 
Submitted to JETP editor April 17, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 318-319 
(July, 1959) 


I N measuring the asymmetry of the angular dis- 
tribution of the electrons from t—pu-—-e decay, 
we observed an event in which three relativistic 


electrons escaped from a stopped muon. A micro- 


projection of this event is shown in Fig. 1. All 
three electrons from the muon decay have a large 
dip angle, and therefore accurate measurements 
of grain density are not significant. Nevertheless 
the grain density was close to that of relativistic 
particles, and consequently they have in each case 
an energy above 1 Mev. The muon was stopped in 
the last pellicle of an emulsion stack, andall de- 
cay electrons escaped from the emulsion stack. 
The recorded part of the electron tracks con- 


FIG. 1. Microprojection of the three-electron 
decay of a muon. 
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1 Vasil’kov, Govorkov, and Kutsenko, [Ipu6oppi u 
TeXHMKa 9kCHepuMeHta (Instruments and Measure- 
ment Engg.) in press. 

2 Vasil’kov, Govorkov, and Gol’danskii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 37, 11 (1959), Soviet 
Phys. JETP, this issue, p. 7. 

°L. J. Koester and F. E. Mills, Phys. Rev. 105, 
1900 (1957). 

4 Chew, Goldberger, Low, and Nambu, Phys. 
Rev. 106, 1345 (1957). 

> McDonald, Peterson, and Corson, Phys. Rev. 
107, 57.7 (1957): 
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sisted of Le, = 455 yp, Le, = 562u, and Le, = 
455 uw. 

An additional argument for the energy of all 
the electrons being sufficiently large is the rec- 
tilinearity of their trajectories in the recorded 
part of the track. The muon track was 598-u 
long, while the average track length for muons 
from mt—w decay is 602m in R-NIKFI emulsion. 
The angles between the electrons are 64. = 8.6°, 
643 = 10.6°, and 053 = 10.5°. From the micropro- 
jection it is evident that the event is not a three- 
particle decay of the muon (yu — 3e), since in 
that case the electrons would have to be coplanar 
with zero total momentum. It is not possible to 
interpret the observed event as the decay of a 
muon into an electron and a photon with a subse- 
quent conversion of the latter at the point of decay 
into an electron-positron pair (Dalitz effect). In 
such a process the photon and consequently also 
the components of the pair must escape to the 
side opposite from the decay electron. 

The present event can be interpreted as a de- 
cay ut— e* + et + e7° + y+. In this interpreta- 
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tion the question remains open whether we are 
dealing with the conversion of a virtual or a real 
photon into an electron-positron pair. One of the 
possible explanations is the decay u+— e* + vp + D 
+ y with subsequent conversion of the photon into 
a pair. 

The present event was observed in scanning 
about 50,000 muon decays. Thus the relative 
probability of a “three-electron” decay of a muon 
may be estimated as p(3e)/p(e) <2x10°. If 
the data of other authors, who have observed a 
large number of p-e decays and have not dis- 
‘covered the “three-electron” decay, are consid- 
ered, then the estimated probability of such a 
process must be reduced to a few times 10 the 
reliability of this number is not great, since only 
one case of “three-electron” decay has been ob- 
served, and therefore it is impossible to absolutely 
exclude the possibility of an accidental superposi- 
tion of tracks. 

The probability p(3e)/p(e) of the order of 
10-® can be obtained by assuming a second-order 
radiative process: emission of a virtual photon 
during the escape of the electron with its subse- 
quent conversion into an electron-positron pair. 
The energy of such an electron-positron pair may 
be estimated from the angle formed by the tracks 
of the pair, which is about 8°, approximately the 
same for all three possible pairs of electron tracks, 
and is equal to 15 Mev. 

The authors are pleased to thank I. S. Shapiro 
for interesting discussions. 


Translated by J. Heberle 
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HYDRODYNAMICS OF SOLUTIONS OF 
STRANGE PARTICLES IN HELIUM II 
NEAR THE 2 POINT 


D. G. SANIKIDZE 


Institute of Physics, Academy of Sciences, 
Georgian S.S.R. 


Submitted to JETP editor April 21, 1959 


weExprl. Theoret. Phys? (U:S.S:R.) 37, 320-321 
(July, 1959) 


W: have derived the equations for the hydrody- 
namics of solutions of strange particles in helium 
II in the immediate vicinity of the A -transition 
point. In contradistinction to the usual set of 
equations, from the point of view considered here 
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(compare reference 1) pg is not a given function 
of p, T, andthe concentration c, but is deter- 
mined from these equations themselves which also 
describe the process by which pg approaches its 
equilibrium value. As in the paper by Ginzburg 

and Pitaevskii! the superfluid part of the liquid is 
described by a complex function ¥(x, y,Z,t)= — 
nel? defined in such a way that 


ps = m|9/?, Vs = (h/m) V9 


(m is the mass of a He’ atom). 

The derivation is analogous to the one used by 
Pitaevskii? in deriving the equations for the hydro- 
dynamics of pure helium II near the A point. We 
shall, therefore, not give the calculations but write 
down the final result: 


, t Oe (o) Mb, 
nha Sone), +(8),, Fe 
: ih \2 Oe 
—ia[5(—4 V—vn) (a), me (1) 


Ap/at + div(e—m|>|2)vn + (én/2) (PAG"—4" Ag) = 0; 2) 


O (pc) / Ot + div (pcv, + 8) = 0; (3) 
Fr e— mig Pon + (9 Ge — 4 Se) 
=~ 3 e—im/ 4) onions 
Tun Sau 
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The dissipative function of the liquid is 
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The impurity current g and heat current q are 
expressed by the usual equations.® 

In the case of small gradients of Pg Eqs. (1) 
to (5) go over into the following ones: 
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HE NG: 

P 2mp, a Rs (Ve—Va)f ue 2 
Op/Gt + div (esVs + PrVa) = 0, a 


0 (pc) / Ot. + div(pev, + 8) = 0, (8) 
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0 (6) 
my? (PnUni ae PsUse) = Ox, {Px ni0ne + PsUsz0sp + Poip 


ae + bie diV Vn )} =0, (9) 
SF +div[Sv, +4(q— e))=F. (10) 
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The dissipative function of the liquid is 
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Formally Eqs. (6) to (10) are the same as the 
usual set of equations for the hydrodynamics of 
solutions of extraneous particles in helium II ex- 
cept, however, that pg is not given in them but 
is an independent quantity for which the approach 
to its equilibrium value is described by the addi- 
tional Eq. (11). In the given equations the quantity 


(0e/Cps)o. , Siciale (0e/Op)p, SOS Zc/p, 


where Z = (8€/8c )p,S,pg> Plays the role of the 
chemical potential of He4 in the solution. 

The parameter A entering into the equations 
could be estimated from a comparison of the ab- 
sorption coefficient for first sound evaluated from 
Eqs. (6) to (11) with the measured value of the ab- 
sorption coefficient in He®-He* solutions near the 
A point. There are not, however, at the present 
time any such experimental data. An estimate 
made by Pitaevskii? for pure helium II gives 
A & 165. 

For definite applications of the theory it is 
necessary to know the function €(p, S, pg, C), 
which can be determined from experimental data 
on the dependence of the superfluid component of 
He®-He* solutions near the A pombe on "Pp, L; °C; 
and on its density. 

In conclusion the author expresses his sincere 
gratitude to I. M. Khalatnikov and L. P. Pitaevskil 
for suggesting this topic and for valuable discus- 
sions. 


!vy, L. Ginzburg and L. P. Pitaevskii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 1240 (1958), Soviet 
Phys. JETP 7, 858 (1958). 

21. P. Pitaevskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 408 (1958), Soviet Phys. JETP 8, 
282 (1959). 
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THE PROPAGATION OF OSCILLATIONS 
ALONG VORTEX LINES IN ROTATING 
HELIUM II* 


, 

E, L. ANDRONIKASHVILI and D. 8S. TSAKADZE 
Tbilisi State University 
Submitted to JETP editor April 28, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 322-323 - 
(July, 1959) 


ye canininte to the theory developed by Feyn- 
man! on the basis of Onsager’s hypothesis, there 
should appear in rotating helium II vortex lines 
parallel to the axis of rotation and running through 
the whole of the liquid. Experiments performed 
by us to confirm this hypothesis? showed that ro- 
tating helium II possesses, when twirled around, 

a quite appreciable elasticity. The presence of 
such an elasticity is also confirmed by the ex- 
periments of Hall.° 

In the interpretation of these experiments we 
assumed that transverse elastic waves were prop- 
agated along the vortex lines. This point of view 
was confirmed by Hall (private communication ), 
who observed a periodic change in the frequency 
of the oscillation of a light disc suspended in ro- 
tating helium II under such conditions that the 
liquid level above it was changing continuously. 
At the same time the length of the vortices, which 
on the one side were fastened to the surface of 
the disc and on the other side to the free surface 
of the liquid, was also changing, as assumed by 
Hall. The periodic changes in the frequency of 
the oscillations were within a range of one per 
cent. 

In contradistinction to Hall, we measured the 
magnitude of the logarithmic decrement of the 
damping 6 of the oscillations of an elastically 
suspended disc, which were performed at the 
same time as the rotation together with the 
helium II. The damping decrement was meas- 
ured by a method described earlier.4 The time 
dependence of the distance between the disc and 
the liquid surface was studied by a periscope 
system of mirrors and a cathetometer. 
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We show in Fig. 1 the results of our measure- 
ment performed using one disc covered on both 
sides with grains of linear dimensions / * 50yu 
(the number of periods is along the abscissa). 

, The measurement took place at 1.38°K and the 
rotational frequency was w = 55 x 107° sec}. 
The level of the helium above the surface of the 
dise changed rapidly thanks to intensive illumina- 
tion (rate of evaporation 3.6 x 10~2 mm/min). 
The initial part of the curve corresponds to the 
induced swinging of the oscillating system. In 
Fig. 2 we show the results of an experiment per- 
formed under the same conditions as the previous 
one, except for the fact that the rate of change of 
the liquid level above the disc was much slower 
in this case (0.5 mm/sec) because the illumina- 
tion was switched off. 
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From the curves obtained it is clear that when 
the rate of evaporation of the helium above the 
disc is changed the character of the periodicity 
of the damping is also changed. This result may 
be explained by assuming that a standing trans - 
verse wave appears in the vortex lines when the 
dise oscillates. The distance between two adja- 
cent resonances corresponded to a lowering of 
the level by ~ 0.065 cm. 

The authors express their thanks to Yu. G. 
Mamaladze for his active participation in the 
discussion of the experimental results in all 


stages of their development, and to T. M. Shul’ts, 
K. B. Mesoed, and I. M. Chkheidze for their help 
in performing the experiment. 


*Reported at the Fifth All-Union Conference on Low 
Temperature Physics at Tbilisi, October 1958. 

Rebs Feynman, Progress in Low Tempera- 
ture Physics, North Holland Publishing Company, 
Amsterdam 1955) Vole pedir 

2D. S. Tsakadze and E. L. Andronikashvili, 
Coo6mexua AH "pysCCP, (Reports, Acad. Sci. 
Georgian S.S.R.) 20, 667 (1958). 

3H. E, Hall, Proc. Roy. Soc. (London) A245, 
546 (1958). 

4 Andronikashvili, Mamaladze, and Tsakadze, 
Tp. Un-ra ®usuxku AH 'pysCCP (Trans. Phys. Inst. 
Acad. Sci. Georgian S.S.R.) 7, No.1 (1959). 
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THE USE OF A SUPERCONDUCTING RING 
FOR REGISTERING THE PHASE TRANSI- 
TION IN LIQUID HELIUM 


B. N. ESEL’ SON and A. D. SHVETS 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian S.S.R. 


Submitted to JETP editor May 13, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 323-324 
(July, 1959) 


Ir is often desirable, when investigating the prop- 
erties of He®-He? mixtures, especially the proper- 
ties of rotating helium, to have a thermometer 
which does not need external leads, is sufficiently 
sensitive, and dissipates a negligible amount of 
heat. These requirements are satisfied by a 
superconducting ring,* in which a current is in- 
duced by switching on and off an external mag- 
netic field higher than the critical value. 

When the temperature dependence of the cur- 
rent in the ring is known, the determination of the 
temperature of the liquid helium reduces to a 
measurement of the magnetic field of the ring by 
some instrument located outside the apparatus. 

In experiments where there is a steady in- 
crease in temperature and, consequently, a con- 
tinuous decrease of current in the ring, a station- 
ary induction coil connected to a galvanometer can 
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be used, and an emf will be induced by the decreas- 
ing magnetic field of the ring. The magnitude of 
the emf depends on the rate of change of current 
in the ring, i.e., on the rate of temperature rise 
which, for a constant heat input, is determined by 
the heat capacity of the system. This makes the 
use of a superconducting ring especially conven- 
ient for registering phase transitions. 

We have used this system under conditions of 
a Slow transition from He II to He I. In this ex- 
periment the current was induced in a tin ring 
fixed in a plexiglass vessel containing liquid he- 
lium? at 1.5°K, after which pumping of the helium 
vapor was stopped and the vessel was illuminated 
with a beam of light. 
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The results are shown in the figure, where the 
deflection (qa) of the mirror of the galvanometer 
connected to the stationary coil is plotted as a 
function of the time (t) of warming of the helium 
(t = 0 corresponds to 1.5°K). Insofar as the heat 
influx to the system remained practically constant 
during the course of the experiment, the variation 
of a(t) determines the temperature dependence 
of the heat capacity of liquid helium. This explains 
the decrease in q@ with increasing temperature 
from 1.5°K tothe A point (from t=0 to t=17.5 
min), the sharp increase in q@ atthe A point 
corresponding to the specific heat jump at this tem- 
perature, and the slow decrease in @ in the He I 
region. At the transition temperature for tin the 
deflection must, of course, become zero (T = 
873°K, t = 36.5 min’). 

We should point out that during the transition 
through the A point there is a large and sharp 
peak superimposed on the variation of a (t) de- 
scribed, probably connected with the appearance 
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of a small temperature difference between the ring 
and the helium under the conditions described. 
Such a temperature difference can perhaps be ex- 
plained by a change in the mechanism of heat trans- 
fer in He II and He I. When the helium was heated 
electrically by a heater in the liquid, instead of by . 
light, the change in @ corresponded to the tem- 
perature dependence of the heat capacity of helium 
and the peak was absent. The sharp change in a 
makes it possible to record the transition through 
the A point with great accuracy. 

This method will be used to investigate the He II- 
He I transition in rotating helium and to determine 
the A temperature of isotopic mixtures. 

In conclusion we would like to thank Professor 
B. G. Lazarev for discussion of the results. 


*A ring of tin was used by Galkin, Kan and Lazarev to 
study the properties of the superconducting transition’ and 
to measure the thermal conductivity of copper. 


! Galkin, Kan and Lazarev, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 32, 1582 (1957), Soviet Phys. JETP 
D, 29201950) 

a Esel’son, Lazarev, Sinel’nikov, and Shvets, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 912 (1956), 
Soviet Phys. JETP 4, 774 (1957). 
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J. H. FREMLIN and J. S: LILLE 
Birmingham, England 
Submitted to JETP editor April 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 324-326 
(July, 1959) 


| aeiaremaratem Rabin, and Semchinova! have 
studied stars produced in nuclear emulsions by 
accelerated nitrogen and oxygen ions. Two interest- 
ing and unexpected effects were observed, one of 
which is a strong forward directional effect of pro- 
tons and a particles in the stars. Secondly, the 
proton to @ particle ratio is much smaller than 
would be expected according to Le Couteur’s theory 
of evaporation of a compound nucleus. Both effects 
have been confirmed by qualitative observations in 
our laboratory at Birmingham. 
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We are now conducting a detailed investigation of 
secondary particles emitted during collisions be- 
tween nitrogen and silver nuclei and wish to report 
some preliminary results. 

We directed an incompletely collimated beam of 


nitrogen ions accelerated by the Birmingham 150-cm 


cyclotron through a silver foil, and registered the 
secondary a@ particles and protons in a C-2 nuclear 
emulsion in the angular range 45° to 170° with re- 
spect to the beam. Details of the apparatus will be 
published elsewhere. The incident beam energy 
covered a broad range from 10 to 120 Mev, but 
because of the high potential barrier of silver only 
the fastest particles could participate in the re- 
actions. Therefore the actual mean effective energy 
of the beam was 65 Mev and thé effective halfwidth 
of the distribution was 12 Mev. The motion of the 
center of mass was easily taken into account. 
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FIG. 1. Angular distribution of protons and © particles in 
c.m. system. 


Figure 1 shows our preliminary results for the 
angular distribution, which confirm the strong 
forward peak of @ particles and protons that was 
found by Parfanovich et al. On the other hand, we 
found that protons were more numerous than @ 
particles, rather than the contrary. However, our 
results may not conflict entirely with those ob- 
tained in Moscow, since our observations did not 
extend to angles smaller than 45°, whereas 
Parfanovich et al. covered all angles. We also ob- 
tained qualitative indications that at angles below 
45° the number of @ particles increases much more 
rapidly than the number of protons. 

Figure 2 shows the energy distribution of the 
particles, using mean values derived from obser- 
vations at each of six given angles. A small in- 
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FIG. 2. Energy distribution of protons and @ particles in 
c.m. system. 


crease of the mean energy was observed with in- 
creasing angle, but this can be entirely accounted 
for by translational motion of the center of mass, 
which was taken into account in calculating the 
mean values. The results therefore represent the 
distribution in the c.m. system or in the laboratory 
system at 90° with respect to the N'4 beam. We 
note that the majority of both protons and a@ par- 
ticles emerge with energy less than the potential 
barrier of a compound nucleus (Xe!*! or Xe!*%). 
This is in agreement with the conclusions of 
Parfanovich et al.,but the advantage of our work 
lies in the assurance that all reactions involved 
only silver. In work with nuclear emulsions it is 
impossible to separate reactions with silver from 
reactions with bromine. 

We are continuing to obtain similar measure- 
ments for interactions of nitrogen with gold and 
with aluminum and expect to include reactions 
with C* ions. 


‘ Parfanovich, Rabin, and Semchinova, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 31, 188 (1956), Soviet 
Phys. JETP 4, 99 (1957). 


Translated by I. Emin 
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ENERGY DEPENDENCE OF THE SPATIAL 
ASYMMETRY OF POSITRONS IN r*— y*— e* 
DECAY 


A. O. VAISENBERG, V. A. SMIRNIT-SKI 1; E. Ds 
KOLGANOVA, and N. V. RABIN 


Submitted to JETP editor May 7, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 326-328 
(July, 1959) 


We have obtained previously! a value of 0.077 + 
0.012 for the asymmetry coefficient a, averaged 
over the entire spectrum, in the formula dN = 
(1+acos ¥)dQ for the angular distribution of 
positrons from the —yu-—e decay (2 is the 
angle between the directions of emission of the 
meson and the electron, dQ is the element of 
solid angle). This value, found for a NIKFI-R 
emulsion, increases to 0.28 + 0.02 when the emul- 
sion is placed in a 17,000-gauss magnetic field. 
Such an increase makes it possible to obtain exact 
data on the energy dependence of the asymmetry 
coefficient, since even if the number of particles 
in the spectrum is the same, the statistical relia- 
bility of the measurement increases by almost 
four times over measurements made without the 
field. For the purpose of improving our measure- 
ments of the energy dependence of the coefficient 
of asymmetry and of obtaining a differential spec- 
trum of this dependence, we have placed stacks of 

_NIKFI-R photo emulsions, consisting of pellicles 
measuring 10 x 10 x.0.04 cm, in a 17,000-gauss 
vertical magnetic field parallel to the plane of the 
emulsion, and exposed these emulsions in the syn- 
chrocyclotron of the Joint Institute for Nuclear 
Research to a beam of positive pions sufficiently 
slowed down by filters to make them stop in the 
emulsion. 

The positron energies were measured by the 
method of multiple scattering using the Koritska 
MS-2 and MBI-9 microscopes. Some of the 
measurements were performed with a machine 
for semi-automatic measurement of the scatter- 
ing. A total of 565 tracks was measured, selected 
in accordance with the following criteria: 1) the 
entire sequence of 1*— u*— e* decays lies in 
one emulsion layer, 2) the vertex of the y*— e* 
decay is not farther than 100 from the surface 
of the emulsion, 3) the lengths of the positron 
tracks are not less than lp, and 4) the projections 
of the »-meson and positron tracks on the plane 
of the emulsion are inclined to the direction of the 
magnetic field at angles between 0 and +45° 


(first quadrant of the ocular scale) and 180 + 45° 
(opposite third quadrant of the scale). 

It is easy to show that under these conditions 
the asymmetry coefficient is 


Ne—N, 
N¢ + Nb oe 


(1.272 — a? (e)) 
V Ne +Mp (1) 


Gey = 127 


Here N¢ is the number of decays “forward,” at 
which the mu meson and positron are emitted in 
the same direction (i.e., the projections of the 
angle of emission on the emulsion plane, meas- 
ured from the direction of the magnetic field, lie 
in the same quadrant of the scale), and Np (num- 
ber of “backward” decays) pertains to the oppo- 
site direction (angles of emissions of the » meson 
and electron are in opposite quadrants of the scale). 
The positron energy was determined from the sec- 
ond differences at a signal-to-noise ratio equal to 
4 or 5. Analysis of the data by third differences 
has shown that the effect of distortion on the meas- 
urements of the energy can be neglected. The rela- 
tive statistical error was determined from the for- 
mula o =0.8/Vn, where n is the number of cells. 
The distribution of tracks over o was as follows: 
6, % =8—15 20-25 225 
N,% = 41 41 14 4 
The results of the measurements are listed in the 
table, where the energy intervals and the corre- 
sponding values of Ng and Np are given. The 


aie <jelels}elelel= 

SS S/T) T/T) Til gsi rz] - 
IN em PRL eS Gee iss (era ea eS reall os 
Ne |19|26| 46] 42/32] 33/25/10] 8] 6 
Np 23)| 24.1'32"\ 361 56 (48 1'53)). 285/237) 25 


energy dependence of the asymmetry coefficient is 
shown in the diagram, where the abscissas repre- 
sent the positron energy €, expressed in fractions 
of the maximum positron energy in the p-e decay, 
while the ordinates represent the asymmetry coef- 
ficient calculated from Eq. (1). The solid curve 
gives the value of the asymmetry coefficient from 
the theory of the two-component neutrino: a (€)= 

3 X 0.28 (1—2e)/(2e-3) (here 0.28 + 0.02 is the 
value of the asymmetry coefficient for a 17-kilo- 
gauss field). The dotted lines show the energy 
dependence of the asymmetry coefficient as 
smeared out by the statistical errors in the meas- 
urement of the energy and by the bremsstrahlung 
under the conditions of our measurements: the 
upper curve corresponds to 10% dispersion and to 
tracks 4 mm long, while the lower curve to 20% 
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dispersion and tracks 1 mm long. More than 85% 
of all the particles contained in the spectrum lie 
between these two extreme cases. The values of 
the asymmetry coefficient, shown as empty circles, 
correspond to energy intervals 0 —0.4, 0.4—0.6, 
0.6 —0.8, 0.8 —1.0, and 1.0. The filled circles 
are the values of the asymmetry coefficient for 
the shifted energy intervals 0.5—0.7, 0.7—0.9, 
0.9—1.1, and > 1.1. These values are therefore 
not independent statistically, but do indicate the 
absence of an effect due to grouping of the data by 
intervals. The resultant differential spectrum of 
the values a(e) increases rapidly with energy 
and agrees with the two-component neutrino the- 
ory. These measurements show no positive asym- 
metry at low energies. In our previous work,” 
performed with NIKFI-R photoemulsions (a = 
—0.077 + 0.012), an average asymmetry coeffi- 
cient a=+0.14+0.10 was obtained in the energy 
region 0 —0.3, whereas the value expected from 
the two-component theory was approximately 
+0.04. Were such high a value of the asymmetry 
coefficient real, a pronounced positive excess 
would appear in the present series of measure- 
ments. This, however, did not happen. 

The authors thank Z. V. Minervina and E. A. 
Pesotskaya for participating in the measurements; 
D. M. Samoilovich in whosé laboratory the emul- 
sions were developed without noticeable distortion, 
and B. A. Nikol’skii for helping with irradiations 
in his electromagnet. 


! Vaisenberg, Rabin, and Smirnit-skii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 36, 1680 (1959), Soviet 
Phys.-9, 1197. (1959). 

2A. O. Vaisenberg and V. A. Smjrnit-skii, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 621 (1957), 
Soviet Phys. JETP 6, 477 (1958). 

3 Vaisenberg, Smirnit-skii, Kolganova, Miner- 

vina, Pesotskaya, and Rabin, J. Exptl. Theoret. 


Phys. (U.S.S.R.) 35, 645 (1958), Soviet Phys. JETP | 
8, 448 (1959). j 
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ON A SYMMETRY IN 7° DECAY 


M. I. SHIROKOV 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 328-329 | 
(July, 1959) / 
Suppose the decay process K} —a*+m + 7° 
is invariant under charge conjugation. We shall 
show that then the angular distribution of the 1” 
and am has the following symmetry: 


E (2), Dp O (1) 


where p is proportional to the difference of the 
momenta of the 7* and 7m in the center-of-mass 
system of the reaction (c.m.s.), and p’ is the 
sum of these momenta. 

Let us denote by <pp’|S|JM> the transition 
amplitude from the initial state (the spin of the K 
meson is J, the spin projection M) to a state with 
definite values of p and p’. It can also be called 
the wave function of the decay products, written in 
the momentum representation. As a function of the 
spherical angles ¥, gm and wv’, y’ of the momenta 
p and p’, it can be put in the form of an expansion 


<pp’| S| JM» 


= Yn 8, Vow (9, #') Clap, usp" |S | IM). 
Aa at 
Assuming that if J =0 the decaying K mesons 
are unpolarized, we have for the angular distribu- 
tion in the c.m.s.: 


F (p, p’)=))| <pp’| S| JM? 
M 


= DV nu, (n) Ven) re au Re ae ) 


x iva, Lup'|S|IM) Cluop, Uuip’|S|JM>*, — (2) 


where the summation is taken over M, Ly, My, Io, 
lias Laas 

If charge parity is conserved, then -—1 = (-1 yl. 
(+1), where (+1) is the charge parity of the 
system of the 7 meson, and (-1 yl is the charge 
parity of the system (m*, m). Therefore (-1 4 = 
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(-—1)4 = -1; i.e., the parities of 1, and J, in 
Eq. (2) are the same and (- 1)24 +1,=41, From 
Eq. (2) and the equation Yz,(—n) = (-1)/Yz,(n) 
we get Eq. (1). 

If, in addition, the spatial parity is also 
conserved, then the spatial parity of the K me- 
Son must be (-—1)!) * ? (—~1)(—1)(—1). 
Together with (—1)!=-1, this gives the result 
that J; and J, then also have the same parity, 
from which it follows that F (p, —p’) = F (p, p’). 
This property exists also if only the combined 
parity is conserved [the symmetry (1) does not 
exist in this case ]. 

The property (1) means symmetry relative to 
the origin from which the momenta are reckoned, 
and does not depend on the choice of the coordinate 
axes. If as the z axis we choose the direction of 
p’, then in view of the fact that Yop! (0, gy’) ~ Ou" os 
we shall have yw; =y",=M in Eq. (2), and instead 
of Eq. (1) we get 


F (8) = F (x — 8), (3) 


where @ is the unoriented angle (i,e.,. 0 S90-= 7) 
between p and p’. 

The symmetry (1) or (8) can be proved for any 
decay of the type a—b*+b +c, where a and 
ec have definite charge parities, and b* and b™ 
are each other’s charge conjugates (a, b+, c can 
have arbitrary spins ). 

But for K}, mesons, decays of this type other 
than the one we have discussed, 
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KO re Be ey), 
Koger e* 2 a! (y). 
are not observed. 

It would seem that a check of Eq. (1) or Eq. (8) 
for the reaction 1’ —e*t+e>+y could serve as a 
check of invariance under charge conjugation,* or 
of the presence of a charge-odd part in 7°. But 
for this purpose, only a search for the decay 1’ — 
3y is useful from a practical point of view+ (for 
such a search, a xenon bubble chamber is particu- 
larly suitable, as M. A. Markov has pointed out). 


I express my gratitude to Professor M. A. 
Markov and Chou Kuang-Chao for discussions. 


*The Feynman diagrams of this decay can contain ver- 
tices of the types (7YY), (KYN), etc. The possibility of non- 
conservation of charge parity in such decays is so far not 
excluded. 

+Chou Kuang-Chao has remarked that since virtual photons 
have definite charge parity, only an admixture of a virtual 
decay channel 7° + 3y >e* +e +/y to the ordinary channel 
7 -» 2y e+ +e7 + y can lead to violation of Eqs. (1) and (3). 
It must be expected, however, that this admixture will be 
small, simply because the diagrams for the channel 
nm + 3y>et+e7 + y contain two additional electromagnetic 
vertices as compared with the diagrams for the ordinary 
channel. 
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